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THE COMPLETE V’-FUNCTION 
By Econ S. Pearson, B.A. 
I. Methods of Calculation. 


The publication of the Tables of the Incomplete Gamma Function*, or 
rather of the ratio 


I,(p) = | “ear de i I ea? dn = | “eta? de l'(p), 


renders desirable the issue of a Table of the Complete Gamma Function in 
readily accessible form. In many statistical problems the value of ['(p) is 
required for high values of p, amounting perhaps to several hundreds, and in 
such cases it is practically essential to deal with Log I'(p); it is this function 
which is tabled below. The most important Tables of Log '(p) that have 
been published are : 


(i) That of Gauss, first issued in 1818+ and to be found in his Werke, 
Band 11. s. 161-162, Gottingen 1866; this Table gives to twenty places of 
decimals the value of Log '(p) in the range 1:00 to 2:00 for an argument 
interval of 0°01 ; 


(11) That of Legendre originally published in Tom. 11, (pp. 490-499) of his 
Traité des Fonctions Elliptiques, avec des Tables pour en faciliter le calcul 
numérique, Paris 1825; this Table is calculated to twelve places of decimals 
for the range 1-000 to 2:000 with an argument interval of 0:001. A facsimile 
reproduction has been issued as No. IV of the present series of Tracts for 
Computers. 


The value of Log ['(p) for values of » lying outside the range of these two 
tables may be calculated by various methods: 


(a) By successive use of the reduction relation 


Pip)=@-1) Pp), 
a laborious process if » is much above 2. 
* Tables of the Incomplete Gamma Function; issued by His Majesty’s Stationery Office, 1922. 
+ Disquisitiones Generales Circa Seriem Infinitam 


(a+1)B8(6+1) . 
Mave ey tT 


Commentationes Societatis regiae Scientiarum Gottingensis recentiores, Vol. 11. Gottingae MD.cccxIII. 


ee 
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(6) By Stirling’s asymptotic expansion 
Log. I'(p) = (p — 3) loge p — p + 3 log. 2 


od Pedic ore ele 
12p 360p*  1260p> 1680p’ * 1188p" 


(c) By Professor Forsyth’s formula 
a 24 py +1)yPts 
T(p+1)=V20 {vp + Pes 


which may be used for calculation of Log ['(p+1) to 5 or 6 places of 
decimals. 


(d) By Professor Pearson’s formula * 


nieve 25°°623 


Log = 0'399,0899 + 4 log p + :080,929 sin ae 


which is particularly convenient in many statistical problems where it is the 
ratio of 1 (p +1) to pe that occurs. 


(e) By interpolation in a Table of the Logarithms of factorials Ff. 


These methods are none of them simple, and may be extremely laborious 
if a high degree of accuracy is required. It is hoped, therefore, that the 
computer's problem will be simplified by the issue of the present Table con- 
taining the values of Log ['(p) to ten places of decimals from p=2 to 
p = 1200, together with central differences for purposes of interpolation}. 


* Biometrika, Vol. v1. pp. 118-119. 

t As for example Degen’s Table of the Logarithms of factorials up to 1200, calculated to 
eighteen decimal places. Tabularum ad faciliorem et breviorem probabilitatis computationem 
utilium Enneas. Havniae mpcccxxiv. The Logarithms of factorials up to 1000 to seven decimal 
places are also given in Tubles for Statisticians and Biometricians. Cambridge University Press. 

+ To make full use of the present Table, ten figure logarithms are of course required. These 
are unfortunately not readily accessible. Vega’s Thesaurus Logarithmorum completus, Leipzig, 
1794, is now a rare book ; it also contains certain last figure errors. Andoyer, in the introduction 
to his Nouvelles Tables Trigonométriques Fondamentales, states that photozincographic repro- 
ductions of Vega’s Tables were issued by the Instituto Geografico Militare at Florence in 1889, 
1892 and 1910; the original errors are reproduced in these facsimile reprints. Duffield’s ten 
figure Table calculated independently of Vega’s, and issued for the U.S. Coast and Geodetic 
Survey, Washington, 1897, has been long out of print. 

Briggs’ Table (to fourteen figures) may be used, and there are several other tables going to 
more than ten figures, but their range is small and lengthy interpolation may be required in 
using them. 
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II. Construction and Scope of the present Table. 


The Table has been constructed as follows: 

(i) The values of Log '(p) for the range p=2 to p=70 were obtained 
by method (a) above, by the successive addition of the logarithms of ordinary 
numbers to the logarithms of ['(p) (range p=1 to p=2). The work was 
first carried out starting from Legendre’s twelve figure Table*, but as it was 
found that in certain cases this led to a unit error in the tenth place of 
a 4th or 6th difference, the results were checked by working to fifteen places 
of decimals from Gauss’ Table, and finally cutting off to ten places. This 
portion of the Table is divided into two parts: from p = 2°0 to 5:0, the argument 
interval is 0°1, while from p = 5:0 to 70:0 it is 0°2. 

(i) For the range p=70 to p=1200, Log I'(p) is given for every 
integral value of p; the values of the function have been taken from Degen’s 
Table of the Logarithms of factorials+, where of course Log (p !)= Log ['(p +1). 
The differences were worked out using twelve decimal places, and the last 
two figures then cut off, but here again when doubtful cases arose (i.e. when 
the 11th figure was nearly 5) it was necessary to examine the 13th or 14th 
figures. 

The Table may of course be used to find values of the Logarithms of 
Factorials. To obtain from it values of Log I’ (p), interpolation will in general 
be necessary, and the differences tabled are the second, fourth and sixth 
differences—62, 84 and 8*—which should be used in Everett’s Central Differ- 
ence Interpolation Formula}: 


2) = & + Oz, —4 0 {(1 + p) 8&2, + (1 + 8) & a} 
+ 745 G9 (1 + p) (1 + A) {(2 + ) S42, + (2 + 8) d42,} 
— sey $0 (1 + $)(1 + 8) (2+ b) (2+ A) (3+ fp) 5% + (3+ 9) Hay} +..., 


where 2 =f (a), 4 =f (a +h), Zo =f (a) + Oh), 
h is the argument interval and @ and ¢ are two positive quantities such that 
6+o=1. 


If this formula be written 
29 = bZ) + Oz, — [eo (h) 82) + € (A) 822, ] + [es () 5420 + €4 (A) 542, | 
— [es (b) 8% + €5 (0) 5%%,| +..., 


* A number of last (i.e. 12th) figure errors have been found in Legendre’s Table. In testing 
his values against those of Gauss (who goes to twenty figures), an error of a unit was found in 
twenty-three cases out of a hundred; the errors were both positive and negative. 

+ See footnote ¢ to p. iv above. 

+ Journal of the Institute of Actuaries, Vol. xxxv. p. 452. 
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the functions e,, e, and e, have been tabled for values of 6 (and therefore of 6) — 
lying between zero and unity by Mr A. J. Thompson in Tract No. V of this — 
Series*. Using his Table the whole process of an interpolation can be — 
carried out by a practised computer in one continuous operation on the — 
machine. The functions are tabled to ten figures; if the value of Log I'(p) — 
be required to the full ten places of decimals, it is advisable to take out «& to — 
eight figures, while for seven place accuracy in Log I'(p), only five figures of — 
e, need be used. For e, less figures are actually needed, but if the operation | 
is to be a continuous one on the machine, little is gained and mistakes may — 


be introduced by taking out fewer figures than for e. 


It may be stated as a rough guide, that when working with Everett’s . 
Formula it is unnecessary to use a 2nd difference under 4, a 4th difference — 
under 20, or a 6th difference under 100 (where these differences correspond — 
to the last figures of the tabled entries). Thus in working to ten decimal | 
places, the 6th differences of Log ['(p) are only required within the range 


p =2 to p=10, while 4th differences become negligible at about p= 800. If — 


5 


working to seven decimal places only, 6th differences will not be required at — 
all, and 4th differences only between p = 2 and p = 10, and again from p= 70 © 
to p= 80. These rules will serve for practical purposes, although an error of | 
a unit in the last place may occur in unfavourable circumstances; in fact it — 
is obvious that in any process involving the addition of quantities cut off at a — 
certain figure, this possibility cannot be eliminated altogether although the — 
chance of the occurrence of a unit last figure error may be reduced by retain- _ 


ing differences below the limits given above. 


Ill. Lllustrative Examples. 
Example 1. 


To find Log I’ (68234) to ten places of decimals. At this point of the 
Table the argument interval is 0°2; we find 


2) = log I’ (6°8) = 2°696 012 0302, 2, = log [' (7:0) = 2°857 332 4964, 


32, 7s) Wine 8 ee = 2667 7699, 
te, zs 55008, Ste, s 5 O11, 
32, a Gore ate: 2 562. 
g= 8 = 17, § = 883. 
é,(b) = "03242 244, ——e, (8) = 01928 306, 
e(d)= 692 052, ¢,(0)=. B88 345, 
e(6)= 102177, eg (@)= 82.020. 


* Tracts for Computers, No. V. Cambridge University Press. 
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Hence we find, taking the terms separately, 
p2 + Oz, = + 2°714 886 5247(5) 


— [e, (p) 82) + & (0) &2z,] = — 140 5405(9) 
+ [e, (pb) 542) + €, (0) d4z,] = + 479(2) 
— [e, (dh) 682 + €5(0) 82, ] = — 1(1) 


Log [ (6°8234) = 2°714 746 0320 


By the addition of the logarithms of 1°8234, 2°8234, 38234, 48234 and 
58234 to the value of log I’ (1°8234) interpolated from Legendre’s Table, the 
same result was obtained*. Were Stirling’s asymptotic expansion used, it 


would be necessary to include the term to be certain of tenth figure 


— ac. 
1188p° 
accuracy. 

Example 2. 

To find Log I’ (691°43) to ten places of decimals. 


2 = log (691) = 1660-961 247 0260, 2, = log I'(692) = 1663:800 725 0734, 


8°Z) = 628 9566, &z, = 628 0471, 
542, = 26, 842, = 26. 
h ="57, 6 = °43. 

hz, + 02, = 1662182 222 5863(8) 
— [€(f) 8% + €. (0) &z,] = — 77 0255(0) 
+ [e,(f) d4z) + €, (0) 542] = (6) 


Log I’ (691°43) = 1662:182 145 5609 


Example 3. 


If @ contains more than three decimal places it becomes necessary to 
interpolate into Thompson’s Table to obtain the values of the ¢ functions. 
This of course lengthens the process of computation, but if Log I’(p) is 
required to seven decimal places only, e, need only be taken to five places and 
linear interpolation for its value is sufficient throughout the Table. The 
process is illustrated in the following example. ’ 

To find Log I’ (72°38365) to seven places of decimals. 

Z = Log (72) = 101-929 6634, z, = log [' (73) = 103786 9959, 
O22, = 6 0741, &2, ss 5 9904, 
042, = 24, OZ, = 23. 


* The process is however lengthy, since for last figure accuracy it is necessary to work with 
logarithms to eleven places, and even using Briggs’ Table interpolation may be necessary. 
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$ = 61635, 6 = "38365. 
€, (616) = 063709 ¢, (383) = 054470 
e, (617) = 063686 €, (384) = 054563 
A=— - 23 ee es 
Hence —-& (@) = (06870, (0) = 05453, 
e, (b) = 01153 (at sight), e,(0) = 01050 (at sight). 
hey + Oz, = 102°642 2290(1) 
— [en (ph) 8% + & (A) &z,] =— 7135(8) 
[ey (b) 542, + (0) 841] = (5) 


Log P'(72°38365) = 102°641 5155 


IV. The Derivatives of Log 1 (p). 


It is also possible to use the present Table to calculate the values of the 
successive Derivatives of the Logarithm of the Gamma Function, or of 


2 ae 
F(p)= ee oo Tica, 
where y = 0°5772157..., or Euler’s Constant. 
d? 1 
= + log. T(1 +p) = , 
E(p)= dp log, L(+ p)= ey. 
d? 1 
1 —<<—s S > 
dp* loge P(1+p)= ee n+ py? 
Values of the first function EZ log, [(1 +p), have been given by Gauss* 


dp 
to eighteen decimal places for the range p=0 to p=1 with argument in- 
terval ‘01, and also by Prof. G. N. Watson to thirteen decimal places for all 
integers and halves of odd integers from 0 to 100. Tracts for Computers, 
No. If, contains Tables to eight decimal places of both F(p) and F(p), for 
the range p = 0 to p = 20, and with argument interval ‘02. 

The value of all these functions can however be obtained by interpolation 
from the present Table, with the help of the following central difference 
interpolation formulae for the derivatives of 2 = f(a + Oh). 

* Werke, Bd 111. S. 161, 162. Gédttingen, 1866. 


+ Report of British Association, 1916, pp. 125 and 126. 
+t Cambridge University Press. The symbols F and — and the names Digamma and Trigamma 


: a® 
Functions were there first suggested. dpi log, '(1+p) might be called the Tetragamma Function. 


q 
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yp 8p By Fy Zo — &p 
eg’ ge too 
&2, — a Prey 


+ {0+ 64(6)} o 


bi, — fe {59 + de, (0) + €,(8)} 


-| {4g + 4(6)} 


+ eas et] 


(ii) A? = = P&Z, + 08%, — [ [feb + €2(h)} S420 + [FeO + €0(9)} S42] 
+ [fsb + free (Pb) + €4(f)} 8% + (gg O + pees (A) + €, (A)} 0°21] 
OZ, Oz, dz, — 2, 


Pgh acre to oe 


: es a(a} 5 ae 


+ trio + te(p) + So 


+ {40+ 6,(0)} 


d4z, — 642, 
Z 


= Ve 


or Be NGS 
+ irboO+ Fa(0) + e()} S| 


where h is the argument interval, 0, d, e., and e, are the Everett coefficients 
referred to above, and 


2i=f(m—h); »=f(m); A=fS(th); 2 =f (ae + 2h). 


The following rules provide a rough guide to the order of differences 
which can be neglected : 


In (i) it is unnecessary to use the term containing the 4th differences if 
5th differences are less than 6; 


in (ii) it is unnecessary to use 6th differences less than 10; 
in (i11) the term containing 6th differences is negligible if 7th differences 
are less than 4; 
where the differences correspond to the last figures of the tabled entries. 


It will be noted that if 9=0 and ¢=1, or we require the value of a 
derivative of the function for a value of # at which the function is tabled, the 
equations (i), (ii) and (iii) reduce to much simpler forms, for in this case 


€.(p) = €.(8) = 0, e,(p) = €,(0) = 0. 
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Example. 
2 
To find F (37°68) = a logy) I’ (38°68) x log, 10. 
Here 2, = 100 (35-0), 2, = log I (88°8), 
&z, = 000 455 9281, &°z, = 000 453 5476, 
62, = 251; o4z, = 247. 


The sixth difference will be less than 10 and is therefore negligible. 
be, h = ‘6, 6 = 4. 
€.(p) = 06400 00 €, (8) = ‘05600 00 
356 = 05000 00 754 = 03333 33 
11400 00 08933 33 


hoz, + 08°z, = 000 454 9759(0) 
— [{Fad + €2(f)} S42 + [ty 8 + €2 (A)} S42] = — 50(7) 
000 454 9708(3) 


Multiplying ‘000 454 97083 by log, 10 (= 2°302 585 0930) and dividing 
by h? (='04) we have finally 
F (37°68) = ‘0261 9023 to eight decimal places ; 
this result agrees with that given by Miss Pairman as an example on p. 6 of 
the introduction to her Table*. 


* See footnote to p. viii above. 
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TABLE OF THE LOGARITHMS OF THE COMPLETE 
T-FUNCTION, ARGUMENTS 2 TO 1200 


ae 
Soe 
Reon 
ey 
eae os 


ss 


ye pti 
Laas 
ae 


Complete F-Functions. 


2 
P | Log P(p) 8 P 
2-0 0-000 000 0000 2 802 7032 2-0 
2-1) O-O19 733 359!1/| 2 637 O316 2-1 
2-2} 0-042 103 7499] 2 489 4889 2-2 
2-3} 0-066 963 6295} 2 357 2980 2°3 
2-4 0-094 180 8071 2 238 2150 2-4 
2-5 0-123 636 1997 2 130 4077 2-5 
2-6 0-155 222 OOO! 2 032 3666 2-6 
2-7} 0-188 840 1671| 1 942 8373 2-7 
2-8] 0-224 401 1713] | 860 7694 2-8 
2-9} 0-261 822 9450| | 785 2769 2-9 
3°90 0-30! 029 9957 | 715 6076 3-0 
3-1} 0-341 952 6539] 1 65! 1186 3-1 
3-2 0-384 526 4307 1 59! 2580 3°2 
3°3 0-428 691 4655 | 535 5485 3°3 
3:4] 0-474 392 0488| 1 483 5763 3-4 
3°58 0-521 576 2084 | 434 9801 3°5 
3-6) 0-570 195 3481| | 389 4435 3-6 
3°7 0-620 203 9312 | 346 6883 3°7 
3-8/ 0-67! 559 2027| | 306 4688 3-8 
3:9] 0-724 220 9429] 1 268 5672 3°9 
4-0 0-778 151 2504 | 232 7899 4:0 
4°14 0-833 314 3477 1 198 9640 4:1 
4:2 0-889 676 4090; 1 166 9350 4:2 
4-3 0-947 205 4054 | 136 564) 4-3 
4-4] 1-005 870 9658/ | 107 7264 4-4 
4°5| 1-065 644 2528/ 1 O80 3092 4°5 
4-6 1-126 497 8488 | 054 2104 4-6 
4-7 1-188 405 6553 | O29 3376 4-7 
4-8] 1-°251 342 7993| 1 O05 6067 4:8 
4-9| 1-315 285 5500 982 941) 4-9 
5°O} 1-380 211 2417 961 2709 5:0 
5-0 1-380 211 2417 3 846 0153 5-0 
5-2] 1-512 925 6994] 3 683 4952 5-2 
5-4] 1-649 323 6423| 3 534 0953 5-4 
5-6 1°789 255 6805 3 396 3180 5-6 
5:8] 1-932 584 0367| 3 268 8532 5-8 
6-O]| 2-079 181 2460 3 150 5876 6-0 
6-2 2°228 929 0430 3 040 662! 6-2 
6°4] 2-381 717 4022| 2 937 9463 6-4 
6-6 2-537 443 7075 2 842 O173 6°6 
6°38 2-696 O12 0302 2 752 1435 6-8 
Y fe 2-857 332 4964 2 667 7699 7-0 
7-2] 3-021 320 7325| 2 588 4075 7°2 
7°4] 3:°187 897 3761| 2 813 6233 7-4 
7°6 3°356 987 643! 2 443 0329 7°6 
7°8] 3-528 520 9429; 2 376 2936 7°8 
8-O] 3-702 430 5364} 2 313 0990 8-0 
8-2] 3-878 653 2290] 2 253 1744 8-2 
8-4] 4-057 129 0959] 2 196 2726 8-4 
8-6] 4-237 80! 2354 2 142 1708 8-6 
8-8] 4-420 615 5456| 2 090 6675 8-8 
9-O] 4-605 520 5234/; 2 O4! S80! 9:0 
9:2] 4-792 467 O813| | 994 7427 9-2 
9-4] 4-981 408 3819} | 950 0041 9:4 
9-6] 5-172 299 6866 | 907 2265 9:6 
9-8] 5-365 098 2178/ | 866 2839 9°8 
10-0 5-559 763 0329 | 827 0607 {0-0 


Tables of the Logarithms 


Loe I’ (P) 


§? 


Log 18 (p) 


§? 


AbhN OBHARN 


FGGH FERRE 


5-559 763 0329 


5-756 254 9087 
“954 536 2355 
-154 570 9196 
-356 324 2935 
-559 763 0329 


764 855 0805 
-971 569 5748 
i79 876 7849 
-389 748 0490 
-60i 155 7180 
-BI4 O73 1031 
-O28 474 4262 
-244 334 774l 
-461 630 0563 
680 336 964! 


gO00 432 9338 
121 896 1113 
344 705 3192 
-568 840 0259 
794 280 3164 


10-021 006 8650 
10-249 000 9097 
10-478 244 2276 
10-708 719 1123 
10-940 408 3521 


11-173 295 2094 
11-407 363 4018 
11-642 597 0834 
11-878 980 8277 
iZ-!16 499 6111 


12-358 138 7973 
12-594 B84 1226 
12-835 721 6818 
13-077 637 9147 
13-320 619 5938 


13-564 683 8119 
13-809 727 9707 
14-055 829 7698 
14-302 947 1964 
14-55! O68 SI52 


14-800 182 2588 
15-050 277 2190 
15-301 342 4376 
15-553 367 1987 
15-806 341 0203 


16-060 253 6468 
16-315 095 0420 
16-570 855 3818 
16-827 525 0490 
17-088 094 6212 


SOr.D 0 0 © wmawnan VN VOA AAAA 


—_ = = = ame —_—— «= «ef as —_=-a «= = a —— = = oe —— = «= om —_— ee = =e om —— — = oe 


827 0607 


789 4510 
753 3573 
718 6897 
685 3656 
653 3082 


622 4468 
592 7157 


367 2078 
346 0304 
325 4988 
305 5838 
286 2582 


267 4961 
249 2732 
23+ 5668 
214 3550 
197 6176 


18i 3351 
165 4892 
ISO 0627 
135 0391 
120 4028 


106 1391 
092 2338 
078 6738 
O65 4462 
052 5390 
039 9407 
027 6403 
015 6275 
003 8922 
992 4249 
gsi 2165 


899 9071 
890 6810 


AMNN Ns nN NNNN NNNNNM NONWNNN NNNNNH 
OSSSS BESHS BIVIY Vosas FaRah GFEs’ & 
OCHA N OCOWMOHEN ODWAAN CMGAAN CMOMASFN OWMAAN O 


17-OB5 094 6212 


17-343 654 8755 
17-602 896 7719 
17-863 111 4532 
18-124 190 2382 
18-386 124 6169 


18-648 906 2449 
18-912 526 9393 
19-176 978 6736 
19-442 253 5732 
19-708 343 9116 


19-975 242 1058 
20°242 940 7127 
20:51! 432 4247 
20-780 710 O668 
21-050 766 5924 


21-32) 595 0803 
21-593 188 7310 
21-865 540 8639 
22-138 644 9138 
22-412 494 4285 


22-687 O83 0652 
22-962 404 5884 
23-238 452 8668 
23-515 221 8709 
23-792 705 6702 


24-070 898 4312 
24-349 794 4148 
24-629 387 9739 
24-909 673 5517 
25-190 645 6788 


25-472 298 9720 
25-754 628 1314 
26-037 627 9392 
26-321 293 2576 
26-605 619 0268 


26-890 600 2633}. 


27-176 232 O582 


| 27-462 509 5759 


27-749 428 0517 
28-036 982 7910 


28-325 169 1673 
28-613 982 6211 
28-903 418 6579 
29-193 472 8476 
29-484 140 8223 


29°775 418 2756 
30-067 300 961! 


30° 359 784 6911 
30°652 865 3354) 


30-946 538 8202 


890 6810 


881 6422 
872 7849 
864 1038 
855 6936] 
847 2494 
839 0664] 
831 0398 
823 1654 
815 4388 
807 8558 


BOO 4126 
793 1052] 
785 9301 
778 8835 
77\ 9622 


765 1628 
758 4821 
751 917! 
745 4647 
739 1221 


732 8865 
726 7552 
720 7256 
714 7953 
708 9617 


703 2226 
697 5756 
692 0186 
686 5494 
681 1660 
675 8663 
670 6485 
665 5105 
660 4508 
655 4673 


650 5585 
645 7227 
640 9582 
636 2635 
631 6371 
627 0774 
622 583! 
618 1528 
613 785! 
609 4786 


605 2322 
601 0445] 
596 9143 
592 8406 
588 $220 


of the Complete [°- Functions. 


Log I(p) 


§? 


§* 


Log I" (p) 


ie 


SESSS SEBRB GIGS 
OMAFNH OWMWHFNM COOH 


30-946 538 8202 


31-240 SO! 1271 
31-535 648 2915 
31-83! 076 4021 
32-127 O81 5994 
32-423 660 0749 


32-720 808 0700 
33-018 521 875I 
33-316 797 8286 
33-615 632 3159 
33-915 O21 7688 


34-214 962 6641 
34-515 451 5232 
34-816 484 9112 
35-118 059 4359 
35-420 171 7471 
35°722 818 5357 
36-025 996 5334 
36-329 702 5113 
36-633 933 2796 
36-938 685 6870 


37-243 956 6195 
37-549 743 0002 
37-856 041 7887 
38-162 849 9799 
38-470 164 6040 
38-777 982 7255 
39-086 301 4428 
39-395 117 8875 

-704 429 2238 
40-014 232 6484] 


40-324 525 3890 
40-635 304 7048 
40-946 567 8854 
41-258 312 2505 
41-570 835 149! 


41-883 283 9595 
42-196 406 0885 
42-510 048 9708 
42-824 160 0692 
43-138 736 8732 


43-453 776 8994 
43-769 277 6907 
44-085 236 8158 
44-401 651 8690 
44°718 520 4698] 


45°035 840 2623 
45-353 608 9150 
45-671 824 1204 


45-990 483 5946 
46-309 685 0768] 


588 8220 


584 8576 
580 9462 
577 0867 
573 2782 
569 5196 


565 8100 
562 1484 
558 5339 
554 9655 
551 4425 


547 9639 
544 5289 
541 1367 
537 7865 
534 4775 


531 2090 
527 9802 
524 7905 
521 6390 
518 5252 


515 4483 
512 4077 
509 4028 
506 4329 
503 4974 


500 5958 


497 7274 
494 8917 
492 088i 
489 3161 


486 5752 
483 8648 
48! 1844 
478 5336 
475 9118 


473 3185 
470 7534 
468 2160 
465 7057 
463 2222 


460 7651 
458 3338 
455 9281 
453 5476 
451 1917 


448 8602 
446 5527 
444 2688| 
442 O08! 
439 7703 


SESS $8EEE 


e 


CHOHEN OBWHAAN 


8 


46-309 585 0768) 


46-629 i126 3293 
46-949 105 1369 
47-269 519 3064 
47-590 366 6667 
47-911 645 0682 


48-233 352 3824 
48-555 486 5020 


48-878 O45 3399 


-201 026 8298 
49-524 428 9249 


49-848 249 5984 
50-172 486 843) 
50°497 138 6706 
50-822 203 1115 
51-147 678 2153 


51-473 562 0494 
51-799 852 6997 
52-126 548 2697 
52-453 646 8806 
52-781 146 6709 


53-109 045 7962 
53-437 342 4292 
53-766 034 7589 
54-095 120 991! 
54-424 599 3473 


54-754 468 0656 
55-084 725 3993 
55-415 369 6177 
55-746 399 005! 
56-077 811 86! 


56-409 606 5004 
56-741 781 2522 
57-074 334 4603 
57-407 264 4831 
57-740 569 6928 


58-074 248 4759 
58-408 299 2327 
58-742 720 3770 
59-077 510 336! 
59-412 667 5507 


59-748 190 4746 
60-084 077 5744 
60-420 327 3297 
60-756 938 2327 


61-093 908 7881 


61°431 237 5128 
61°768 922 9360 
62-106 963 5990 
62-445 358 0547 
62-784 104 8681 


439 7703 


437 5550 
435 3620 
433 1908 
431 O412 
428 9128 


426 8053 
424 7I84 
422 6518 
420 6053 
418 5785 


416 5711 
414 5828 
412 6135 
410 6628 
408 73504 


406 8161 
404 9197 
403 0409 
40! 1794 
399 335i 


397 5076 
395 6968 
393 9024 
392 1242 
390 3620 


388 6155 
386 8846 
385 169! 
383 4687 
381 7832 


380 1125 
378 4564 
376 S146 
375 1870 
373 5734 


371 9736 
$70 3875 
368 8148 
367 2555 
365 7092 


364 1760 
362 6555 
36! 1477 
359 6523 
358 1693 
356 6985 
355 2397 
353 7928 
352 3576 
350 934! 


Tables of the Logarithms 


Lop I(p) 


§? 


§* 


Log I'(p) 


§* 


Gea GRRR 


wm 
DEW OMAN OMBBOHKNY OMHOAN OMOAN OWASEN 


i) 


gum GEEEL Eg 


go 
nn 


GI YSRaS & 


i) 
ey 


G% 84 
bn O@ 


IS OHS 


OMHSN ODMH 


os 


62-784 104 868! 


63-123 202 6156 
63-462 649 8850 
63-802 445 2755 
64-142 587 3975 
64-483 074 8725 


64-823 906 3327 
65-165 O80 4214 
65-506 595 7923 
65-848 451 1098 
66-190 645 0486 


66-533 176 2937, 
66-876 043 5404 
67-219 245 4939 
67-562 780 8695 
67-906 648 3922 


68-250 846 7967 
68-595 374 8274 
68-940 231 2381 
69-285 414 7921 
69-630 924 2618 


69-976 758 4290 
70-822 916 0844 
70-669 396 0278 
71-O16 197 0677 
71°363 318 O216 


71-710 757 7155 
72-058 514 9841 
72-406 588 6705 
72-754 977 6262 
73-103 680 7111 


73-452 7933 
73-802 024 7488 
74-151 663 4621 
74-501 611 8252 


74-851 868 738i} 


75-202 433 1088 
75-553 303 8528 
75-904 479 8933 
76-255 960 160 
76-607 743 5938 


76-959 829 1376 
77-312 215 7452 
77-664 902 3767 
78-017 887 9993 
78-371 171 5874 


78-724 752 1223 
79-078 628 5923 
79-432 799 9927 
79°787 265 3254 
80-142 023 5990 


350 9341 
349 5219 
348 1211 
346 7315 
345 3529 
343 9853 


342 6284 
341 2822 
339 9466 
338 6213 
337 3064 


336 O016 
334 7068] 
333 4220 
332 1471 
330 S8i8 


329 6262 
328 3800 
$27 1433 
325 9158 
324 6975 


323 4882 
322 2880 
321 0966 
319 9140 
318 7400 


317 5747 
316 4178 


306 3733 
305 2964) 
304 2272 
303 1653 
302 1109 


301 0638 
300 0239 
298 9911 
297 9655 
296 $466] 
295 935! 
294 $303 
293 9323 


292 9410 
291 9564 


PHRASE TELLS 
Q2OoAn OCMOHFN 


QOD 


NOD ADH 
GSLS5 $8ES5 


OMAN OWOQAN 


80- 142 023 5990 


80-497 073 8290 
80-852 415 0373 
81-208 O46 2524 
81-563 966 5094 
81-920 174 8494 


82-276 670 3203 
82-633 451 9759 
82-990 518 8766 
83-347 870 0886 
83-705 504 6844 


84-063 421 7424 
84-42! 620 3471 
84-780 099 5888 
85-138 858 5637 
85-497 896 3739 


85°857 212 1271 


86-216 804 9368} 


86-576 673 9220 
86-936 818 2075 
87-297 236 9234 


87-657 929 2054 
88-018 894 1946 
88-380 131 0376 
88-741 638 8862 
89: 103 416 8973 


89-465 464 2334 
89-827 780 0620 
gO: 190 363 5556 
90-553 213 8920 
90-916 330 2540 


1-279 711 8292 
1-643 357 8103 
2-007 267 3950 
2-371 439 7857 

92:735 874 1895 


"100 569 8186 
93°465 525 8897 
93-830 741 6242 
94-196 216 2481 
94-561 948 9922 
94-927 939 0917 
95-294 185 7862 
95-660 688 320! 
96-027 445 9420 
96-394 457 9049 

6°761 723 4663 
7-129 241 8880 
97-497 O12 4358 
97-865 034 3802 
98-233 306 9957 


291 9564 


290 9783 
290 0068 
289 0418 
288 083! 
287 1308] 


286 1848 
285 2450 
284 3113 
283 33838 
282 4622 


281 5467 
280 6370 
279 7332 
278 8353 
277 9430 
277 O565 
276 1756 
275 3002 
274 4304 
273 566! 


272 7072 
271 8537 
271 0055 
270 1626 
269 3249 


268 4924 
267 6651 
266 8428. 
266 0255 
265 2133 


264 4059 
263 6035 
262 8060 
262 0132 
261 2252 


260 4420 
259 6634 
258 8895 
258 1201 
257 3554 


256 5O5! 
255 8393 
255 0880 
254 34/1 
253 5985 


252 8602 
252 1263 
251 3965 
250 6710 


249 9497 


of the Complete [°- Functions. 


p | Log I(p) se | OF Tp] bog I (py) | OF | 8 
70} 98-233 306 9957] 6 248 9493) 2 5882 120] 196-746 212 6012) 3 634 2847) 5090 
71} 100-078 405 0357) 6 160 3087/| 2 4796 121] 198-825 393 8472) 3 604 1243) 4965 
72} 101 *929 663 3844| 6 074 1477] 2 3770 122} 200-908 179 2175| 3 574 4604] 4843 
73} 103-786 995 8808} 5 990 3637) 2 2799 123] 202-994 539 0482; 3 545 2808) 4726 
741 105-650 318 7410] 5 908 8596] 2 !88i 124} 205-084 444 1597) 3 S16 5737| 4612 
75] 107-519 550 4607; 5 829 5437) 2 1012 125] 207-177 865 8448| 3 488 3278) 450! 
76] 109°394 611 7241| 5 752 3289} 2 O188 126] 209-274 775 8578) 3 460 6321 4395 
77) 111-275 425 3164) 5 677 1329) 1 9406 127] 211-375 146 4029) 3 433 1758) 4291 
78] 113-161 916 0415] 5 603 8775] 1 8665 128| 213-478 950 1239| 3 406 2487) 419) 
79] 115-054 O10 6442) 5 532 4886) | 7960 129] 215-586 160 0935 3 379 7407 4094 
80 116-951 637 7355] 5 462 8957| ! 729) 130] 217-696 749 8038] 3 353 6420) 4000 
81] 118-854 727 7225| 5 395 0319| 1 6654 131| 219-810 693 1561] 3 327 9433] 3909 
82] 120°763 212 7414] 5 328 8335) | 6049 132) 221 °927 964 4518| 3 302 6356) 3820 
83] 122-677 026 5938 5 264 2400| | 5472 IZ 224-048 538 3830} 3 277 70 3734 
84 124-596 104 6861] 5 201 1937) | 4923 134) 226-172 390 0240) 3 253 1574) 365) 
85] 126-520 383 9722) 5 139 6397) | 4399 135 228-299 494 8223) 3 228 9701) 3570 
86] 128-449 802 8979] 5 079 5255] | 3900 136] 230-429 828 5908] 3 205 1399] 3492 
87] 130-384 301 3492] 5 020 8014! | 3423 i37| 232-563 367 4992) 3 18! 6588) 3415 
88] 132-323 820 6018} 4 963 4195) | 2968 i38| 234-700 O88 0664) 3 158 5192 3341 
89] 134-268 303 2739] 4 907 3345) | 2533 139] 236-839 967 1528) 3 135 7139} 3270 
gO| 136-217 693 2806) 4 852 5028) | 2118 140} 238-982 98! 9530 3 113 2354! 3200 
Oi] 138-171 935 7900) 4 798 8829) | 1721 i414] 241-129 109 9887) 3 091 0770) 3132 
92] 140-130 977 1823) 4 746 4350) | 1340 142] 243-278 329 1014] 3 O69 2317| 3066 
93} 142-094 765 0097 4 695 1212) | 0977 143} 245-430 617 4457] 3 047 6931} 3002 
94} 144-063 247 9582 4 644 goso0 | 0628 144] 247-585 953 4832) 3 026 4546 2940 
95] 146-036 375 8118] 4 595 7517] 1 0294 145] 249-744 315 9753) 3 005 S101 2879 
96] 148-014 099 4171] 4 547 6278 le 146] 251-905 683 9775| 2 984 8535| 2820 
97 149-996 370 6502| 4 500 5012 667 147} 254-070 036 8333| 2 964 4790 2763 
98] 151-983 i42 3844 4 454 3414 9373 148] 256°237 354 1681] 2 944 3806 2707 
99| 153-974 368 4601| 4 409 1189 gogo 149] 258-407 615 8835) 2 924 5530) 2653 
100} 155-970 003 6547| 4 364 8054 8819 150} 260-580 802 1519} 2 904 9906| 2600) 
101} 157°970 003 6547) 4 321 3738 8558 1S! | 262-756 893 4109] 2 885 6682) 25498 
102] 159°974 325 0285] 4 278 7980 8308 152] 264-935 870 3582] 2 866 6407] 2498 
103} [61 "982 925 2003} 4 237 0529 8067 153] 267-117 713 9462) 2 847 8429 2449 
104 163-995 762 4250) 4 196 1146 7835 154] 269-302 405 3770/| 2 829 2900} 2402 
105] 166-012 795 7643| 4 155 9598] 7612 155] 271-489 926 0978] 2 810 9773| 2355 
106] 168-033 98s 0633} 4 116 5662 7398 156] 273-680 257 7960 2 792 9002} 2310 
107} 170-059 290 9286) 4 077 9124 7192 157] 278-873 382 545 2 775 OS41| 2266 
108] 172-088 674 7063) 4 039 9778 6993 158] 278-069 282 O468) 2 757 4345) 2223 
109} 174-122 O98 4618) 4 002 7425 68Ci 159 280-267 939 1337] 2 740 0374; 218! 
110] 176-159 524 9597) 3 966 1872 6616 160] 282-469 336 2580) 2 722 8583) 2141 
11] 178-200 917 6449) 3 930 2936 5438 161] 284-673 456 2407| 2 705 8934} 2101 
112] §80°246 240 6237| 3 895 0439 ‘6267 162] 286-880 282 1167] 2 689 1385] 2062 
113] 182-295 458 6463) 3 860 4208 old! 163 et Bites 797 1313] 2 672 58 2024 
114] 184-348 537 0898] 3 826 4079] 5941 164] 291-301 984 7357) 2 656 2436] 1987 
115] 186-405 441 9411| 3 792 9890) 5727 165] 293-516 828 5837) 2 640 0962] 195) 
116] 188-466 139 7815| 3 760 1489] 5638! 166] 298-734 312 5279] 2 624 1438] 1916 
1i7| 190-530 597 7707| 3 727 8725] 5494 167| 297-954 420 6160] 2 608 3831] 1882 
118 192-598 783 6325} 3 696 1456 5355 168} 300°177 137 O871| 2 592 8106; 1848 
119} 194-670 665 6398} 3 664 9541 5220 169] 302-402 446 3688] 2 577 4229} 1816 
120) 196-746 212 6012] 3 634 2847 5090 170] 304-630 333 0735] 2 562 2168 764 


Tables of the Logarithms 


Log fe (pP) 


§? 


304-630 333 0735 


306-860 781 9948 
309-093 778 1052 
311°329 306 5521 
313-567 352 6553 
315-807 90! 9035 


318-050 939 9522 
320-296 452 6200 
322-544 425 8864 
324-794 845 8887 
327-047 698 9197 


329-302 971 4248 
331-560 649 9997 
333-820 721 3876 
336-083 172 4774 
358-347 990 3004 


‘615 162 0288 
-884 674 9730 
-156 516 5795 
-430 674 4288 
-707 136 2330 


-985 889 8339 
-236 923 2012 
-§50 224 4299 
-835 781 7389 
-123 583 4688 


-A13 618 0802 
-705 874 1515 
-000 340 3777 
-297 005 5680 
595 858 6444 


-896 888 6400 
-200 084 6975 
“505 436 0669 
932 1048 
562 2722 


316 1333 
183 3537 
153 6991 
217 0341 
363 3202 


582 614 
865 0702 
200 9312 
580 5346 
407-333 994 3080 


409-666 432 7679 
412-000 886 5190 
414-337 346 2529 
416-675 802 7465 
419-016 246 8613 
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2 
z 
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2 
2 
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2 
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2 
y 4 
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2 
2 
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2 
oe 
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2 
2 
2 
2 
2 
2 
z 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
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I 
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562 2168 


547 1890 
532 3365 
517 6562 
503 1452 
488 8004 


474 6191 
460 5985 
446 7359 
433 0287 
419 4741 


406 0698 
392 813) 
379 7017 
366 7333 
353 9054 


341 2158 
328 6623 
316 2427 
303 9549 
291 7968 


279 7663 
267 8615 
256 0803 
244 4209 
232 8814 


221 4600 
210 1548 
198 9641 
187 8861 
176 9193 


166 0618 
155 3120 
144 6685 
134 1295 
123 6936 


113 35 
103 1251 
092 9696 
082 9511 
073 0086 


063 1606 


O53 4056 
O43 7425 
034 16 

024 686 


O15 2912 
005 9827 
996 7598 
987 6212 
978 5660 


p| Log Tp) | 8% | 8 

220] 419-016 246 8613| | 978 5660) 821 

221] 421-358 669 5421| 1 969 5929] 810 
222] 423-703 06! BI58] | 960 7008) 799 
223] 426-049 414 7903] 1 951 g886| 789 
224] 428-397 719 6533] | 943 1553] 778 
225| 430-747 967 6717| | 934 4998| 768 
226] 433-100 150 1898] | 925 9210] 758 
227] 435-454 258 6289] | 917 4180) 748 
228| 437-810 284 4861| | 908 9898] 738 
229] 440-168 219 3331] 1 900 6353) 728 
230] 442-528 054 8154] 1 892 3537) 719 
231| 444-889 782 65!5| | 884 1439] 709 
232] 447-253 394 6314] 1 876 0050} 700) 
233] 449-618 882 6162] | 867 9361] 69! 
234| 451-986 238 5373] | 859 9364] 682 
235| 454-355 454 3947| | 852 0049) 674 
236| 456-726 522 2570| | 844 1407] 665 
237| 459-099 434 2599] | 836 3430] 657 
238| 461-474 182 6059] | 828 6110] 648] 
239] 463-850 759 5630] | 820 9439] 640 
240] 466-229 157 4639] | 813 3408] 632 
241] 468-609 368 7056] | 805 8009] 624 
242| 470-991 385 7482] | 798 3234] 617 
243] 473-375 201 1142] 1 790 9076| 609 
244] 475-760 807 3878] | 783 5527| 602 
245] 478-148 197 2141| | 776 2580) 594 
246] 480-537 363 2985] | 789 0227] 587 
247] 482-928 298 4056| | 761 8462] 580 
248] 485-320 995 3589] | 754 7276| 573 
249] 487-715 447 add | 747 6663] 566 
250] 490-11! 646 3868] | 740 6616] 559 
251| 492-509 586 3955] 1 733 7128] 553 
252] 494-909 260 1169] 1 726 8193] 546 
253] 497-310 660 6577] | 719 9804] 540 
254] 499-713 781 1789] 1 713 1954] 533 
255| 502-118 614 8955] | 706 4638] 527 
256] 504-525 155 0760] | 699 7849] 52) 
257| 506-933 395 0413] 1 693 1580) 515 
258] 509-343 328 1646] | 686 5826] 509 
259] 511-754 947 8706] 1 680 0581] 503 
260] 514-168 247 6346] | 673 5839] 497 
261| 516-583 220 9826] | 667 1594] 491 
262] 518-999 861 4900] | 660 7840] 486 
263| 521-418 162 7813] | 654 4572| 480 
264] 523-838 118 5298] | 648 1784] 475 
265] 526-259 722 4566| | 641 9471! 469 
266] 528-682 968 3306| | 635 7627| 464 
267| 531-107 849 9672| | 629 6247| 459 
268| 533-534 361 2286] | 623 5327| 454 
269] 535-962 496 0226] | 617 4860] 449 
270] 538-392 248 3026] | 611 4842] 444 


of the Complete [’- Functions. 


P| toe lip) | 8 ht lip] Lop T(p) | g* | 8 
270 538-392 248 3026] | 61! 4842) 444 320} 661-820 386 8958) | 359 2953| 266 
271| 540-823 612 0668] | 605 5267] 439 321] 664-325 536 8742] | 355 0541| 264 
272] 543-256 581 3576] | 599 6132] 434 322] 666-832 041 9066] 1 350 8393] 26) 
273] 545-691 150 2617| | 593 7430] 429 323] 669-339 897 7783] | 346 6506] 259 
274] 548-127 312 9087| | 587 9158] 425 324] 671-849 100 3006] | 342 4879] 257 
275] 550-565 063 4715] | 582 1310] 420 325] 674-359 645 3108] i 338 3508] 254 
276} 553-004 396 1654) | 576 3882] 415 326] 676°871 528 6718] i 334 2391) 252 
277] 555-445 305 2474] | 570 6870) 411 327] 679° 384 746 2718| | 330 1526] 250 
278| 557-887 785 0165] | 565 0269) 406 328} 681-899 294 0245] | 326 0911! 247 
279} 560-331 829 8124) | 559 4074} 402 329] 684-415 167 8682) | 322 0542| 245 
280] 562-777 434 0157) | 553 828! 398 330] 686-932 363 7662] |! 318 0419} 243 
281] 565-224 592 0470] | 548 2886] 394 331] 689-450 877 7060] 1 314 0539] 241 
282] 567-673 298 3669] | 542 389 332] 691-970 705 6998] | 310 0899] 238 
283] 570-123 547 4752] | 537 32721 385 333] 694-491 843 7835| | 306 1498] 236 
284] 572-575 333 9108; | 53) go04s| 38! 334] 697-014 288 0170} | 302 2333] 234 
285] 575-028 652 25 1 526 5200] 377 335} 699-538 034 4838) | 298 3402) 232 
286| 577-483 497 1108) | 521 1731) 373 3361 702-063 O7 sf oa 1 294 4704) 230 
287} 579- 39 863 1439 1 515 8636) 369 337| 704-589 418 568 | 290 6235} 228 
288] 582- 97 745 0407; | 510 5910} 366 338| 707-117 O48 4691} | 286 7994 226 
289] 584-857 137 5284) | 505 3550) 362 339} 709°645 965 1694] | 282 272 224 
290} 587-318 O35 3712} 1 500 1551] 358 340] 712-176 164 8676) | 279 218 222 
29! - 780 433 369! i pm 991! 354 341] 714-707 643 7847/ | 275 4620] 220 
292 592-244 326 3581; 1 4 9 8625) 351 342] 717-240 398 1636) |! 271 7271) 218 
293} 594-709 709 2095 | 484 7689} 347 343) 719-774 424 2697) | 268 0140) 216 
294| 597-176 576 8299] 1 479 7101] 344 344] 722-309 718 3897| | 264 3225} 214 
295 599-644 924 1603; | 474 6856) 340 345] 724-846 276 8323} | 260 6525) 212 
296] 602-114 746 1763) |! 469 695!1| 337 346] 727-384 5 9274 | 257 OO37] 211 
267 604-586 027 8873] | 464 7383] 333 347] 729-923 172 0262} | 253 3760; 209 
298] 607-058 794 3367] | 459 8148] 330 348] 732-463 501 5010| | 249 7692] 207 
299 609-533 O10 6007) | 454 9242 327 349] 735-005 080 7449] | 246 1830; 205 
300} 612-008 68! 7891| | 450 0664) 323 350] 737-547 906 1719; | 242 6174} 203 
301} 614-485 803 0438] | 445 2409 320 351] 740-091 974 2162] | 239 O721| 202 
302) 616-964 369 5394) | 440 4474) 317 352] 742-637 281 3327} | 235 5470) 200 
303 619-444 376 4823] | 435 6855] 314 353| 745-183 823 9962) 1 232 0419 or 
304; 621 *925 819 6108} § 430 955! 3) 354] 747-73) 598 7OIG!| 1 228 5564 197 
305] 624-408 692 6944] | 426 2557] 308 355] 750-280 601 9636| | 225 OQIO| 196 
306] 626-892 992 5338) | 421 5871} 305 356] 752-830 830 Zi66| | 221 6449 193 
307} 629°378 713 9603) | 416 302 357] 755-382 280 3146} | 218 218 192) 
308] 631-865 852 3357} 1 412 3410} 2 358 757-934 5307) | 214 8105) | 
309} 634-354 403 0522! | 407 7629 296 359] 760-488 831 5574) | 211 42! ' 3 
SIO} 636-844 361 5317] 1 403 2144] 293 360} 763-043 926 0060; | 208 0522) 18 
311] 639-335 723 2255) | 398 6952; 290 361 | 765-600 228 5067} | 204 7O!1! [85 
312] 641-828 483 6145) | 394 2050) 287 362] 768-157 735 7086) | 201 3686) 184 
313) 644-322 638 2085) | 389 7435) 285 363] 770-716 444 2792) | '98 0545; 182 
314] 646°818 182 5461] ! 385 3105; 282 364] 773-276 350 9042) | 194 7586; 18! 
315} 649-315 112 1942) § 380 9057 279 365| 775-837 452 2878] | 191 4808 179 
316] 651-813 422 7480) | 376 5288] 277 366] 778-399 745 1523] | 188 2209) 178 
317] 654-313 109 8306) | 372 1796) 274 367} 780-963 226 2377| | 184 9789} 176 
31S] 656-814 169 0928] | 367 8578] 271 368] 783-527 892 3019; | I8l 7544) 175 
319 669°316 596 2128) 1 363 5631} 269 369} 786-093 740 1206) 1 178 5475] 174 
320] 661-820 386 8958] | 359 2953 266 370] 788-660 766 4868) | 175 3579) 172 


Tables of the Logarithms 


P| toe Tip) 1 8 Pe ip | fee ey | ee 
370| 788-660 766 4868] | 175 3579] 172 420] 918-448 57! 0263] 1 035 2674| 118 
371 | 791-228 968 2108] | 172 1855} 171 421] 921-071 820 3167] | 032 8054} 117 
372| 793-798 342 1205] 1 169 0303} 169 422] 923-696 102 4125] 1 030 3551] 116 
373] 796-368 885 0603] | 165 8919| 168 423| 926-321 414 8635] | 027 9164] 115 
374] 798-940 593 8922] |. 162 7704] 167 424| 928-947 755 2308| 1 025 4892] 114 
375) 801-513 465 4944] | 159 6655] 165 425} 931-575 121 0874] | 023 0735] 114 
376| 804-087 496 7621| | 156 5772| 164 426| 934-203 510 O175| 1 020 6691] 113 
377| 806-662 684 6070) | 153 5053] 163 427| 936-832 919 6166] 1 O18 2759 112I/ 
378] 809-239 025 9572| | 150 4496 161 428| 939-463 347 4916] 1 015 8940] 111 
379] 811-816 517 7571] 1 147 41d] 160 429 2-094 791 2606] | 013 5232] 110 
380} 814-395 156 9670| | 144 3866] 159 430] 944-727 248 5528} | O11 1634] 110 
381] 816-974 940 5636] | 141 3791] 158 43\| 947-360 717 0084] 1 008 8146] 109}] 
382| 819-555 865 5393] | 138 3872] 156 432| 949-995 194 2785] 1 006 4767| 108 
383] 822-137 928 9022) | 135 4111} 155 433| 952-630 678 0254! | 004 1495} 107 
384| 824-721 127 6762] | 132 4504] 154 434| 955-267 165 9217| 1 OO! 8332| 107 
385| 827-305 458 9006] | 129 5051] 153 435| 957-904 655 6512| 999 5274] 106 
386] 829-890 919 6301] | 126 5752] 152 436| 960-543 144 9082| 997 2323] 105 
387| 832-477 506 9347| | 123 6603] 150 437| 963-182 631 3974] 994 9477| 104 
388] 835-065 217°8998| | 120 7606] 149 A438] 965-823 112 8344) 992 6735] 104 
389] 837-654 049 6254] | 117 8757| 148 439 -464 586 9449] 990 4097| 103 
390} 840-243 999 2267] | 115 0057| 147 440| 971-107 OS! 4652} 988 1562| 102 
391] 842-835 063 8337] 1 112 1504] 146 441] 973-750 504 1416] 985 9130] 102 
392] 845-427 240 5911] | 109 3096] 145 442] 976-394 942 7311] 983 6799] 101 
393] 848-020 526 6581] | 106 4834] 144 443] 979-040 365 0005} 981 4569 100 
394] 850-614 919 2085] | 103 6715] 143 444| 981-686 768 7267| 979 2439] 100 
395| 853-210 415 4303| 1 100 8738] 141 445| 984-334 151 6968} 977 0409] 99 
396| 855-807 O12 5259| 1 098 0903] 140 446] 986-982 511 7078] 974 8477) 98] 
397| 858-404 707 7119] 1 095 3208] 139 447| 989-63! 846 5665} 97266441 98) 
398] 861-003 498 2186] | 092 5653] 138 448] 992-282 154 0896| 9704909) 97) 
ye 863-603 381 2907] 1 089 8236] 137 449] 994-933 432 1036] 968 3270] 96 
400] 866-204 354 1864] 1 087 0956] 136 450] 997-585 678 4446, 966 1728] 96 
401| 868-806 414 1777| | 084 3813] 135 451| 1000-238 890 9584} 9640281| 95 
402| 871-409 558 5503! | 081 6805] 134 452] 1002-893 067 5003} 96! 8929 94 
403| 874-013 784 6034] 1 078 9931] 133 453} 1005-548 205 9351| 959 7672] 94 
404] 876-619 089 6496] 1 076 3/90] 132 454] 1008-204 304 1371] 957 6508| 93 
405| 879-225 471 0147] | 073 6581| 131 455] 1010-861 359 9900, 955 5438] 93 
406] 881-832 926 0379] 1 071 0104] 130 456] 1013-519 371 3866] 9534460] 92 
407| 884-441 452 0715| | 068 3756] 129 457| 1016-178 336 2293} 951 3574] 91 
408] 887-05! 046 4807] | 065 7539] 128 458} 1018-838 252 4293; 9492779) 91 
409} 889-661 706 6438] | 063 1449] 127 459} 1021-499 117 9074| 947 2075) 90 
410] 892-273 429 9518| 1 060 5487| 126 460} 1024-160 930 5929} 945 1461| gO 
411] 894-886 213 8085] | 057 9652| 126 461] 1026-823 688 4246] 943 0937] 89] 
412] 897-500 055 6304) | 055 3942| 125 462] 1029-487 389 3500| 941 0502) 88 
413 “114 952 8464] | 052 8356] 124 463} 1032-152 O31 3255] 939 0155] 88] 
414} 902-730 902 8981| | 050 2895] 123 464] 1034-817 612 3165} 936 9895| 87 
41S] 905-347 903 2392| 1 047 7556] 122 465] 1037-484 130 2971| 934 9723| 87 
416] 907-965 951 3359] | 045 2339] 121 466] 1040-151 583 2500] 932 9638] 86 
417] 910-585 044 6665] | 042 7243] 120 467| 1042-819 969 1667! 930 9639] 86 
418] 913-205 180 7215| 1 040 2268] 119 468] 1045-489 286 0472| 9289725) 85 
419] 915-826 357 0033| 1 037 7412/ 119 469} !048-159 53! 9003} 926 9896) 84 
420} 918-448 571 0263] | 035 2674] 118 470} i050-830 704 7430} 925 0152] 84 


We Pay ee) wees ee eee eee 


of the Complete [’- Functions. 


p| Lop Tip) | & | 
470] 1050-830 704 7430] 925 0152] 84 
471| 1053-502 802 6010| 923 0492 83 
472| 1056-175 823 5081| 92! 0915] 83 
473| 1058-849 765 5067 1421| 82 
474| 1061-524 626 6475| 917 2009 82 
476] 1064-200 404 9891| 915 2680) 81 
476] 1066-877 098 5988| 913 3431| 81 
477] 1069-554 705 5515| 911 4263| 80 
478} 1072-233 223 9305; 909 5176) 80 
479| 1074-912 651 8271 6168| 79 
480| 1077-592 987 3405| 905 7240] 79 
481] 1080-274 228 5779] 903 8390| 78 
482| 1082-956 373 6543| 901 96i9| 78 
483| 1085-639 420 6925] 900 0925] 77 
484| 1088-323 367 8233| 898 2309] 77 
485] 1091-008 213 1849] 896 3770| 76 
86 en 698 964 9285] 894 6307| 76 
487 380 59) 892 6920] 75 
488 1089. (068 120 1240 890 8608| 75 
489] 1101-756 539 9760| 689 037i| 75 
490| 1104-445 848 8351| 887 2200] 74 
491] 1107-136 044 9152| 885 4121| 74 
492| 1109-827 126 4073| 883 6106] 73 
493] 1112-519 091 5101| 881 s165} 73 
494| 1115-211 938 4293] 880 0296| 72 
495| 1117-905 665 3783| 878 2500, 72 
496| 1120-600 270 5772| 876 4776| 71 
497| 1123-295 752 2537| 874 7122| 71 
498] 1125-992 108 6424| 872 9540] 71 
499] 1128-689 337 9852| 871 2029] 70 
500| 1131-387 438 5308] 869 4587; 70 
501| 1134-086 408 5351| 867 7215| 69 
502] 1136-786 246 2610| B65 9913] 6 
503| 1139-486 949 9781| 864 2679] 6 
504] 1142-188 517 9632| 862 5514| 68 
605] 1144-890 948 4996| 860 8417] 68 
506] 1147-594 239 8778) 859 1387) 67 
507] 1150-298 390 3946| 857 4425| 67 
508] 1153-003 398 3539] 855 7530| 66 
509] 1155-709 262 0662| 854 0701| 66 
510] 1158-415 979 8486] 852 3938| 66 
S11] 1161-123 550 0247| 850 7240] 65 
512| 1163-831 970 9248) 849 0608] 65 
513| 1166-541 240 8858] 847 4041) 65 
514| 1169-251 358 2509 845 7539] 64 
515] 1171-962 321 3694] 844 1100] 64 
516| 1174-674 128 5989] 842 4726| 63 
517] 1177-386 778 3005| 840 8415] 63 
518| 1180-100 268 8436] 839 2167| 63 
519| 1182-814 598 6034] 837 5981| 62 
520] 1185-529 765 9612| 835 9858| 62 


2 4 
p| Log Mp) | & {8 
520| 1185-529 765 9612| 835 9858] 62 
521| 1188-245 769 3049| 834 3797] 62 
522 -962 607 0282] 832 7797] 61 
523| 1193-680 277 5312| 831 1859] 61 
524] 1196-398 779 2200, 829 598i| 61 
525] 1199-118 110 5070] 828 0164] 60 
526] 1201-838 269 8104| 826 4407] 60 
527] 1204-559 255 5546] 824 8711| 60 
528| 1207-28! 066 1698| 823 3073| 5 
529] 1210-003 700 0923| 821 7495 59 
530] 1212-727 155 7644] 820 1976] 59 
531] 1215-45! 431 63401 818 6515] 58 
5321 1218-176 526 1550] 817 11/2] 58 
533| 1220-902 437 7873] 815 5767 58| 
534| 1223-629 164 9964] 814 0480| 57 
535| 1226-356 706 2534| 812 5250| 57 
536] 1229-085 060 0354] 81! 0077] 57 
537| 1231-814 224 8251| 809 4960] 56 
538] 1234-544 199 1108] 807 9900] 56 
539| 1237-274 981 3865] 806 4895] 56 
540| 1240-006 570 1517| 804 9946, 55 
541| 1242-738 963 9I15| 803 5053] 55 
542| 1245-472 161 1766] 802 0214| 55 
543| 1248-206 160 4631| 800 5431] 54 
544] 1250-940 960 2927| 799 0701| 54 
545] 1253-676 559 1924] 797 6026] 54 
546| 1256-412 955 6947| 796 1404] 54 
547| 1259-150 148 3374| 794 6836] 53 
548] 1261-888 135 6637| 793 2322| 53 
549] 1264-626 916 2222] 791 7860| 53 
550| 1267-366 488 5667] 790 3450] 52 
551| 1270-106 851 2562) 788 9094] 52 
552| 1272-848 002 8550 787 4789] 52 
553| 1275-589 941 9327| 786 0536] 52 
554| 1278-332 667 0640| 784 6334] 51 
555| 1281-076 176 8288| 783 2184] 51 
S56] 1283-820 469 8119] 781 8085| 51 
557| 1286-565 544 6035| 780 4036] 50 
558| 1289-311 399 7987| 779 0038] SO 
559| 1292-058 033 9976| 777 6089] 50 
560| 1294-805 445 8055| 776 2191| 50 
561| 1297-553 633 8325| 774 9342] 49 
562| 1300-302 596 6937| 773 4543] 49 
563] 1303-052 333 0093) 772 0793| 49 
564] 1305-802 841 4042| 770 7091| 49 
565| 1308-554 120 5081] 769 3438] 48 
566| 1311-306 168 9560] 767 9834] 48 
567| 1314-058 985 3871| 766 6277| 48 
568] 1316-812 568 4460] 765 2768] 48 
569] 1319-566 916 7818] 763 9307| 47 
570] 1322-322 029 o48i| 762 5893] 47 


10 


Tables of the Logarithms 


z 
Py bop E(p) te Ol py toh hip) | be 
570} 1322-322 029 0481] 762 5893] 47 620] 1461-023 22! 1712] 701 O405) 37 
571} 1325°077 903 9038) 761 2526) 47 62!] 1463-815 612 8607 699 9107| 36 
572) 1327-834 540 O121| 759 9205) 47 622] 1466-608 704 4609] 698 7845) 36 
573] 1330- op 936 0409] 758 5932| 46 623] 1469-402 494 8456] 697 6620] 36 
574| 1333-3 90 6628) 757 2704, 46 624} 1472-196 982 8923} 696 5430] 36 
575] 1336-109 002 5552| 755 9523) 46 625] 1474:992 167 4819] 695 4277) 36 
576| 1338-868 670 3999| 754 6387| 46 626] 1477-788 047 4993| 694 3159] 35 
577] 1341-629 092 8833] 753 3297/] 45 627} 1480-584 621 8325] 693 2076) 35 
578] 1344-390 268 6965) 752 0253) 45 628] 1483-381 889 3733) 692 1029] 35 
S79] 1347-152 196 5349] 750 7253) 45 629] 1486°179 849 O171| 691 OO!7| 35 
580| 1349-914 875 0986] 749 4298] 45 630] 1488-978 499 6625] 689 9040] 35 
581] 1352-678 303 0922) 748 1388] 44 631 149] -777 840 2120] 688 8098] 35 
582} 1355-442 479 2246| 746 8523) 44 632] 1494-577 869 5712] 687 7190) 34 
583] 1358-207 402 2092) 745 5701| 44 633] 1497-378 586 6495) 686 6317) 34 
584] 1360°973 O70 7640] 744 2924| 44 634} 1500-179 990 3595; 685 5479) 34 
585} 1363-739 483 Gili} 743 0190) 43 635} 1502-982 079 6174] 684 4674| 34 
586) 1366-506 639 4772| 741 7499] 43 636] 1505-784 853 3427) 683 3904] 34 
587| 1369-274 537 0932| 740 4852) 43 637] 1508-588 310 4583] 682 3167] 34 
588] 1372-043 175 1945) 739 2248] 43 638} 1511-392 449 8907] 68! 2464) 34 
589] 1374-812 552 5205) 737 9687! 43 639} 1514-197 270 56 680 1794) 33 
590 1377°582 667 8153| 736 7169) 42 640] 1517-002 771 4275; 679 1158) 33 
591} 1380-353 519 8270) 735 4692) 42 641] 1519-808 951 4015) 678 0555) 33 
592| 1383-125 107 3079) 734 2258) 42 642} 1522-615 809 4311] 676 9986 33 
593] 1385-897 429 0146) 732 9866) 42 643] 1525-423 344 4591] 675 9449) 33 
594] 1388-670 483 7079; 73) 7516) 42 644] 1528-231 555 4320} 674 8944) 33 
595| 1391 444 270 1529] 730 5207} 41 645] 1531-040 441 2994| 673 8473] 32 
547 1394-218 787 1186 729 2940 41 646] 1533-850 OO! O140] 672 8034) 32 
597) 1396: 033 3784| 728 0714) 41 6471 1536-660 233 5320} 671 7627) 32 
598} 1399:770 007 7095) 726 8529] 41 648} 1539-471 137 8127) 670 7252) 32 
599| '!402-546 708 8935) 725 6384/ 41 649] 1542-282 712 8186) 669 6909) 32 
600} 1405°324 135 7159| 724 4280) 40 650] 1545-094 957 5154) 668 6598) 32 
60!| 1408-102 286 9663) 723 2216] 40 651] 1547-907 870 8720} 667 6319} 32 
602] 1410-88! 161 4383) 722 0193) 40 652] 1550-721 451 8606] 666 6072] 31 
603} 1413-660 757 9295] 720 8209) 40 653] 1553-535 699 4563} 665 5855; 3! 
604} 1416-441 O75 2417] 719 6265] 40 654] 1556-350 612 6376} 664 5670; 31 
605] 1419-222 112 1803) 718 4360) 39 655 IS59- 166 190 3859] 6635 5517 31 
606} 1422-003 867 5550] 717 2495] 39 656] 1561-982 431 6859} 662 5394) 3! 
607] 1424-786 340 1791} 716 0669} 39 657 eo ie 335 5253;} 661 5302) 3! 
608] 1427-569 528 8702] 714 8882] 39 658] 1567-616 900 8948] 660 5241] 31 
609] 1430°353 432 4495) 713 7134) 3 659} 1570-435 126 7885} 659 5210) 30 
610] 1433-138 049 7421) 712 5424) 3 660] 1573-254 O12 2031} 658 5209) 30 
Gli] 1435°923 379 5771) 7Iitl 3752) 38 661] 1576-073 556 1386} 657 5239) 30 
612] 1438-709 420 7874} 710 2119) 38 662] 1578-893 757 5981] 656 5300); 30 
613] 1441-496 172 2095] 709 0524] 38 663] 1581-714 615 5875] 655 5390] 30 
614] 1444-283 632 6840) 707 8966) 38 664} 1584-536 129 1159} 654 5510) 30 
615] 1447-071 801 O552| 706 7446| 37 665] 1587-358 297 1953 653 5659} 30 
616] 1449-860 676 1709 705 5964) 37 666} 1590-181 118 8406) 652 5839} 29 
617] 1452-650 256 883i] 704 4519] 37 667] 1593-004 593 0698] 651 6047] 29 
618] 1455-440 542 0471] 703 3111] 37 668] 1595-828 718 9037} 650 6286; 29 
619] 1458-231 530 5222] 702 1739| 37 669] 1598-653 495 3662) 649 6553) 29 
620] 1461-023 221 1712} 7Ol O405| 37 670} 1601-478 921 4839] 648 6849) 29 


of the Complete [- Functions. 


P| Lop P(p) | 8 1/84) |] p| Lop Tp) | 82 {84 
670} 1601-478 921 4839] 648 6849] 29 720] 1743°557 844 4117] 603 6060] 23 
671] 1604-304 996 2866] 647 7175] 29 721] 1746-415 176 9081] 602 7683] 23 
672] 1607-131 718 8068] 646 7529] 29 722) 1749-273 112 1728] 60! 9329] 23 
673} 1609-959 088 0798] 645 7912] 29 723] 1752-131 649 3704] 60! 0997] 23 
674} 1612-787 103 1441] 644 8323} 28 724} 1754-990 787 6677| 600 2689} 23 
675] 1615-615 763 0406] 643 8763] 28 725] 1757-850 526 2339] 599 4404| 23 
676] 1618-445 066 8134] 642 9231] 28 726] 1760-710 864 2405] 598 6141] 23 
677] 1621-275 013 5094] 641 9727] 28 727| 1763-571 800 8612] 597 7902] 23 
678] 1624-105 602 1781] 641 0252] 28 728] 1766-433 335 2720] 596 9685] 23 
679] 1626-936 831 8719} 640 0804] 28 729] 1769:295 466 6514] 596 1490] 22 
680] 1629-768 701 6462] 639 1384] 28 730| 1772-158 194 1797] 595 3318] 22 
681} 1632-601 210 5589] 638 1992] 28 731} 1775-021 517 0398] 594 5168] 22 
682] 1635-434 357 6708] 637 2627] 27 732] 1777-885 434 4167] 593 7041] 22 
683} 1638-268 142 0455] 636 3290] 27 733] 1780-749 945 4978] 592 8936] 22 
684] 1641-102 562 7492] 635 3980] 27 734] 1783-615 049 4724] 592 0853] 22 
685| 1643-937 618 8509] 634 4698] 27 735] 1786-480 745 5324] 591 2792] 22 
686} 1646-773 309 4224] 633 5442| 27 736] 1789-347 032 8714] 590 4753| 22 
687] 1649-609 633 5381| 632 6214| 27 737] 1792-213 910 6858] 589 6735] 22 
688] 1652:446 590 2752] 631 7012] 27 738] 1795-081 378 1736] 588 8740] 22 
689] 1655-284 178 7134] 630 7837] 27 739] 1797-949 434 5355] 588 0766] 22 
690} 1658-122 397 9353] 629 8688] 26 740] 1800-818 078 9739] 587 2813] 21! 
691] 1660-96! 247 0260] 628 9566] 26 741} 1803-687 310 6936] 586 4882] 21 
692] 1663-800 725 0734] 628 0471] 26 742] 1806-557 128 9016] 585 6973] 21 
693} 1666-640 831 1679] 627 1402] 26 743] 1809-427 532 8069] 584 9085] 21 
694] 1669-481 564 4025] 626 2358] 26 744] 1812-298 521 6206] 584 1218] 21 
695] 1672-322 923 8729] 625 3341| 26 745] 1815-170 094 5562] 583 3372] 21 
696] 1675-164 908 6775| 624 4350] 26 746] 1818-042 250 8289] 582 5547| 21 
697] 1678-007 517 9171| 683 5385] 26 747} 1820-914 989 6564] 581 7743] 21 
698] 1680-850 750 6952] 622 6445] 26 7481 1823-788 310 2582] 580 9960) 2! 
$99 1683-694 606 1179] 621 7531] 25 749] 1826-662 211 8561| 580 2198] 21 
700] 1686-539 083 2936| 620 8643} 25 750] 1829-536 693 6738] 579 4457) 21 
701} 1689-384 181 3336] 619 9780] 25 751] 1832-411 754 9372| 578 6736| 21 
702] 1692-229 899 3516] 619 0942] 25 752] 1835-287 394 8742| 577 9036] 20 
703} 1695-076 236 4637] 618 2129] 25 753] 1838-163 612 7147] 577 1356] 20 
704 1697-923 191 7887| 617 3341] 25 754] 1841-040 407 6 576 3697 20 
705] 1700-770 764 4479] 616 4578] 25 755] 1843-917 779 0368] 575 6058] 20 
706] 1703-618 953 5649] 615 5841] 25 756] 1846-795 725 9884] 574 8439] 20 
707} 1706-467 758 2659] 614 7127) 25 757| 1849-674 247 7839] 574 0840] 20 
708] 1709-317 177 6797| 613 8439] 25 758| 1852-553 343 6634| 573 3261/ 20 
709} 1712-167 210 9374| 612 9775] 24 759] 1855-433 O12 8691| 572 5703} 20 
710} 1715-017 857 1726| 612 1135] 24 760] 1858-313 254 6450] 571 8164] 20 
711} 1717-869 115 5213] 611 2520] 24 761] 1861-194 068 2373] 571 0645] 20 
712] 1720-720 985 1220} 610 3929] 24 762| 1864-075 452 8940] 570 3146| 20 
713] 1723-573 465 1157] 609 5362] 24 763| 1866-957 407 8654] 569 5666} 20 
714] 1726426 554 6455/ 608 6819] 24 764] 1869-839 932 4033] 568 8206] 20 
715] 1729-280 252 8573] 607 8300] 24 765] 1872-723 025 7619] 568 0766] 19 
716] 1732-134 558 8991] 606 9805] 24 766] 1875-606 687 1971| 567 3345] 19 
717} 1734-989 471 9214] 606 1334) 24 767] 1878-490 915 9667] 566 5943] 19 
718] 1737-844 991 0771] 605 2886] 24 768} 1881-375 711 3306) 565 8561) 19 
719] 1740-701 115 5213] 604 4461] 23 769} 1884-26! O72 5507) S65 1198) 19 
720} 1743-557 844 4117] 603 6060) 23 770] 1887-146 998 8905} 564 3854] 19 
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Tables of the Logarithms 


2 2 4 
Pa bool) 1 2 ie lp i bes Pip) ee 
770} 1887-146 998 8905} 564 3854 19 820] 2032-148 110 9376] 529 9506} 16 
771} 1890-033 489 6156] 563 6529] 19 821] 2035-061 924 7900] 529 3047] 16 
772) 1892-920 543 9937} 562 9223) 19 822] 2037-976 267 9471| 528 6604) 16 
773} 1895-808 161 2940) 562 1936 19 823) 2040-891 139 7646; 528 O177} 16 
774] 1898-696 340 7879} 561 4668] 19 824] 2043-806 539 5998) 527 3765] 16 
775) 1901-585 O81 7486} 560 7418] 19 825| 2046-722 466 8115} 526 7369] 15 
776| 1904°474 383 4511] 560 0188 19 826] 2049-638 920 7601} 526 0988) |I5 
777| $907-364 245 1724) 559 2975) 19 827] 2052-555 900 8074| 525 4622) 15 
778) 1910-254 666 1912] 558 5782) 18 828] 2055-473 406 3170) 524 8272] 15 
779] 1913-145 645 7882] 557 8607) 18 829} 2058- 39! 436 6537] 524 1938 15 
780} 1916-037 183 2459 557 1450; 18 830} 2061-309 99! 1843) 523 5618] 15 
781 1918-929 277 8485; 556 4312] 18 831] 2064-229 069 2767) 522 9314) 15 
782) 1921-821 928 8824) 555 7192) 18 832] 2067-148 670 3005] 522 3025] |I5 
783) 1924-715 135 6365} 555 OO 18 833] 2070-068 793 6267} 521 6751} 15 
784] 1927-608 897 3975} 554 3006) 18 834 2072-989 438 6282) 521 0492) 15 
785} 1930-503 213 4602) 553 5941) 18 835 2075-910 604 6788} 520 4248) I5 
786] 1933-398 083 1170] 552 8893] 18 836] 2078-832 291 1543] 519 8020) 15 
787 1936-293 505 6630) 552 1863) 18 837} 2081-754 A4Q7 4317) 519 1806) 15 
788 wins 189 480 3954; 551 4851} 18 838] 2084-677 222 8897) 518 5606; 15 
789} 1942-086 006 6129] 550 7857| 18 839] 2087-600 466 9083| 517 9422] 15 
790] 1944-983 083 616!| 550 O88!1| 18 840 2090-524 228 8692 517 $252] 15 
791] 1947-880 710 7074; 549 3922) 18 841] 2093-448 508 1552] 516 7097) 15 
792] 1950-778 887 1909] 548 6981] 18 842] 2096373 304 1510] 516 0957) 15 
793} 1953-677 612 3724) 548 0057! 17 843 2099: 298 616 2425] 515 4831; 15 
794 1956- 576 885 5598; 547 315i] 17 844) 2102-224 443 8171] 514 8720) 14 
795] 1959-476 706 0622) 546 6262) 17 845] 2105: 150 786 2638) 514 2623) 14 
796| 1962-377 073 1908] 545 9391] 17 846| 2108-077 642 9727] 513 6541! 14 
797) 1965-277 986 2586) 545 2537) 17 847] 2111-005 O13 3358) 513 0473) 14 
798} 1968:179 444 5800) 544 5700; 17 848] 2113-932 896 7461 512 4419; 14 
799] 1971-081 447 4713] 543 8880] 17 849] 2116-861 292 5984] 511 8380) 14 
800} 1973-983 994 2506) 543 2077) 17 850! 2119-790 200 2886) 511 2355) 14 
801| 1976-887 084 2376| 542 5291} 17 851} 2122-719 619 2143] 510 6344) 14 
802] 1979°790 716 7537) 541 8522) 17 852] 2125-649 548 7744) 510 0347) 14 
803} 1982-694 891 1220) 541 1770) 17 853] 2128-579 988 3692] 509 4364) 14 
804} 1985-599 606 6673) 540 5035/ 17 854] 2131-510 937 4003) 508 8395) 14 
805} 1988-504 862 7160) 539 8316) 17 @55] 2134-442 395 2710) 508 2440) 14 
806 1991-410 658 5964] 539 1614] 17 856] 2137-374 361 3857) 507 6499) 14 
807| 1994-316 993 6382] 638 4929] 17 857| 2140-306 835 1504] 507 0572] 14 
808 ae eee 867 1729| 537 8261! 16 858] 2143-239 B15 9723) 506 4659) 14 
809} 2000-13! 278 5337) 537 1608] 16 859 2146°173 303 2602} 505 8760) 14 
810} 2003-039 227 0553) 536 4973) !6 860} 2149-107 296 4240] 505 2874) 14 
811] 2005-947 712 0742) 535 8353) 16 861} 2152-041 794 8753] 504 7002| 14 
812] 2008-856 732 9284] 535 1750) 16 862) 2154°976 798 0267| 504 1144] 14 
813] 2011-766 288 9576) 534 5164} 16 863 2157-912 305 2925) 503 529Qq/ 14 
814} 2014°676 379 5032) 533 8593 16 864} 2160-848 316 0883} 502 9468 13 
815} 2017-587 003 908!| 533 2039) 16 865} 2163-784 829 8307} 502 3650; i3 
816] 2020-498 161 5169} 532 5500) 16 866] 2166°721 845 9382} 50! 7846; 13 
817] 2023-409 85! 6756) 53! 8978] 16 867} 2169-659 363 8302) SOI 2055; 13 
BI8| 2026-322 O73 7322) 531 2471} 16 868] 2172-597 382 9277) 500 6277] 13 
819| 2029-234 827 0358] 530 5981] 16 869] 2175-535 902 6529] 500 0513] 13 
820] 2032-148 110 9376) 529 9506) 16 870] 2178-474 922 4293 499 4762] 13 


of the Complete P’- Functions 


2 4 

p| Log Pip) | 8? [8 lp] Log Tip) | 8? {8 
870] 2178-474 922 4293| 499 4762] 13 g20| 2326-05! 113 1657| 472 3160] 1! 
871| 2181-414 441 6819] 498 9024) 13 921| 2329-014 900 9930] 471 8029] 11 
872] 2184-354 459 8370] 498 3299] 13 922| 2331-979 160 6232] 471 2909 11 
873] 2187-294 976 3219] 497 7588] 13 923] 2334-943 891 5443| 470 7800) I! 
874] 2190-235 990 5656] 497 1889] 13 924] 2337-909 093 2453| 470 2702| 11 
875| 2193-177 501 9982] 496 6204) 13 925| 2340-874 765 2165| 469 7615] 11 
876| 2196119 510 0512] 496 0531] 13 926] 2343-840 906 9493] 469 2539} 11 
877| 2199-062 O14 1574] 495 4872| 13 $27] 2346°807 517 9360] 468 7475] 11 
878] 2202-005 013 ned 494 9225| 13 928] 2349-774 597 6701] 468 2421] 11 
879| 2204-948 508 2667| 494 3592] 13 G29] 2352-742 145 6463] 467 7378] 1! 
880] 2207-892 497 1418] 493 7971] 13 930] 2355-710 161 3603] 467 2346 11 
88!| 2210836 979 8139| 493 2363] 13 931] 2358-678 644 3089] 466 7324) 11 
882] 2213-781 955 7223| 492 6767] 13 932| 2361-647 593 9898] 466 2314| 11 
883| 2216-727 424 3075| 492 1184] 13 933] 2364-617 009 9022} 465 7314| II 
884| 2219-673 385 O110] 491 5614) 13 934] 2367-586 891 5459] 465 2325) 11 
885] 2222-619 837 2760) 491 0057] 13 935] 2370-557 238 4222| 464 7346] 11 
886] 2225-566 780 5467| 4904512] 13 936] 2373-528 O50 0331| 464 2379] 11 
887| 2228-514 214 2686] 489 8979| !2 937] 2376-499 325 8818| 463 7421] 11 
888] 2231-462 137 8885| 489 3459] 12 938] 2379-471 O65 4727| 463 2475) 11 
889| 2234-410 550 8542| 488 7952| 12 939] 2382-443 268 3111| 462 7539) 11 
890] 2237-359 452 6152| 488 2457] 12 940] 2385-415 933 9033] 462 2613| 10 
891] 2240:308 842 6219] 487 6974| 12 941} 2388-389 061 7569] 461 7698] 10 
892] 2243-258 720 3259] 487 1503] 12 942] 2391-362 651 3803| 461 2794] 10 
893| 2246 209 085 1803] 486 6045] 12 943| 2394-336 702 2831| 460 7899] 10 
894| 2249-159 936 6392] 486 0599] 12 944] 2397-311 213 9759) 460 3016] 10 
895] 2252-111 274 1580] 485 5165] 12 945] 2400-286 185 9702| 459 8142] 10 
896| 2255-063 097 1933] 484 9743] 12 946] 2403-261 617 7787| 459 3279] 10 
897| 2258-015 405 2029] 484 4334] 12 947| 2406: 237 508 9151| 458 8426] 10 
898] 2260-968 197 6460] 483 8936] 12 948] 2409°213 858 8941) 458 3583] 10 
899] 2263-921 473 9826] 483 3551| 12 949] 2412-190 667 2314] 457 8751] 10 
900] 2266-875 233 6744] 482 8177] 12 950| 2415-167 933 4439] 457 3929] 10 
901] 2269-829 476 1838] 482 2815| 12 951] 2418-145 657 0491| 456 9116] 10 
02] 2272:784 200 9748] 481 7466] 12 52] 2421-123 837 566!| 456 4314] 10 
go3 2275-739 407 5123] 481 2128) 12 53| 2424-102 474 5145| 455 9523] 10 
904] 2278-695 095 2626] 480 6802| 12 954] 2427-081 567 4151] 455 4741| 10 
905] 2281-651 263 6931| 480 1487] 12 955| 2430-061 115 7898] 454 9969] 10 
906] 2284-607 912 2723] 479 6185] 12 956| 2433-041 119 1614] 454 5207| 10 
907] 2287-565 040 4700] 479 0894] 12 957| 2436-021 577 0537] 454 0455] 10 
908] 2290-522 647 7571] 478 5615| 12 958] 2439-002 488 9914| 453 5713] 10 
af 2293-480 733 6056| 478 0347| 12 959] 2441-983 854 5005] 453 0981 10 
10] 2296-439 297 4888| 477 5091] 12 960| 2444-965 673 1077| 452 6259] 10 
Qt} 2299-398 338 8811| 476 9847] 12 61| 2447-947 944 3407| 452 1546] 10 
gl2| 2302-357 857 2581) 476 4614] 11 62] 2450-930 667 7284] 451 6844] 10 
913] 2305-317 852 0964] 475 9392] 1! 963] 2453-913 842 8004] 451 2151] 10 
9!4| 2308-278 322 8740] 475 4182] 11 964| 2456-897 469 0876] 450 7468] 10 
915] 2311-239 269 0697| 474 8983] I! 965] 2459°881 546 1215| 450 2794] 10 
916] 2314-200 690 1638] 474 3796] 11 966] 2462-866 073 4348] 449 8131] 10 
917] 2317-162 585 6374| 473 8620] 11 967| 2465-851 O50 5612] 449 3477] 10 
he 2320-124 954 9731] 473 3455] 11 968] 2468-836 477 0353] 448 8832| 10 
19] 2323-087 797 6543) 472 8302] 11 969] 2471-822 352 3926] 448 4197] 10 
920} 2326-05! 113 1657| 472 3160] 11 970| 2474-808 676 1697] 447 9572| 10 
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Tables of the Logarithms 


2 4 
P Log ['(p) a 8° P Log P(p) § § 
970| 2474-808 676 1697| 447 9572] 10 1020] 2624-686 628 9857] 425 9878] 8 
971| 2477-795 447 9039] 447 4956] 10 102i| 2627-695 229 1575] 425 5703] 8 
972| 2480-782 667 1338| 447 0350| 9 1022| 2630-704 254 8996] 425 1537] 8 
973| 2483-770 333 3988| 446 57531 9 1023] 2633-713 705 7954] 424 7379] 8 
974] 2486-758 446 2390] 446 1166] 9 1024] 2636-723 581 4291| 424 3229] 8 
975| 2489-747 005 1959] 445 6588] 9 1025] 2639-733 881 3857| 423 9088] 8 
976| 2492-736 8116] 445 2020] 9 1026] 2642-744 605 2511] 423 4954] 8 
977| 2495-725 459 6293| 444 7461| 9 1027| 2645-755 752 6119] 423 0828) 8 
978] 2498-715 354 1930| 444 2911] 9 1028] 2648-767 323 0555] 422 6711] 8 
979] 2501-705 693 0478] 443 8370| 9 1029] 2651-779 316 1701| 422 2601] 8 
980] 2504-696 475 7396| 443 3839} 9 1030| 2654-791 731 5449] 421 8499] 8 
Q81| 2507-687 701 8153| 442 9317] 9 1031] 2657-804 568 7696| 421 4406] 8 
982| 2510-679 370 8227| 442 4804] 9 1032] 2660-817 827 4349] 421 0320] 8 
983| 2513-671 482 3105] 442 0300] 9 1033| 2663-831 507 1322] 420 6242] 8 
984] 2516-664 035 8283) 441 5806) 9 1034| 2666-845 607 4537] 420 2172] 8 
985] 2519-657 030 9267] 441 1321| 9 1035] 2669-860 127 9925] 419 8110] 8 
986| 2522-650 467 1572| 440 6844 9 1036] 2672-875 O68 3422| 419 4056] 8 
987| 2525-644 344 0722| 440 2377] 9 1037| 2675-890 428 0977] 419 OO10| 8 
988| 2528-638 661 2248] 439 7919| 9 1038] 2678-906 206 8540| 418 5971| 8 
989| 2531-633 418 1694| 439 3470| 9 1039] 2681-922 404 2076] 418 1940] 8 
990] 2534-628 614 4610] 438 9030] 9 1040] 2684-939 O19 7551] 417 7917| 8 
991| 2537-624 249 6556] 438 4599] 9 1041] 2687-956 053 0944] 417 3902| 8 
992] 2540-620 323 3101] 438 0177] 9 1042] 2690-973 503 8239] 416 9895] 8 
993] 2543-616 834 9822| 437 5763} 9 1043] 2693-991 371 5420] 416 5895] 8 
994] 2546-613 784 2307| 437 1359] 9 1044] 2697-009 655 8513| 416 1902] 8B 
995| 2549-611 170 6151| 436 6963] 9 1045] 2700-028 356 3500] 415 7918] 8 
996] 2552-608 993 6959] 436 2577] 9 1046] 2703-047 472 6404] 415 3941] 8 
997| 2555-607 253 0343] 435 8199] 9 1047] 2706-067 004 3260] 414 9971] 8 
998} 2558-605 948 1926| 435 3830| 9 1048] 2709-086 951 0066] 414 6010] 8 
999] 2561-605 078 7339] 434 9469 3 1049] 2712-107 312 2893| 414 2055] 8 
1000] 2564-604 644 2221] 434 5118 1050] 2715-128 087 7775| 413 8109] 8 
1001| 2567-604 644 2221] 434.0775] 9 1051| 2718-149 277 0765| 413 4170] 7 
1002] 2570-605 078 2996| 433 6441| 9 1052] 2721-170 879 7926| 413 0238] 7 
1003] 2573-605 946 O211| 433 2115] 9 1053] 2724-192 895 5324| 412 6314| 7 
1004] 2576-607 246 9542| 432 7798| 9 1054] 2727-215 323 9036| 412 2397| 7 
1005] 2579-608 980 6670] 432 3489) 9 1055| 2730-238 164 5145] 411 8488) 7 
1006] 2582-611 146 7287| 431 9190| 9 1056] 2733-261 416 9741! 411 4586] 7 
1007] 2585-613 744 7094| 431 4898] 9 1057] 2736-285 080 8923| 411 0691] 7 
1008] 2588:616 774 1800] 431 C616} 8 1058] 2739-309 155 8796| 410 6804) 7 
1009] 2591-620 234 7121| 430 6341| 8 1059] 2742-333 641 5473| 410 2924] 7 
1010] 2594-624 126 8783] 430 2075| 8 1060] 2745:358 537 5074] 409 9052] 7 
1O!1] 2597-628 447 2521| 429 7818| 8 1061| 2748-383 843 3727| 409 5186| 7 
1012] 2600-633 198 4077] 429 3569] 8 1062] 2751-409 558 7566] 409 1328] 7 
1013] 2603-638 378 9202| 428 9329] 8 1063] 2754-435 683 2733| 408 7478] 7 
1014] 2606-643 988 3656] 428 5096| 8 1064] 2757-462 216 5378| 408 3634| 7 
1015] 2609-650 026 3206) 428 0873| 8 1065] 2760-489 158 1658] 407 9798] 7 
1016] 2612-656 492 3628] 427 6657| 8 1066] 2763-516 507 7736] 407 5969] 7 
1017] 2615-663 386 0708| 427 2450] 8 1067] 2766°544 264 a8 407 2147| 7 
1018| 2618-670 707 0237| 426 8251| 8 1068] 2769-572 429 3977| 406 8333| 7 
1019] 2621-678 454 8017| 426 4060 8 1069] 2772-601 000 6504] 406 4525] 7 
1020] 2624-686 628 9857] 425 9878| 8 1070| 2775:629 978 3556] 406 0725] 7 


sab abhi badA Aun ai ACT hk at i ae bata iia ka 


of the Complete I’- Functions. 


Log I'(p) 


5? 


 ] 
> 


Log I(p) 


§? i 


2775-629 978 3556 


2778-659 362 1333 
2781-689 151 604! 
2784-719 346 3895 
2787-749 946 1114 
2790-780 950 3928 


2793-812 358 8570 
2796844 171 1284 
2799-876 386 8317 
2802-909 005 5925 
2805-942 027 0372 


2808-975 450 7927 
2812-009 276 4866 
2815-043 503 7474 
2818-078 132 2040 
2821-113 16! 4862 


2824-148 691 2244 
2827-184 421 0497 
2830-220 650 ee 
2833-257 279 4891 
2836: 294 307 3689 


2839°331 733 8668 
2842-369 558 6174 
2845:407 781 2558 
2848-446 401 4177 
2851-485 418 7397 


2854-524 832 8589 
2857-564 643 413! 
2860-604 850 0406 


9] 2863-645 452 3807 


2866-686 450 0732 


2869°727 842 7583 
2872-769 630 0773 
2875-811 811 6718 
"2878-854 387 1843 
2881-897 356 2576 


2884-940 718 5357 
2887-984 473 6626 
2891-028 621 2835 
2894-073 161 0439 
2897-118 O92 590! 


2900: 163 415 5688 
2903-209 129 6278 
2906-255 234 4150 
2909-301 729 5794 
2912-348 614 7702 


2915-395 889 6376 
2918-443 553 8322 
2921-491 607 0053 
2924-540 048 8089 
2927-588 878 8954 


406 0725 


405 693! 
405 3145 
404 9366 
404 55 

404 1829 


403 807! 
403 4320 
403 0576 
402 6838} 
402 3108 


AO! 9385 
401 5668 
401 1959 
400 8256 
400 4560 


400 087) 
399 7188 
a 3513 
398 9844] 
398 6182 


398 2526 
397 8878 
397 5236 
397 1600 
396 7972 


396 4350 
396 0734 
395 7125 
395 3523 


394 9927 


394 6338 
394 2755 
393 9179 
393 5610 
393 2046 


392 8489 
392 493 
392 139 
391 7858 
391 4326 


391 0802 
390 7283 
390 377! 
390 0265 
389 6765 


389 3272 
388 9785 
388 6304 
388 2830 
387 9361 


OOOMNO ARASH FHTOCH OOOSN VNNNN NVNNNN NNYYNNN VINNY NNN QQ ON 


2927-588 878 8954 


2930-638 096 918! 
2933-687 702 5306 
2936°737 695 3876 
2939-788 075 1438 
2942-838 841 4551 


2945-889 993 9775 
2948-941 532 3680 
2951-993 456 2841 
2955-045 765 3837 
2958-098 459 3256 


2961-151 537 769) 
2964-205 000 374) 
2967-258 846 8009 
2970-313 076 7108 
2973-367 689 7653 


2976-422 685 6269 
2979-478 063 9582 
2982-533 824 4229 
2985-589 966 6850 
2988-646 490 409! 
2991-703 395 2604 
2994-760 680 9C48 
2997-818 347 0087 
3000-876 393 2391 
3003-934 819 2636 


3006:993 624 7502 
3010-052 809 3679 
3013-112 372 7858 
3016-172 314 6738 
3019-232 ©34 7025 


3022-293 332 5429 
3025-354 407 8665 
3028-415 860 3456 
3031-477 689 6529 
3034-539 895 4617 


3037-602 477 4459 
3040-665 435 2800 
3043-728 768 6390 
3046-792 477 1984 
3049-856 560 6343 


3052-921 O18 6236 
3055-985 850 8433 
3059-051 O56 9714 
3062-116 636 686! 
3065-182 589 6664 


3068-248 915 5918 
3071-315 614 1422 
3074-382 684 9962 
3077-450 127 8410 
3080-517 942 3522 


387 9361 


387 5899 
387 2443 
386 8993 
386 sto 
386 2112 


385 868i 
385 5255 
385 18306 
384 8423 
384 5016 


384 1614 
383 8219 
383 4830 
383 1447 
382 8070 


382 4698 
382 1333 
381 7974 
381 4620 
381 1273 


380 7931 
380 4595 
380 1265 
379 7941 
379 4622 
379 1310 
378 8003 
378 4702 
378 1406 
377 BII7 


377 4833 
377 1555 
376 8282 
376 5015 
376 1754 


375 849 
375 52 

375 2004] 
374 8766 
374 5533 


374 2305 
373 9083 
373 5867 
373 2656 
372 9450 


372 6251 
372 30 

371 9867 
371 668 
371 350 
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Complete P’- Functions. 


2 Iva 2 od 
P Log I (p) ” Q Pp Log I(p) 9 : $4 
1170] 3080-517 942 3522| 371 3506| 5 1185] 3126-579 545 4049] 366 6480] 5 
1171] 3083-586 128 2139] 371 0333] 5 1186] 3129-653 263 7553] 366 3387] 5 
1172] 3086-654 685 1090] 370 7166] 5 1187] 3132-727 348 4443| 366 0299] 5 
1173] 3089-723 612 7207| 370 4004] 5 1188] 3135-801 799 1632] 365 72i7| 5 
1174] 3092-792 910 7328| 370 o84g| 5 1169 3138-876 615 6039] 365 4140] 5 
1175] 3095-862 578 8297| 369 7697| 5 1190] 3141-951 797 4585] 365 1068] 5 
1176] 3098-932 616 6963] 369 4551| 5 1191] 3145-027 344 4199] 364 sool| 5 
1177] 3102-003 024 0180] 369 1411] 5 1192] 3148-103 256 1814| 364 4939] 5 
1178] 3105-073 800 4809] 368 8276| 5 1193] 3151-179 532 4368] 364 1883] 5 
1179] 3108-144 945 7713| 368 5146| 5 1194] 3154-256 172 8805| 363 8831] 5 
1180] 3111-216 459 5764] 368 2022] 5 1195] 3157-333 177 2072| 363 5785| 5 
1181] 3114-288 341 5837| 367 8903] 5 1196] 3160-410 545 1125| 363 2744] 5 
1182] 3117-360 591 4813| 367 5789] 5 1197] 3163-488 276 2922| 362 9708| 5 
1183] 3120-433 208 9579] 367 2681| 5 1198] 3166-566 370 4426] 362 6676] 5 
1184] 3123-506 193 7025] 366 9576] 5 1199] 3169-644 827 2606| 362 3650) 5 
1185] 3126-579 545 4049] 366 6480| 5 1200] 3172-723 646 4437| 362 0629) 5 


x. The | Handicapping of the First-born. 
es Karn Prarson, F.R.S. Price 2s. net. — 


I. _ National Life from the Standpoint of Science. 
- ds. 6d, net. EY 


(Third Issue. ) ‘By Karn PEARSON, F R. S. Price : 


XII. 


LECTURE SERIES (continued). 
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The Function of Science in the Modern State. 
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‘Side Lights on the Evolution of 
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v. A First Study of the Inheritance of Vision 


- and of the Relative Influence of Heredity and 
Environment on Sight. By Amy Barrtneron 
and Kart Pearson, F.R.S. Price 4s. net. 


VI. Treasury of Human Inheritance (Pedigrees of 
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PEARSON, PRS.” Second Edition. . 
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PREFATORY NOTE 


i .. following table, due to Dr John Brownlee’s initiative, rounds off 
the work of this series of 7'’racts on the [’-function. It will enable the 
- computer to obtain somewhat more easily (but to 7 instead of 10 figures) the 


value of the ['-function for values of the argument lying between | and 50°9. 


KE. 


The following Table of log I (a) gives the values to seven figures for — 
values of « from unity to fifty-one. The compact form of this Table is — 
rendered possible by the introduction of formulae for interpolating by — 
means of central differences. Though the first differences are of six figures, — 


from the beginning of the table to the end, the fourth difference is zero. 
The method of construction has been as follows. The values of log I (x) 


were taken to ten places of decimals from the facsimile of Legendre’s tables | 


published lately by Professor Pearson in the Tracts for Computers Series. 


The subsequent values were obtained by adding on a Burroughs’ Adding 


Machine the logarithms of the appropriate numbers as given by Vega, in 
the Thesaurus Logarithmorum Completus, and the consecutive additions 
were carried on to the limit of the table. The final figures were then 


checked by the ordinary Huler-Maclaurin formula for log I (x). It was, | 


found in every case, in spite of the fact that fifty odd consecutive additions 
had been made, that at least eight figures of the results were correct, while 
in a number of cases the ninth was also accurate. 

The whole of the work was carried out under the supervision of 
Mr W. T. Russell, chief statistical clerk to the National Institute for 


Medical Research, who himself checked all the differences. The whole ~ 


credit for the table is thus his. 
JOHN BROWNLEE. 


NATIONAL INSTITUTE FOR MEDICAL RESEARCH. 
Feb. 1st, 1923. 


SE ee oe ee TREES, SRL yg 


TABLE 


OF 


_ 


Loe [ (@) From w= 1 To 50°9 By INTERVALS OF ‘01 


Loc I(x) From #=1-0 TO 7 = 50-9 BY ‘01 = -z=10 0 6-0 | 


. 


CON AUFEBDBHASO CGOVYANHWHHO 


D NNUNAUNAUNAN AHPAAAAA AAA WHWWWWWHWWYW 
C6 OI AULWNHHSO 


fe) 


0:0000000 | 714 | 9:9975287 | 704 | 9:9951279 | 694 | 9:9927964 | 684 | 9:9905334 | 675 | — 
9°9783407 | 622 | 9°9765313 | 615 | 9°9747834 | 607 | 9°9730962 | 599 | 9°9714689 | 592 | — 
9°9629225 | 550 | 9:°9616946 | 544 | 9°9605212 | 538 | 9°95940T5 | 532 | 9°9583350 | 526] 
9°9530203 | 493 | 9°9523100 | 487 | 9°9516485 | 482 | 9°9510353 | 477 | 9°9504698 | 473 
9°9480528 | 445 | 9°9478084 | 441 | 9°9476081 | 437 | 9°9474515 | 433 | 9°9473382 | 429 
9°9475449 | 406 | 9:9477237 | 402 | 9-9479426 | 399 | 9°9482015 | 394 | 9:9484998 | 392 
9°9511020 | 373 | 9°9516680 | 370 | 9°9522710 | 367 | 9:9529107 | 364 | 9°9535867 | 361 
9°9583912 | 344 | 9°9593141 | 342 | 9:9602712 | 339 | 9°9612622 | 337 | 9°9622869 | 334 
99691287 | 320 | 9°9703823 | 318 | 9°9716678 | 316 | 9°9729848 | 313 | 9°9743331 | 311 | © 
9:9830693 | 299 | 9:9846311 | 297 | 9:9862226 | 295 | 9:9878436 | 293 | 9°9894938 | 2901 | © 


PR en Ne eee 


‘0000000 | 280 | -0018501 | 278 | 0037280 | 277} -0056336 | 274 | +0075667 | 273 
0197334 | 264 | °0218543 | 263 | -0240014 | 260| -0261746| 259 | -0283737 | 257 
-0421038 | 249 | 0444800 | 247| -0468810 | 246| -0493066 | 2454 -0517567 | 243 
-0669636 | 236] -0695813 | 234 | °0722225 | 233| 0748869 | 232] °0775746 | 231 
0941808 | 224 | -0970275 | 223 | 0998964 | 222] +1027875|220| -+1057007 | 219 
-1236362 | 213 | *1267006 | 212 | -1297862 | 211 | +1328929]210| -1360206 | 209 | © 
*1552220 | 203 | +1584939 | 202 | -1617860 | 201} -1650983 | 200| +1684306 | 200 | © 
-1888402 | 194] +1923102 | 193 | 1957997 | 193| ‘1993083 | 192] +2028362 | IQgI 
*2244012 | 186 | -2280609 | 185] -2317392 | 184| °2354359]184]| +2391510/ 183 | © 
-2618229 | 178 | +2656645|178| -2695238|177| °2734009|176| +2772956| 176 | © 


"3010300 | 172 | *3050462 | 171 | +3090794|170| -+3131297|170| +3171969 | 169 
"3419527 | 165 | +3461368 | 164 | -3503373 | 164| °3545542 | 163 | °3587875 | 163 
-3845264 | 159} +3888723 | 159 | °3932340 | 158) °3976115|157| *4020047 | 157 
4286915 | 154 | *4331933 | 153 | 4377105 | 152] +4422428|)152| -4467904 | I51 | | 
‘4743920 | 148 | -4790445 | 148 | -4837118 | 147] +4883938|147| -4930905 | 146 | — 
"5215762 | 143 | +5263743 | 143 | °5311867 | 143 | °5360134/142| +5408543 | 142 
"5701953 | 139] °5751344 | 138 | -5800873 | 138] -5850540|/ 138] +5900345 | 137 
6202039 | 135 | °6252795 | 134 | *6303686 | 134 | -6354710 | 133 | °6405867 | 133 
*6715592 | 131 | °6767672 | 130 | -6819883 | 130] -6872223]129]| +6924693 | 129 
*7242209 | 127 | *7295575 | 126| +7349067 | 126] +7402685|126| +7456429 | 125 | | 


-7781513 | 123 | °7836127 | 123 | -7890864 | 123} +7945723 | 122| +8000705 | 122 
-8333143 | 120 | °8388971 | 120| 8444919 | 119| °8500986| 119] °8557171 | 119 | © 
-8896764 | 117 | °8953773 | 116| -go10898 | 116| -g068140|116| +-9125497 | 115 
9472054 | 114 | °9530213 | 113 | *9588485 | 113 | +9646871 | 113 | ‘9705369 | 112 
‘0058710 | III | 10117989 | I1O | I-0177379 | I10 | 1:0236879 | I10 | 1:0296489 | 110 
0656443 | 108 0716814 | 108 | 1:0777294 | 107 | 1:0837881 | 107 | 1:0898575 | 107 
*1264978 | 105 1326416 | 105 | 1°1387959 | 105 1449607 | 105 | I°1511359 | 104 
*1884057 | 103 | 1°1946535 | 103 | I-20091I5 | 102 | 1°2071798 | 102 | 1:2134583 | 102 | © 
1°2513428 | IOI | 1°2576922 | 100 | 1:2640516 | 100 | 1:270421I | 100 | 1:2768005 | 100 | © 
1°3152856 | 98 | 1°3217343 | 98 | 1°3281928 | 98] 1°3346611 | 98] 1-3411391 | 97 


S = S| & 
SS Se eS 
pup hom Nn Bt. 


1+3802112 | 96 | 1:3867570 | 96 | 13933124 | 96| 1°3998774| 95 | 1:4064519 
1-4460982 | 94 | 1°4527390 | 94 | 1°4593891 | 94 | 1°4660486| 93 | 1°4727175 
1°5129257 | 92 | 1°5196594 | 92 | 1°5264023 | 92 | 1°5331544| 9I | 1°5399156 
1°5806739 | 90 | 1°5874986 | 90 | 1:5943323 | 90] 1:6011750| 90] 1:6080266 
1°6493236 | 88 | 1-6562375 | 88 | 1:6631602 | 88] 1:6700916| 88 | 1:6770319 
1°7188568 | 87 | 1°7258580 | 86 |-1:7328678 | 86 | 1-7398863| 86] 1-7469134 
1°7892557 | 85 | 1:7963425 | 85 | 1°8034379| 85 | 1°8105416| 84 | 1°8176539 
1°8605035 | 83 | 1°8676744 | 83 | 1°8748535 | 83)|1°8820410| 83 | 1°8892367 
1°9325840 | 82 | 1-9398373 | 82] 1:9470987 | 81 | 1°9543682)| 81 | 1:-9616459 
20054816 | 80 | 2:0128157 | 80 | 2:0201579 | 80] 2:0275080| 80 | 2:0348661 


2'0791812 | 79 | 2:0865948 | 79 | 20940161 | 78 | 2:1014453| 78| 2:1088824 


@=10t060 LogI'(x) FRoM c=1-0 To x«=50-9 By -01 5 
5 6 7 8 9 
9°9883379 | 666 | 9:9862089 | 656 | 9:9841455 | 648 | 9:9821469 | 639 | 9:9802123 | 631 | I-o 
9°9699007 | 584 | 9°9683910 | 577 | 9°9669390 | 570 | 9°9655440 | 564 | 9°9642054 | 557 | I°I 
9°9573211 | 520 | 9°9503592 | 514 | 9°9554487 | 509 | 9°9545891 | 503 | 9°9537798 | 498 | 1-2 
9°9499515 | 468 | 9°9494800 | 463 | 9°9490549 | 459 | 9°9486756 | 454 | 9°9483417 | 450 | 1°3 
9°9472077 | 425 | 9°9472397 | 421 | 9°9472539 | 417 | 9°9473097 | 413 | 9°9474068 | 410 | 1-4 
9°9488374 | 389 | 9°9492139 | 386 | 9:°9496289 | 382 | 9:9500822 | 379 | 9°9505733 | 376 | 1°5 
9°9542989 | 358 | 9°9550468 | 355 | 9°9558303 | 353 | 99566491 | 350 | 9°9575028 | 347 | 1°6 
9°903345I | 332 | 9°9644364 | 329 | 9:9655606 | 327 | 9:9667176 | 325 | 9:9679070 | 322 | I°7 
9°9757126 | 309 | 9°9771230 | 307 | 9°9785640 | 305 | 9°9800356 | 303 | 9°9815374 | 301 | 18 
9°9911732 | 289 | 9°9928815 | 287 | 9:9946185 | 285 | 9:°9963840 | 284 | 9:9981779 | 282 | I-9 
"0095272 | 272 | ‘OII5147| 270] 0135293 | 268 | -0155707 | 267| -0176388 | 265 | 2:0 
0305985 | 256| +0328490 | 255| -0351248 | 253 | :0374260 | 252 | -0397524 | 250 | 2:1 
0542311 | 242 | +0567297 | 242| :0592524 | 239 | +0617990 | 238 | -0643695 | 237 | 2-2 
0802853 | 230 | -0830190 | 228 | -0857755 | 227] *0885547 | 226| -0913565 | 225 | 2:3 
"1086357 | 218] -1115926| 217) °1145712| 216] *1175714 | 215| 1205931 | 214 | 2-4 
"1391691 | 208 | -1423385 | 207| -1455286 | 206] -1487392 | 205 | 1519704 | 204 | 2°5 
1717828] 199| +1751549|198| -1785468|] 197] +1819584 | 196} -1853895 | 195 | 2-6 
*2063831I | I90| +2099490| 189] -2135339 | 188 | -+2171376 | 188 | +2207600 | 187 | 2-7 
2428843 | 182| -2466359| 181 | +2504056| 181} +2541934 | 180] +2579992 | 179 | 2°8 
*2812078 | 175 | +2851375|174| °2890847|174]| :2930492 | 173 | 2970310 | 172 | 2-9 
"3212810 | 168| -3253820/ 168]! -3294996 | 167] -3336340|] 166! -3377851 | 166 | 3-0 
*3630370 | 162] +3673027| 161] +3715846|] 161 | +3758825 | 160] -3801965 | 160 | 3-1 
4004136156) -4108382 | 156] -4152783 | 155] *4197339| 155 | °4242050 | 154 | 3-2 
4513531 | 151 | °4559310| 150] +4605238| 150] -4651316/149| 4697544 | 149 | 3°3 
4978018 | 146] +5025277/ 145] *5072681 | 145 | *5120231 | 144 | °5167924 | 144 | 3-4 
"5457093 | 141] °5505785|141| °5554617| 140] +5603589 | 140 | +5652702 | 139 | 3°5 
*5950287 | 137] -6000366| 136! -6050581 | 136] ‘6100931 | 135] *6151418 | 135 | 3°6 
6457158 | 133 | +6508581 | 132| -6560137 | 132 | -6611824 | £31 | +6663642 | 131 | 3°7 
*6977292 | 129| +7030019/128| +7082875 | 128] -7135859| 128] +7188971 | 127 | 3°8 
*7510298 |125| +°7564292/125] +7618411 | 124] +7672655 | 124] +7727022 | 124 | 3:9 
*8055809 | 122] -8111034|121| *8166380|] 121 | 8221848] 121 | °8277435 | 120] 4-0 
*8613476| 118] -8669898| 118| °8726438| 118| -+8783096|] 117] °8839872 | 117] 4:1 
°9182970 | I115| +9240558] 115} :9298260]115| 9356077 | 114 | *9414009 | II4 | 4:2 
°9763980 | 112 | -9822702|112| -9881537| 112 | +9940483] III} 9999541 | III | 433 
1'0356209 | 109 | 1:0416038 | 10g | 1:0475976 | 109 | 1:0536023 | [0g } 1:0596179 | 108 |} 4°4 
1:0959377 | 107 | I°1020285 | 106 | I-1081299 | 106 | I-1142420 | 100 | 1°1203646 | 106 | 4°5 
1*1573216 | 104 | 1°1635176 | 104 | 11697241 | 104 | 1'1759410 | 103 | I°1821682 | 103 | 4:6 
I*219747I | 102 | I:2260460 | IOI | 1°2323550 | IOI | 1-2386742 | IOI | 1°2450035 | IOI | 4-7 
T-2831899 | 99 | 1:2895893 | 99 | 1:2959985 | 99 | 1°3024177| 99 | 1°3088467 | 99 | 4:8 
T-3476269 | 97 | 1°3541244| 97 | 1:3606316 | 97 | 1°3671485 | 97 | 1°3736751 | 96] 4:9 
I*4130359 | 95 | 1:41962904| 95 | 1-4262324 | 95 | 1-4328449 | 94 | 1-4394668 | 94 | 5:0 
14793956 | 93 | 1°4860831 | 93 | 1°-4927799 | 93 | 1-4994859| 92 | I°5062012| 92 | 5-1 
T+5466859 | 91 | 175534654 | 91 | 1°5602539| 91 | 1°5670515 | 91 | 1°5738582 | 90 | 5:2 
1°6148872 | 89 | 1°6217567| 89] 1-6286351 | 89 | 1°6355224 | 89 | 1°6424186| 89] 5:3 
1-6839809 | 87 | 1-6909387| 87] 1-6979051 | 87 | 1:7048803 | 87 | 1:7118642 | 87) 5-4 
I-7539491 | 86 | 1-7609933 | 86 1-7680461 | 85 | 1°7751075 | 85 | 1°7821773 | 85] 5°5 
1°8247745| 84 | 1°8319036| 84/1°8390410| 84 | 1°8461868 | 84 | 1°8533410| 83] 5:6 
1°8964407 | 82 | 1:9036529/| 82] 1:9108734 | 82 | I-g181021 | 82] 1-9253390] 82] 5:7 
19689317 | 81 | 1:°9762255| 81 | 1°9835275 | 81 | 1°9908375 | 81 | 1°9981555| 80] 5:8 
2°0422321 | 79 | 2:0496061 | 79 | 2:0569880 | 79 | 2:0643779 | 79 | 2°0717756| 791 5°9 
2°1163273 | 78] 2:1237799| 78) 2°1312404| 78 | 2:1387086 | 78 | 2:1461846| 78 | 6-0 


Loc I'(«) FRoM «=1-0 TO x= 50-9 By -01 


x =6-0 to 11-0 — 


DARDAARAVDAAD 
OW ONI Duk WN HO 


Q0 00 G0 DMO MmMmMO YYINYIYIAIAIS 


CS OIANUEWNHHO 


2 SS ee 
CON AnAW NH O 


‘© 
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I0°0 
Io'l 
I0°2 
10°3 
10°4 
10°5 
10°6 
10°7 
10°8 
10°9 


EEO 


O CN ANP WN HO 


2-0791812 
2°1536684 
2°2289290 
2°3049497 
2°3817174 
2°4592195 
2°5374437 
26163784 
2°6960120 
2°7763330 


2°8573325 
29389982 
30213207 
31042903 
3°1878974 
3°2721328 
3°3569876 
3°4424532 
3°5285209 
3°6151827 


3°7924395 
3°7902566 
3°8786532 
3°9676131 
4°0571291 
4°1471941 
4°2378012 
4°3289439 
4°4200155 
45128098 


4°6055205 
4°6987416 
4°7924671 
4°8866912 
4°9814084 
5°0766130 
5°1722997 
5°2084632 
5°3650982 
5*4621998 


5°5597630 
5°6577830 
5°7502549 
5°8551742 
5°9545362 
6°0543366 
6°1545709 
6°2552349 
63563243 
6°4578350 


6°5597630 


2:0865948 
2°1611599 
2°2364971 
2°3125931 
23894348 
2*4670096 
2°54530954 
2°6243105 
2*7040134 
2°7844032 


2°8654692 
29472011 
3°0295887 
3°1126225 
3°1962928 
3°2805906 
3°3655069 
3°4510330 
3°5371005 
376238813 


S7ILIO72 
3°7990707 
3°8875240 
3°9795398 
40661110 
4°1562305 
4°2468915 
4°3380874 
4°4298116 
4°5220578 


4°6148198 
4°7080915 
4°8018672 
4°8961409 
4°9909070 
50861601 
5*1818947 
5°2781055 
5°3747875 
53°4719355 


5°5695446 
5'6676099 
5*7661268 
5°8650905 
5°9644966 
6:0643406 
6-1646181 
6:2653247 
6°3664565 
6:4680091 


6:5699786 


2°0940161 
2°1686591 
2°2440728 
2°3202439 
2°3971595 
2-4748069 
2°5531742 
2°6322495 
2°7120217 
2°7924796 


2°8736126 
2°9554105 
3°0378632 
3°1209610 
3°2046945 
3°2890545 
3°3740322 
3°4596188 
3°5458060 
3°6325857 


3°7199497 
3°8078905 
38964004 
3°9854721 
4°0750984 
4°1652724 
4°2559871 
4°3472361 
4°4390128 
4°5313108 


4°6241241 
4°7174465 
4°8112722 
4°9055954 
5°0004105 
5°0957119 
5*1914944 
5°2877526 
5°3844814 
5°4816757 


5°5793306 
5°©774414 
5°7760031 
5°8750113 
5°9744614 
6:0743489 
6-1746695 
6:2754189 
6-3765929 
6-4781874 


65801984 


2°1014453 
2°1761660 
2°2516560 
2°3279022 
2°4048915 
2°4826114 
2°5610500 
26401956 
2°7200368 
2*8005627 


2°8817627 
2:9636265 
3'0461441 
3°1293059 
3°2131024 
3'2975246 
3°3825636 
3°4682106 
3°5544575 
3°6412959 


3°7287180 
3°8167160 
379052824 
3°9944099 
40840913 
4°1743196 
4°2650881 
4°3503901 
4°4482192 
4°5405091 


4°6334335 
4°7268065 
4°8206822 
4°9150549 
5°0099188 
5°1052686 
5°2010989 
5°2974944 
53°3941799 
53°4914205 


5°5891213 
5°6872773 
5°7858839 
5°8849365 
5°9844305 
6:0843615 
6°1847252 
6°2855172 
6°3867335 
6:4883698 


6°5904222 


21088824 
2+1836806 
2°2592469 
2°3355979 
2°4126308 
2°4904232 
2+5689330 
26481486 
2°7280587 
2°8086525 


28899193 
2°9718490 
3°0544314 
3°1376571 
3°2215167 
3°3060009 
3°391IOII 
3°4768085 
3°5631148 
3°6500120 


3°7374920 
3°8255472 
3°9141700 
4°0033532 
4°0930896 
4°1833723 
4°2741944 
4°3055494 
4°4574309 
4°5498325 


4°6427480 
4°7361716 
4°8300972 
4°9245192 
5*0194320 
51148301 
5°2107082 
5°3070609 
5°4038832 
5°5011700 


5°5989165 
5°6971178 
5°7957092 
58948661 
5°9944040 
6:0943785 
6°1947852 
6:2956198 
6-3968783 
6-4985564 


6:6006502 


De ee Ey le a Ree, Ce Oe | PET eee T 


#=60tol10 Logi (x) From «=1-0 To x=50-9 By -01 


2°1163273 
21912029 
22668452 
2°3432410 
2°4203774 
2°4982421 
2°5768230 
26561085 
2°73600875 
28167491 


2:8980826 
29800780 
30627252 
3°1460147 
3°2299371 
3°3144834 
3°3996446 
3°4854123 
3°5717781 
3°6587339 


3°7462718 
3°8343840 


- 39230632 


4°0123021 
4°1020934 
4°1924303 
4°2833060 
4°3747140 
4°4000477 
4°5591010 


4°6520676 
4°7455416 
4°8395172 
4°9339885 
50289501 
5°1243964 
5°2203221 
5°3167221 
5°4135910 
5°5109240 


56087162 
5°7069627 
5°8056589 
5°9048001 
6:0043819 
6-1043998 
6°2048495 
6°3057267 
64070272 
6:5087471 


6:6108823 


2°1237799 
2°1987328 
2°274451F 
2°35092T5 
2°4281313 
25060681 
2+5847200 
2°6640754 
2°7441231 
28248524 


2°9062526 
2°9883135 
3°0710254 
3°1543786 
3°2383638 
3°3229719 
3°4081942 
3°4940221 
3°5804473 
3°6674616 


3°7559573 
3°8432266 
3°9319621 
4°0212564 
4*IIL1026 
4°2014937 
4°2924230 
4°3838838 
4°4758698 
4°5083747 


46613923 
4°7549167 
4°8489421 
4°9434627 
5°0384730 
5°1339675 
5'2299409 
5°3203879 
5*4233035 
5°5206827 


5°6185205 
5°7168122 
5°8155531 
5°9147386 
60143641 
6°1144254 
6:2149180 
6°3158377 
6:41 71804 
6°5189420 


6-6211185 


2°1312404 
2°2062704 
2°2820645 
2+3586094 
2°4358925 
2°5139013 
2°5926241 
2:6720492 
2°75216056 
2°8329624 


2°9144291 
29965556 
3°0793320 
3°1627489 
3°2407967 
3°3314667 
3°4167499 
3°5026379 
3°5891223 
3°6761951 


3°7638485 
3°8520748 
3°9408665 
4°0302163 
4°I201173 
4°2105626 
4°3015453 
4°3930589 
4°4850970 
4°5779535 


4°6707220 
4°7642968 
4°8583720 
4°9529418 
5°0480008 
5°1435434 
5'2395644 
5*33600585 
3°4339207 
5°5394459 


5°6283293 
5°7266661 
5°8254517 
5°9240814 
6:0243507 
6°1244553 
6:2249908 
6°3259530 
6-4273378 
6°5291411 


6:6313588 


2°1387086 
2°2138157 
2+2896854 
23663047 
2°4430609 
2°5217417 
2:6005352 
2:6800299 
27602148 
2*8410790 


2°9226122 
3°0048042 
3°0876451 
3°1711254 
3°2552359 
3°3399675 
3°4253116 
3°5112596 
3°5978032 
3°6849345 


3°7720455 
3°8609286 
3°9497764 
4°0391818 
4°1291375 
4°2196368 
4°3106728 
4°4022392 
4°4943295 
4°5869374 


46800568 
4°7736819 
4°8678068 
4°9624258 
9°9575333 
5°1531240 
5°2491926 
53°3457337 
3°4427424 
3°5402137 


56381427 
5°7305246 
5°8353548 
5°9346286 
6:0343417 
6-1344895 
6-2350679 
6:3360726 
6°4374994 
6°5393442 


6:6416032 


2°1461846 
22213686 
2°2973138 
2°3740074 
2°4514366 
2°5295891 
2°6084533 
2°6880175 
2°7682708 
2°8492024 


2°9308019 
3°0130592 
30959045 
3°1795082 
3°2636813 
3°3484745 
3°4338794 
3°5198873 
3'6064901 
3°6936796 


3°7814482 
3°8697881 
39586920 
4°0481527 
4°1381631 
4°2287163 
4°3198057 
4°4114248 
4°5035071 
4°5962263 


4°6893967 
4°7830720 
4°8772465 
4°9719146 
5:0670708 
5*1627095 
5°2588255 
5°3554136 
5°4524688 
5°5499861 


5°6479606 
5°7463875 
5°8452623 
5°9445802 
6°0443370 
6°1445281 
6°2451493 


6°3461963, 


6-4476651 
6°5495516 


66518517 


DDADAAAAAD 


CO OUI AMUEWNDHHO CGONANUAWHNHO 


WMWMDDMAMHMMMMO YIINNYNYNNNN 


2 NO ONE ND NNO 1050 10 ee 
SGIGURWHHSG GCGHOYAUHWNHOSO 


\o 
o 


. 
(2) 


Io'l 
IO°2 
10°3 
10°4 
10°5 
10°6 
10°7 
10:8 
10°9 


II‘o 


8 Loe [' (x) FRoM x= 1:0 TO x=50-9 BY -01 «=11-0 to 16-0 
0 1 2 3 4 
II-0| 6°5597630 | 41 | 6:°5699786/ 41 | 6°5801984 | 41 | 6°5904222 | 41 | 6:6006502 | 41 
II‘t | 6°6621043 | 41| 6:6723611 | 41 | 6°6826219| 41 | 6°6928868 | 41 | 6°7031557 | 41 
1I‘2.| 6:7648551 | 41] 6°7751525|41| 6:7854540| 40] 6-7957596| 40| 6-8060692 | 40 
II-3 | 6-8680114 | 40} 68783492 | 40| 6-8886910 | 40| 6:8990368 | 40| 6-9093867 | 40 
11-4 | 6:9715696 | 40| 6-9819474 | 40| 6:9923291 | 40| 7:0027148/| 40] 7:0131045 | 40 
II-5 | 7:0755259 | 39} 7°0859433 | 39| 7°0963646 | 39| 7:1067899 | 39} 7°1172I9I1 | 39 
11-6 | 7:1798768 | 39 | 7°1903334 | 39 | 7°2007940 | 39| 7:2112585| 39] 7°2217268 | 39 
11-7 | 7:2846187 | 39} 7°2951142 | 39] 7°3056136 | 39 | 7°3161169 | 39) 7°3266241 | 39 
11-8 | 7:3897480 | 38| °7-4002822 | 38| 7:4108201 | 38| 7°4213619 | 38] 7°4319075 | 38 
11-9] 7749526015 | 38] 7°5058339 | 38} 7°5164100 | 38| 7°5269900 | 38| 7:°5375737 | 38 
12:0] 7:6011557 | 38| 7:°6117660 | 38] 7:6223800 | 38| 7:6329977 | 38| 7:°6436193 | 38 
121 | 7°7074273 | 37} 7°7180751 | 37| 7°7287267 | 37 | 7°7393819 | 37| 7°7500409 | 37 
12:2 | 7:8140731 | 37| 7°8247581 | 37| 7°8354469 | 37| 7°8461393 | 37] 7°8568355 | 37 
12°3 | 7°9210898 | 37] 7°9318118 | 37] 7°9425374 | 37| 7°9532667 | 37| 7:9639997 | 37 
12°4| 8:0284744 | 36] 8-0392330 | 36| 8-0499952 | 36} 8-0607611 | 36| 8-0715306 | 36 
12°5| 8-1362237 | 36| 8-1470186| 36] 8-1578171 | 36| 8-1686192 | 36| 81794249 | 36 
12°6 | 8-2443348 | 36| 8:2551657 | 36| 8-2660001 | 36! 82768382 | 36| 8-2876798 | 36 
12-7 | 8-3528045 | 36} 8-3636711 | 36| 8-3745413 | 30) 83854150 | 35| 8-3962922 | 35 
12°8| 8-4616301 | 35| 8-4725321 | 35| 84834376 | 35 | 8-4943467 | 35| 8-5052592 | 35 
12-9 | 8°5708085 | 35} 8:5817456 | 35 | 8-5926863 | 35 | 8-6036304 | 35| 86145780 | 35 
130 | 8-6803370 | 35 | 8-6913090 | 35 | 8-7022844 | 35) 8°7132633|35| 87242457 | 35 
13°I | 8:7902127 | 34| 8-8012193 | 34 | 8-8122293 | 34| 8-8232427 | 34| 8°8342596 | 34 
13°2 | 8-9004329 | 34| 8-9114738 | 34| 8-9225181 | 34 | 89335658 | 34| 8-9446169 | 34 
13°3 | 90109950 | 34 | 9°0220699 | 34 | 9°0331481 | 34 | 9°0442298 | 34} 9°0553149 | 34 
13°4| 9°1218961 | 34] 9°1330048 | 34 | 9°1441168 | 34 | 9°1552322 | 34 | 971663509 | 34 
13°5 | 9°2331338 | 33 | 9°2442759 | 33| 9°2554214 | 33| 9°2665703 | 33| 9°2777225 | 33 
13°6 | 9°3447053 | 33| 9°3558807 | 33] 9°3670595 | 33] 9°3782415 | 33| 9°3894269 | 33 
13°7 | 9°4566082 | 33| 9°4678167 | 33] 9°4790284 | 33] 974902434 | 33 | 9°5014616 | 33 
13°8 | 9°5688400 | 33} 9°5800812 | 33] 9°5913256 | 33 | 9°6025733 | 33| 9°6138243 | 33 
13°9 | 9°6813982 | 32] 9°6926719 | 32] 9°7039488 | 32} 9°7152289 | 32] 9°7265123 | 32 
14:0 | 9°7942803 | 32| 9°8055863 | 32| 9°8168954 | 32 | 9°8282078 | 32 | 9°8395233 | 32 
I4'I | 9°9074840 | 32 | 9:9188220 | 32 | 9°9301631 | 32| 9°9415074 | 32] 9°9528550 | 32 
14'2 | 10:0210069 | 32 | 10:0323766 | 32 | 10°0437495 | 32 | 10°0551256 | 32 | 10°0665049 | 32 
14°3 | 10°1348466 | 31 | 10°1462479 | 31 | 10°1576524 | 31 | 10°1690600 | 31 | 10°1804707 | 31 
14°4 | 10*2490009 | 31 | 10°2604336 | 31 | 10°2718693 | 31 | 10°2833082 | 31 | 10°2947502 | 31 
14°5 | 10°3634675 | 31 | 10°3749313 | 31 | 10°3863981 | 31 | 10°3978681 | 31 | 10°40934II | 31 
14°6 | 10°4782442 | 31 | 10°4897389 | 31 | 10°5012366 | 31 | 10°5127374 | 31 | 10°5242412 | 31 
14°7 | 10°5933288 | 31 | 10°6048541 | 31 | 10°6163825 | 31 | 10°6279139 | 31 | 10°6394484 | 30 
14°8 | 107087191 | 30 | 10°7202749 | 30 | 10°7318337 | 30 | 10°7433955 | 30 | 10°7549604 | 30 
14°9 | 10°8244130 | 30 | 10°8359990 | 30 | 10°8475880 | 30 | 10°8591800 | 30 | 10°870775I | 30 
15:0 | 10:9404084 | 30 | 10°9520244 | 30 | 10:9636434 | 30 | 10°9752654 | 30 | 10°9868g904 | 30 
I5‘I | 11°0567031 | 30 | 11:0683490 | 30 | 11-0799978 | 30 | I1-0916496 | 30 | I1*1033044 | 30 
15°2 | 111732952 | 30 | 11°1849707 | 30 | I1-196649QI | 29 | 11°2083305 | 29 | I1:22001 49 | 29 
15°3 | 11°2901826 | 29 | 11°3018875 | 29 | 11°3135954 | 29 | 11°3253062 | 29 | 11°3370199 | 29 
15°4 | 114073634 | 29 | 11-4190975 | 29 | 11°4308346 | 29 | 114425745 | 29 | 11°4543174 | 29 
15°5 | 11°5248355 | 29 | 11°5365987 | 29 | 11°5483647 | 29 | 11°5601337 | 29 | 115719055 | 29 
15°6 | 11°6425971 | 29 | 11°6543891 | 29 | 116661840 | 29 | 11°6779817 | 29 | 11°6897823 | 29 
15°7 | 11-7606461 | 29 | 11°7724668 | 29 | 11°7842903 | 29 | 117961196 | 29 | 11°8079458 | 29 
15°8 | 11°8789808 | 28 | 11:8908299 | 28 | 11:9026819 | 28 | 11°91453606 | 28 | 11-9263943 | 28 
15°9 | 11°9975993 | 28 | 12:0094766 | 28 | 12:0213568 | 28 | 12:0332399 | 28 | 120451257 | 28 
16:0 | 12°1164996 | 28 | 12°1284051 | 28 | 121403134 | 28 | 12°1522244 | 28 | 12-1641383 | 28 


x=11-0to16-0 LocT' (x) From «=1-0 To x =50:9 By ‘01 9 
5 6 t 8 9 
6°6108823 | 41 | 6-6211185 | 41 | 6-6313588 | 41 | 6:6416032 | 41 | 6°6518517 | 41 | II-o 
6°7134288 | 41 | 67237059 | 41 | 6-7339871 | 41 | 6°7442724 | 41 | 6°7545017 | 41 | II-I 
6°8163828 | 40} 6:°8267004 | 40| 6°8370221 | 40| 6:8473479 | 40| 6°8576776| 40 | I1-2 
6°9197405 | 40 | 6:9300983 | 40| 6:9404602 | 40| 6:9508260 | 40} 6-9611958| 40 | I1°3 
7'0234982 | 40| 7:0338958 | 40 | 7°0442974 | 40] 7:0547030 | 40} 7:0651125 | 39 | 11-4 
7°1276523 | 39 | 7°1380893 | 39| 7°1485303 | 39| 7°1589752 | 39| 7°1694240 | 39 | 1-5 
7°2321991 | 39| 7°2426752 | 39| 7°2531553 | 39| 7°2636392 | 39| 7:2741270 | 39 | 11-6 
7°3371351 | 39| 7°3476500 | 39 | 7°3581687 | 39| 7:°3686913 | 38| 7:°3792178 | 38 | 11-7 
7°4424570 | 38 | 7:4530103 | 38| 7:4635674 | 38| 7:4741283 | 38| 7°4846930 | 38 | 11°8 
7°5481612 | 38] 7°5587526 | 38| 7°5693477 | 38} 775799466 | 38) 7°5905493 | 38 | 11-9 
7°9542446 | 38| 7:°6648736 | 38| 7-6755064 | 38| 7:6861430 | 37| 7°6967833 | 37 | 12:0 
7°7907036 | 37 | 7°7713701 | 37| 7°7820403 | 37| 7°7927142 | 37| 7°8033918 | 37 | 12°1 
7°8675353 | 37| 7°8782388 | 37 | 7°8889461 | 37| 7:°8996570 | 37| 7-9103716 | 37 | 122 
7°9747394 | 37 | 7°9854797 | 37| 7°9962206 | 37| 8-0069682 | 37| 80177195 | 36 | 123 
8-0823037 | 36 | 8-0930804 | 36] 8-1038608 | 36| 8-1146448 | 36| 8-1254325 | 36 | 12:4 
8°1902342 |.36| 8-2010472 | 36 | *8-2118637 | 36| 8-2226838 | 36| 8-2335075 | 36 | 12°5 
8-2985250 | 36| 8-3093738 | 36| 8-3202261 | 36| 8-3310820/} 36| 8-3419415 | 36 | 12-6 
8-4071730 | 35 | 8-4180573 | 35 | 8-4289452 | 35 | 8-4398366 | 35 | 8:4507316 | 35 | 12:7 
8°5161753 | 35| 8:52709049 | 35) 8-5380181 | 35 | 8:5480447 | 35| 85598748 | 35 | 12:8 
8-6255291 | 35 | 86364837 | 35 | 86474418 | 35 | 8-6584034 | 35 | 8-6693684 | 35 | 12:9 
87352316 | 35| 8-7462209 | 35| 8-7572137 | 35 | 8°7682099 | 35 | 87792096 | 34 | 13:0 
» 88452799 | 34 | 8-8563037 | 34 | 8-8673309 | 34 | 8-8783615 | 34| 8-8893955 | 34 | 13°1 
8-9556714 | 34 | 8-9667293 | 34 | 8-9777906 | 34 | 8-9888553 | 34 | 8-9999235 | 34 | 13°2 
9°0664033 | 34. | 9°0774951 | 34| 9°0885903 | 34] 9°0996889 | 34 | 9°1107908 | 34 | 13°3 
9°1774730 | 34| 9°1885985 | 33| 9°1997273 | 33| 9°2108594 | 33 | 9°2219949 | 33 | 13°4 
9°2888780 | 33 | 9°3000368 | 33| 9°3111989 | 33 | 9°3223644 | 33 | 9°3335332 | 33 | 13°5 
9°4006155 | 33 | 9°4118075 | 33] 9°4230027 | 33| 9°4342013 | 33 | 9°4454031 | 33 | 13°6 
9°5126832 | 33 | 9°5239080 | 33] 9°5351361 | 33| 9°5463675 | 33 | 9°5576021 | 33 | 13°7 
9°6250785 | 33 | 9°6363359 | 33| 9°6475966 | 32 | 9°6588606 | 32 | 9:6701278 | 32 | 13°8 
9°7377989 | 32 | 9°7490887 | 32] 9°7603818 | 32 | 9°7716781 | 32 | 9°7829776 | 32 | 13:9 
9°8508421 | 32| 9°8621641 | 32| 9°8734893 | 32| 9°8848176 | 32| 9:8961492 | 32 | 14:0 
9°9042057 | 32 | 9°9755596 | 32| 99869166 | 32 | 9°9982769 | 32 | 10°:0096403 | 32 | 14:1 
| 10°0778873 | 32 | 10°0892728 | 32 | 101006615 | 32 | 10°1120534 | 32 | 10°1234484 | 31 | 14°2 
10°1918846 | 31 | 10°2033016 | 31 | 10°2147217 | 31 | 10°2261450 | 31 | 10°2375714 | 31 | 14°3 
103061953 | 31 | 10°3176435 | 31 | 10°3290949 | 31 | 10°3405493 | 31 | 10°3520069 | 31 | 14°4 
10°42081 73 | 31 | 10°4322965 | 31 | 10°4437788 | 31 | 10°4552642 | 31 | 10°4667527 | 31 | 14°5 
10°5357482 | 31 | 10°5472582 | 31 | 10°5587712 | 31 | 10°5702874 | 31 | 10°5818066 | 31 | 14:6 
10°6509859 | 30 | 10°6625264 | 30 | 10:6740701 | 30 | 10°6856167 | 30 | 10°6971664 | 30 | 14°7 
10*7665282 | 30 | 10:7780991 | 30 | 107896731 | 30 | 10°8012500 | 30 | 10°8128300 | 30 | 14:8 
10°8823731 | 30 | 10°8939742 | 30 | 10:9055782 | 30 | 10°9171853 | 30 | 10°9287953 | 30 | 14'9 
10°9985184 | 30 | II-O101494 | 30 | 110217834 | 30 | 11°0334203 | 30} 110450602 | 30 | 15-0 
II‘II 49621 | 30 | 11-1266228 | 30 | 111382865 | 30 | 11°1499531 | 30 | I1*1616227 | 30 | 15°1 
II*2317021 | 29 | 112433924 | 29 | I11°2550855 | 29 | 11:2667816 | 29 | 11°2784807 | 29 | 15:2 
11°3487365 | 29 | 11°3604560 | 29 | 11°3721785 | 29 | 11°3839039 | 29 | 11°3956322 | 29 | 15°3 
11°4660632 | 29 | 11°4778118 | 29 | 11°4895634 | 29 | I11°5013179 | 29 | I1°5130753 | 29 | 15°4 
11°5836802 | 29 | 11°5954579 | 29 | 11°6072383 | 29 | 11°6190217 | 29 | 11°6308080 | 29 | 15°5 
L1*7015858 | 29 | I11°713392I | 29 | I1°7252014 | 29 | 11°7370134 | 29 | 11°7488284 | 29 | 15°6 
11°8197779 | 28 | 11°8316128 | 28 | 11°8434505 | 28 | 11°8552911 | 28 | 11°8671346| 28.| 15°7 
11°9382547 | 28 | 11-9501 180 | 28 | 11-g61g9840 | 28 | 11-9738530 | 28 | 11°9857247 | 28 | 15°8 
12'0570143 | 28 | 12:0689058 | 28 | 12-0808000 | 28 | 12:0926971 | 28 | £2°1045969 | 28 | 15°9 
12°1760549 | 28 | 12°1879744 | 28 | 12°1998966 | 28 | 12:2118216 | 28 | 12°2237495 | 28 | 16-0 


10 


16-0 
I6°1 
16:2 
16°3 
164 
16°5 
16:6 
16: 

16°8 
16:9 


77°90 
ag 
t72 
te) 
A] 4 
eee 
17°6 
ee 
7-5 
a hee! 


18-0 
18-1 
182 
18-3 
18-4 
18-5 
18-6 
Lo7 
18°8 
18-9 


19:0 
Ig'l 
19°2 
19°3 
19°4 
19°5 
19'6 
19°7 
19°8 
199 


20:0 
20°! 
20°2 
20°3 
20°4 
20°5 
20°06 
20°7 
20°8 
20°9 


21°0 


12*1164996 
12°2356801 
12°3551388 
12°4748741 
1275948841 
12°7151672 
12°8357217 
12°9565458 
13'0776379 
131989964 


13°3206196 
13°4425959 
1356460538 
13°6870617 
13°8097280 
13°9326512 
14°0558298 
14°1 792623 
14°3029472 
14°4268831 


14°5510085 
14°6755020 
14°8001823 
14°9251078 
15°0502772 
15°1756892 
15°3913424 
15°4272355 
15°5533072 
15°6797361 


15°8063410 
15°9331806 
16:0602536 
16°1875589 
16°3150950 
16°4428610 
16°5708554 
16:6990771 
16°8275250 
16°9561979 


17°0850946 
17°2142140 
17°3435549 
17°4731162 
17°6028968 
17°7328956 
17°8631115 
17°9935434 
18-1241902 
18°2550510 


18-3861246 


12°1284051 
12°24761 34 
12+3070999 
124868627 
12°6069002 
12°7272105 
12°8477920 
12°9686430 
13°0897618 
13°2111468 


13°3327964 
13°4547990 
13°5708829 
13°6993167 
13°8220088 
13°9449570 
14°0081616 
I14°IQI16194 
14°3153295 
14°4392904 


14°5035007 
14°6879590 
14°8126638 
14°9376138 
150628075 
15°1882437 
15°3139210 
154398380 
15°5059934 
15°6923860 


15°8190144 
159458774 
160729737 
16*2003021 
16°3278613 
16°4550501 
16°5836673 
16:7119118 
16°8403822 
16°9690775 


170979966 
17°2271381 
17°3505011 
17°4860844 
17°6158869 
17°7459974 
17°8761449 
18-0065984 
18-1372667 
182681488 


18+3992436 


12°1403133 
12°2595490 
12°3790638 
12°4988542 
126189190 
12°7392565 
12°8598650 
12°9807428 
13*1018884 
13°2232999 


13°3449759 
13°4669146 
13°5891146 
13°7115743 
13°8342921 
13°9572605 
14:0804960 
14°2039791 
14°3277143 
14°4517003 


14°5759354 


14°7004184: 


14°8251478 
14°9501222 
15°9753493 
I 5*2008006 
15°3205019 
15°4524428 
15°5786220 
15°7050383 


15°8316902 
15°9585766 
16°0856962 
16°2130477 
16°3406299 
16°4684416 
16°5964816 
16°7247487 
16°8532417 
16:9819594 


17*I 109007 
17°2400645 
17°3094495 
17°4990548 
17°6288791 
177589214 
17°8891806 
18-0196556 
18-1503453 
18-2812487 


18-4123648 


12°1522244 
122714885 
12°3910304 


1275108483 


12°6309405 
12°7513052 
12°8719407 
12°9928454 
I3°1140176 
13°2354556 


13°3571579 
13°4791229 
1 3°6013489 
13°7238345 
13°8465780 
13°9695780 
14°0928329 
14°2163413 
14°3401017 
14°4641126 


14°5883726 
14°7128803 
14°8376342 
14°9626331 
150878754 
15°2133599 
15°3390852 
15°4650500 
15°5912530 
15°7176929 


15°8443683 
15°9712781 
16:0984209 
16°2257955 
16°3534007 
16°4812353 
16:6092981 
16°7375878 
16°8661033 
16°9948435 


17°1238071 
17°2529930 
17°3824002 
17°5120274 
1776418735 
17°7719376 
17°9022184 
180327149 
18-1634261 
18+2943508 


18-4254881 


12°1641383 
122834303 
12°4029998 
12°5228452 
12°6429647 
12°7633505 
12°8840I191 
I 30049506 
13°1261494 
13°2476140 


13°3693426 
13°4913338 
1376135858 
13°7360973 
13°8588665 
13°9818920 
14°1051724 
14°2287060 
14°3524915 
14°4765274 


14°6008122 
14°7253446 
14°8501231 
14°9751464 
15*1004130 
15°2259216 
15°3516710 
15°4779590 
15°6038864 


15°7303498 


15°8570488 
159839819 
I6-1111479 
16°2385457 
16°3661739 
16°4940314 
166221169 
16°7504292 
16°8789673 
17°0077298 


17°1367157 
17°2659238 
17°3953530 
17°5250022 
17°6548702 
17°7849559 
17°9152584 
180457764 
18-1765089 
18-3074550 


18-43861 34 


2=16-0 to 210 Log LT (x) 


FROM x©=1:0 TO x=50°9 BY -01 


11 


12°1760549 
12°2953747 
124149720 
12°5348449 
12°6549917 
12°7754106 
128961001 
13°01 70585 
I3°1382840 
13°2597750 


13°3815300 
13°5935473 
13°6258253 
137483626 
| 13°8711576 
13°9942086 
T4°1175144 
14°2410733 
14°3648839 
14°4889447 


14°6132544 
14°7378114 
14°8626144 
14°9876621 
15*1129530 
15'2384858 
15°3642591 
15°4902716 
15'6165221 
15°7430092 


15°8697316 
159966880 
16°1238773 
16°2512982 
16-3789494 
16°5068297 
16°6349379 
16°7632729 
16°8918334 
17°0206184 


17°1496265 
17°2788568 
17°4083080 
17°5379791 
17°6678690 
17°7979764 
17°9283005 
18-0588400 
18-1895940 
18-3205613 


18-4517409 


12°1879744 
I2°3073220 


12°4269469 


12°5468472 | 


12°6670213 
12+7874674 
12°9081839 
I3°0291690 
13°1504211 
13°2719386 


13°3937199 
13°5157634 
13°6380674 
I 3°7606305 
13°8834512 
14°0065278 
14°1298589 
T4°2534430 
14°3772787 
14°5013645 


14°6256989 
14°7502807 
14°8751082 
150001803 
15°1254954 
15'2510523 
15°3768496 
15°5028860 
15°6291602 
15°7550708 


15°8824167 
16*0093965 
16-1366090 
16°2640529 
16°3917271 
16°5196303 
16°6477612 
16:7761188 
16°9047019 
17°0335092 


17°1625396 | 


17°2917920 
17°4212653 
17°5509583 
17°6808699 
17°*8109991 
17°9413447 
18-0719058 
18-2026811 
183336697 


18-4648705 


I2°1998966 
12°3192721 
12°4389246 
12°5588524 
12°6790537 
12°7995270 
12°9202703 
13°0412822 
13'1625610 
13°'2841049 


13°4059125 
13°5279821 
13°6503121 
13°77290I10 
13°8957473 
14°0188495 
14°1422059 
14°2658153 
14°3896761 
14°5137868 


14°6381460 
14°7027524 
14°8876044 
15*0127009 
151380402 
15°2636212 
15*3894425 
T5°51550927 
15°6418006 
15*7683349 


15°8951042 
16°0221073 
161493430 
16°2768100 
16°4045071 
16°5324331 
16°6605868 
16:7889670 
16°9175725 
17°0464022 


17°1754549 
17°3947294 
17°4342247 
17°5639396 
17°6938731 
17°8240240 
17°9543912 
18-0849737 
182157704 
18+3467802 


18-4780022 


I2°2118216 
12*3312249 
12°4509050 
12°5708602 
126910888 
12°8115892 


12°9323595° 


13°0533981 
13°1747035 
13°2962739 


13°4181077 
13°5402034 
13°6625594 
13°7851741 
13°9080461 
14°0311737 
14°1545555 
14°2781I9OI 
£4°4020759 
14°5262115 


14°6505956 
14°7752205 
14*QOOI031 
15'0252239 
15°1505875 
15°2761926 
154020378 
15°5281218 
15°6544434 
15°7810012 


15°9977940 
160348204 
16°1620793 
16-2895694 
16°4172894 
16°5452383 
166734147 
16°8018174 
169304454 
17°9592974 


17°1883724 
17°3176690 
17°4471863 
17°5769232 
17°7068784 
17°8370510 
17°9674398 
18-0980437 
18-2288618 
18-3598929 


184911361 


122237495 


12°3431805 
12°4628881 


12°5828708 
I12°7031267 
12°8236541 
12°9444513 
13°0655167 
13°1868486 
13°3084454 


13°4303055 
13°5524273 
13°6748092 
13°7974498 
13°9203473 
14*0435005 
14°1669076 
14°2905674 
14°4144783 
14°5386388 


14°6630476 
14°7877032 
14°9126042 
15°0377493 
15°1631371 
15°2887663 
15°4146355 
T5°5497433 
156670886 
15°7936699 


15°9204861 
16°0475359 
16:1748179 
16°3023311 
16°4300741 
16°5580457 
16:6862448 
16°8146701 
16°9433205 
17°0721949 


17°2012921 
17°3306109 
17°4001502 
17°5899089 
17°7198859 
17°8500801 
17°9804905 
I8-III1159 
182419553 
18-3730077 


18°5042720 


16:0 
16-1 
16:2 
16°3 
16°4 
16°5 
16°6 
16°7 
16°8 
16°9 


17:0 
Sr 
17°2 
173 
17°4 
17°5 
17°6 
77 
17°8 
17°9 


18-0 
18-1 
18-2 
18-3 
18-4 
18-5 
18-6 
18-7 
18-8 
18-9 


190 
Ig'I 
Ig°2 
19°3 
19°4 
T9°5 
19°6 
19°7 
19°8 
T9°9 


20°0 
20°! 
20°2 
20°3 
20°4 
20°5 
20°6 
20°7 
20°8 
20'9 


21°0 


Loa I (x) From x= 1-0 To x= 50°9 By -01 


x =21-0 to 26-0 


21:0 
2I°I 
21°2 
21°3 
21°4 
21°5 
21:6 
ZE9 
21°8 
21°9 


22°0 
22°1 
22-2 
22*3 
22°4 
22°5 
22:6 
227 
22:8 
22°9 


23°0 
Fe 
o5°o 
23°3 
23°4 
23°5 
23:6 
23°7 
23°8 
23°9 


24°0 
24°1 
2At2 
24°3 
24°4 
24°5 
24°6 
24°7 
24°8 
24-9 


25°0 
251 
25°2 
25°3 
25°4 
25°5 
25°6 
25°7 
25°8 
25°9 


26°0 


18-3861246 
18-5174100 
18-6489062 
18-7806122 
18-9125269 
19°04460494 
19°1 769787 
19°3095137 
19°4422536 
19°575%973 


19°7083439 
19°8416925 
19°9752421 
20:1089918 
20°2429407 
20°3770879 
20°5114324 
20°6459734 
20-7807101 
20°9156414 


21:0507666 
21-1860848 
21°3215951 
21°4572967 
21°5931887 
21°7292704 
21°8655409 
220019993 
22°1 386449 
22°2754709 


22°4124044 
22°5496967 
22°6870831 
22°8246526 
22°9624046 
23°1003383 
23°2384529 
23°3797477 
23°5152219 
23°6538748 


23°7927957 
23°9317138 
24:0708984 
24°2102589 
24°3497944 
24°4895043 
24°6293880 
24°7694446 
24°9096736 
25°0500741 


25°1906457 


18-3992436 
18+5305502 
18-6620674 
18-7937943 
18-9257299 
190578731 
19°1902229 
19°3227785 
19°4555388 
1975885028 


19°7216697 
19°8550384 
19‘9886081 
20°1223778 
20:25634605 
20°3905135 
20°5248777 
20°6594383 
20°7941945 
20°9291452 


21:0642897 
21°1996272 
21°3351566 
214708773 
21°6067884 
21°7428890 
21°8791783 
22°0156555 
22°1523197 
22°2891703 


22°4262064 
22°5634271 
22°7008318 
22°8384196 
22°9761898 
23°1141416 
23°2522743 
23°3905870 
23°5290791 
23°6677499 


23°8065985 
23°9456243 
24°0848266 
24°2242046 
24°3037576 
24°5034849 
24°6433859 
24°7834598 
24°9237059 
25°0641236 


25°2047122 


18-4123648 
18+5436925 
18-6752307 
18-8069785 
18:9389348 
19:0710988 
19°2034692 
19°3360453 
19°4688260 
196018104 


19° 7349975 
19°8683864 
20°0019701 
20°1357057 
20°2697543 
20°4039410 
20°5383249 
20:6729052 
20°8076808 
20°9426510 


21°0778148 
PREP TES Erp €1 
21°3487201 
2174844599 
21°6203899 
21°7565094 
21°8928175 
22°0293135 
22°1659964 
22°3028656 


22°4399201 
22°95771593 
22°7145823 
22°8521884 
229899768 
23°1279467 
23°2660974 
23°4044282 
23°5429382 
23°6816268 


23°8204931 
23°9595366 
24°0987565 
24°2381520 
24°3777225 
24°5174672 
24°0573855 
24°7974706 
24°9377400 
25°0781748 


25°2187804 


184254881 
18-5568368 
18-6883961 
18-8201648 
18-9521419 
19°0843265 
19:2167176 
19°3493142 
19°4821153 
19°6151200 


19°7483273 
19°881 7363 
20°0153461 
20°1491556 
20°2831641 
20°4173706 
20°5517741 
20:6863739 
20°8211691 
20'9561586 


210913418 
Pi-22071.7'7 
21°3622855 
21°4980443 
216339934 
21°7701318 
219064587 
22°0429734 
22°1796750 
22°3165627 


22°4530358 
22+5908934 
22°7283347 
22°8659591 
23°0037656 
23°1417537 
23°2799224 
23°4182711 
23°5507990 
23°6955054 


23°8343895 
23°9734597 
241126881 
24°2521012 
24°39168901 
24°5314512 
24°6713868 
24°8114952 
24°9517757 
25°0922277 


25'°2328504 


18-4386134 
18-5699833 
18-701 5635 
18-8333531 
18-9653511 
19°0975504 
19:2299681 
19°3625851 
19°4954007 
19°6284316 


19°7616592 
1978950883 
20:0287180 
20°1625475 
20°2965758 
2074308021 
20°5652253 
20°6998447 
20°8346593 
20:9696683 


21°1048708 
21°2402659 
21°3758528 
21°5116307 
216475987 
21°7837560 
21°Q201017 
22°0566351 
22°1933554 


'22°3302617 


22°4073532 
226046292 
22°7420889 
22°8797315 
23°01 75503 
23°1555024 
23°2937492 
23°4321158 
23°5706616 
23°7093858 


23°8482877 
23°9873065 
241266216 
24°2060521 
24°4056575 
24°5454379 
24°6853899 
24°8255155 
24°9658132 
25°1062823 


25°2469220 


| -#=21-0t0260 Logr (x) 


FROM «= 1-0 TO x= 50°9 By -Ol 


13 


7 


18-4517409 
18-5831319 
18-7147331 
18-8465435 
18-9785623 
19°1107883 
19°2432205 
19°3758581 
19°5087000 
19°6417453 


19°7749930 
19:9084422 
20°0420920 
20°1759414 
20°3099896 
20°4442355 
20°5786784 
20°7133174 
20°8481515 
20°9831798 


21*I 184016 
21°2538160 
21°3894220 
21°5252190 
21°6612059 
21°7973821 
219337466 
22°0702988 
22°2070377 
22°3439625 


22°4810725 
22:6183670 
22°7558450 
22°8935058 
23°0313488 
23°1693730 
23°3075778 
23°4459624 
23°5845260 
23°7232680 


23°8621876 
24°OO12841 
24°1405507 
24°2800048 
24°4196276 
24°5594245 
24°6993947 
24°8395376 
24°9798524 
25°1203386 


25'2609953 


18-4648705 
18-5962825 
18-7279047 
18-8597361 
18-9917756 
19°1 240222 
192564751 
19°3891331 
19°5219954 
19°6550610 


19°7883289 
19°9217982 
20°0554680 
20°1893373 
20°3234953 
20°4570710 
20°5921335 
20°:7267920 
20°8616456 
20:9966933 


21°1319344 
21°2673680 
21°4029931 
21°5388091 
21°6748150 
21-81IOLOI 
21°9473934 
220839643 
22°2207218 
22°3576652 


22°4947937 
22°6321065 
22-7696029 
22:9072819 
23°0451430 
23°1831854 
23°3214082 
23°4598107 
23°5983922 
23°7371520 


23°8760893 
24°0152034 
24°1544930 
24°2939592 
24°4335995 
24°5734137 
24°7134012 
24°8535013 
24°9938933 
25°1343906 


/25°2750704 


18-4780022 
18-6094353 
187410785 
18-8729307 
T9°0049909 
19°1372582 
19°2697317 
19°4024102 
19°5352928 
19:6683787 


19°8016668 
19°9351562 
20°0688459 
20°2027352 
20°3368230 
20°4711084 
20°6055906 
20°7402686 
20°8751416 
21°:0102087 


21°1454691 
21°2809219 
21°4165662 
21°5524012 
21°6884260 
21°8246400 
21°Q610421 
22°0976316 
22°2344078 
22°3713697 


22°5085167 
22°6458479 
22°7833625 
22°9210599 
23°0589391 
23°1969995 
23°3352403 
23°4736608 
23°6122602 


23°7510378 


23°8899928 
24°02Q91245 
24'1684323 
24°3079154 
24°4475731 
24°5874047 
24°7274995 
24°8675868 
25°0079360 
25°1484563 


25°2891471 


18-4911361 
186225902 
18-7542543 
18-8861273 
19'0182084 
19°1 504963 
19°2829903 
19°4156893 
19°5485923 
19°6816984 


19°81 50067 
19°9485161 
20:0822259 
20°2161350 
20°3502426 
20°4845478 
20°6190496 
20°7537471 
20°8886396 
2T:0237201 


21°1590057 
21°2944777 
21°4301411 
21°5659951 
21°7020389 
21°8382717 
21°9746926 
22°1113009 
22+2480956 
22°3850761 


22°5222415 
22°6595911 
22°7971241 
229348396 
23°0727379 
23°2108155 
23°3499743 
23°4875127 
23°6261299 
23°7649253 


23°9038980 
24°0430474 
24°1823728 
24°3218733 
24°4015484 
24°601 3974 
24°7414195 
248816140 
25°0219803 
25°1625177 


25°3032256 


18-5042720 
186357472 
187674322 
18-8993261 
19°0314279 
19°1637365 
19°2962510 
19°4289704 
19°5618938 
196950201 


19°8283486 
19:9618781 
20:0956079 
20°2295369 
20°3636643 
20°4979891 
20°6325105 
20°7672276 
20°9021395 
21°0372454 


21°1725443 
21+3080354 
21°4437179 
21°5795910 
21°7156537 
21°8519053 
21°9883450 
22°1249720 
22°261 7853 
22°3987843 


22°5359682 
22°6733362 
22°8108874 
22:9486212 
23°'0865367 
23°2246333 
23°3629I101 
23°501 3664 
23°6400015 
23°7788146 


23°9178050 
24°0569720 
24°1963149 
24°3358330 
24°4755255 
24°6153918 
24°7554312 
24°8950429 
25°0360264 
25°1 765809 


25°3173957 


21:0 
2I°I 
21°2 
21°3 
21°4 
21°5 
21°6 
oo fee 
21°8 
21°9 


22°0 
22°1 
22:2 
22-4 
22°4 
22°5 
22:6 
2207 
22°8 
22°90 


23°0 
23°1 
fag bos 
23°3 
23°4 
23°5 
23°6 
23°7 
23°8 
23°9 


24°0 
24°I 
24°2 
24°3 
24°4 
24°5 
24°6 
24°7 
24°8 
24°9 


25°0 
25°1 
25°2 
25°3 
25°4 
25°5 
25°6 
25°7 
25°8 
25°9 


26°0 


14 


Loe T(x) FROM x©=1-0 To x= 50-9 BY -01 2=26-0 to 31-0 


26-0 
26°1 
26-2 
26°3 
26°4 
26°5 
26:6 
26°7 
26:8 
26:9 


27°0 
27°F 
CE ig? 
oil Oe: 
27°4 
27°5 
PAG bl 
ofl ak 
27-3 
aid Me, 


28:0 
281 
28:2 
28-3 
28°4 
28°5 
28-6 
28°7 
28°83 
28-9 


29°0 
29°1 
29°2 
29°3 
29°4 
29°5 
29°6 
29°7 
29°8 
29°9 


30°1 
30°1 
30°2 
39°3 
30°4 
39°5 
30°6 
30°7 
30°8 
39°9 


31:0 


25°1906457 
25°3313875 
25°4722990 
25°6133794 
25°7546281 
25°8960445 
26:0376279 
26°1 793777 
26°3212933 
26°4633739 


26-6056190 
26-7480280 
26:8906003 
27°9333351 
27°1 762321 
27°3192904 
27°4625096 
27°6058890 
27°7494281 
27°8931262 


28-0369828 
28-1809973 
28°3251692 
28-4694978 
28-6139826 
28°7586231 
28-9034187 
29°0483688 
29°1934728 
29°3387304 


29°4841408 
29°6297036 
29°7754183 
29°9212842 
30°0673010 
30°2134680 
30°3597847 
30°5062507 
30°6528653 
30°7996282 


30°9465388 
31-0935906 
31°2408011 
31°3881518 
31°5356483 
31°6832900 
31°8310764 
31°9790071 
32°1270816 
32°2752994 


32°4236601 


25°2047122 
25°3454710 
25°4863994 
25°6274967 
25°7687622 
25°9101954 
26:0517954 
26°1935618 
26°3354939 
20°4775910 


26:6198526 
26°7622779 
26:9048664 
27°0476176 
27°1905306 
27°3336051 
27°4708403 
27°6202357 
27°7937907 
27-9975947 


28°0513771 
28-1954074 
28-3395950 
28-4839393 
28-6284397 
28°7730957 
28-9179067 
29°0628722 
29°2079917 
29°3532646 


29°4986903 
29°6442683 
29°7899981 
29°9358791 
300819109 
30°2280929 
30°3744240 
30°5209054 
30°6675350 
30°8143126 


30°9612380 
31°1083105 
31°2555296 
31°4028949 
31°55094959 
31°6980621 
31°8458630 
31°9938081 
32°1418969 
32*2901291 


32°4385040 


25°2187804 
25°3595563 
25°5005016 
25°6416157 
25°7828980 
25°9243479 
26:0659646 
26°2077476 
26°3496962 
26°4918098 


26:6340877 
26°7765294 
26-9191 342 
270619016 
27°2048308 
27°3479214 
27°4911727 
27°6345840 
27°7781550 
27°9218848 


28-0657731 
28-2098191 
28°3540224 
28°4983823 
28-6428983 
28-7875698 
289323963 
aa) Pad bo 
29°2225121 
29°3678003 


29°5132412 
29°6588344 
29°8045794 
29°9594755 
30°0965224 
30°2427193 
30°3890660 
30°5355617 
30°6822061 
30°8289985 


30°9759386 
31°1230258 
31°2702596 
31°41 76395 
31°5651650 
31°7128357 
31°8606510 
320086105 
32°1567137 
32°3049601 


32°4533493 


25'2328504 
25°3736432 
25°5146054 
25°6557304 
25°7979355 
25°9385020 
26:0801354 
26°2219350 
26°3639001 
26:5060302 


26:6483245 


26-7907826. 


26°9334037 
27°:0761872 
27°2191326 
27°3622393 
27°5055066 
27°6489340 
27°7925208 
27°9362665 


28-0801 706 
28°2242324 
28°3684513 
28-5128269 
28-6573584 
28°8020455 
28°9468875 
29'0918838 
29°2370340 
29°3823375 


29°5277937 
29°6734021 
29°8191622 
29°9050734 
30°1111353 
30°2573473 
30°4037088 
30°5502195 
30°6968787 
30°8 436859 


30°9906407 
31°1377426 
31°2849910 
31°4323855 
31°5799256 
31°7276107 
31°8754405 
32°0234144 
32°1715319 
32°3197926 


32°4681961 


25°2469220 
25°3877318 
25°5287109 
25°6698587 
25°8111746 
25°9526579 
26:0943079 
26:2361241 
26°3781057 
26°5202522 


26:6625630 
26°8050374 
26°9470747 
27°0904745 
27°2334301 
27°3795588 
27°5198421 
27°6632855 
27°8068882 
27°9506498 


280945697 | : 


28°2386472 
28:3828818 
28°5272730 
28-6718202 
28°8165227 
28-961 3802 
29°1063919 
29°2515575 


-29°3968762 


29°5423477 
29°6879713 
29°8337465 
29°9796729 
30°1257498 
302719767 
30°4183532 
30°5648787 
30°7115527 
30°8583748 


31°0053443 
31°1524608 
31°2997239 
31°4471330 
31°5946876 
31°7423872 
31°8902314 
32°0382197 
32°1863516 
32°3346266 


32°4830442 


#=26-0 to 310 LocI'(x) FROM x= 1:0 To x= 50:9 By -01 


15 


25°2609953 
25°4018221 
25°5428181 
25°6839828 
25°8253154 
25°9668154 
26°1084821 
26°2503148 
26°3923130 
20°5344759 


26°6768031 
26°8192938 
269619474 
27°1047634 
27°2477411 
27°3908799 
27°5341793 
27°6776386 
27°8212573 
27°9050347 


28°1089703 
28-2530636 
28°3973139 
28°5417207 
28:-6862834 
28-8310015 
289758744 
29°1209016 
29°2660825 
29°41 14165 


29°5569032 
29°7025420 
29°8483324 
299942738 
30°1403657 
30°2866076 
30°4329991 
39°5795394 
30°7262283 
30°8730651 


310200494 
31°1671806 
31°3144582 
31°4618819 
31°6094510 
31°7571051 
31°9050237 
320530264 
32°2011726 
32°3494619 


32°4978938 


25°2759794 
25°4159141 
25°5569270 
25°6981085 
25°8394579 
25°9809746 
26°1226579 
262645072 
26°4065219 
26°5487013 


26°6910448 
26°8335518 
26:9762217 
27°1190539 
27°2620477 
27°4052026 
27°5485180 
27°6919933 
27°8350279 
27°9794212 


28°1233726 
28:2674816 
28-4117476 
28°55601700 
28-7007483 
28-8454819 
28-9903702 
29°1354128 
29°2806090 
29°4259583 


29°5714603 
29°71 71142 
29°8629197 
30:0088762 
30°1549832 
30°3012401 
30°4476464 
30°5942017 
30°7409053 
30°8877569 


31°0347559 
31°1819018 
31°3291940 
31°4766323 
31°6242159 
31°7719445 
319198175 
32:0678346 
32°2159951 
32°3642987 


32°5127448 


25°28901471 
25°4300078 
25°5710376 
25°7122359 
25°8536020 
25°9951354 
26°1 368354 
26°2787012 
26°4207324 
26°5629283 


26°7052882 
26°8478115 
26°9904976 
27°1333460 
27°2763560 
27°4195270 
27°5628584 
27°7063496 
27°8500001 
27°9938092 


28-1377764 
28-28190II 
28-4261828 
28-5706208 
28°7152146 
28-8599637 
29°0048675 
29°1499255 


| 29°2951370 


29°4405017 


29°5860188 
29°7316880 
29°8775086 
30°0234801 
30°1696021 
30°3158740 
30°4622952 
30°6088653 
30°7555838 
30°9024502 


31°0494639 
31°1966244 
31°3439313 
31°4913841 
316389822 
31°7867253 
31°9346128 
32°0826442 
32°2308190 
32°3791369 


32°5275973 


25°3032256 
25°4441031 
25°5851498 
25°7263650 
258677479 
26:0092979 
26°1510145 
26:2928969 
26°4349446 
26°5771569 


26°7195331 
26°8620728 
27°0047752 
27°1476397 
27°2906658 
27°4338529 
27°5772003 
27°7207075 
27°8643739 
28:0081988 


28-1521818 
28-2963222 
28°4406196 
28°5850732 
28-7296826 
288744472 
290193664 
29°1644397 
29°3096666 
29°4550405 


29°6005789 
29°7462632 
29°8920990 
30°0380856 
30°1842226 
30°3305094 
30°4709455 
30°6235305 
30°7702638 
39°9171449 


31°0641733 
31°2113485 
31°3586700 
31°5061374 
31°6537500 
31°8075076 
31°9494094 
32°0974552 
32°2450444 
32°3939705 


32°5424511 


25°3173957 
25°4582002 
25°5992638 
25°7494957 
25°8818954 
26:0234621 
26°1651953 
26°3070943 
26°4491584 
26°5913871 


26°7337798 


26°8763357 


27°0190544 
27°1619351 
27°3949773 
27°4481804 
27°5915439 
27°7350670 
27°8787492 
28:0225900 


28-1665888 
28°3107449 
28-4550579 
28-5995271 
28°7441521 
28-8889321 
29'0338668 
29°1 789555 
29°3241977 
29°4095929 


29°6151405 
29°7608400 
29°9066908 
30°0520925 
30°1988445 
30°3451463 
30°4915974 
30°6381972 
30°7849453 
30°931841I 


31°0788842 
31°2260741 
31°3734102 
31°5208921 
31°6685193 
31°8162913 
31°9642076 
32°1122677 
32°2604712 
32°4088176 


32°5573064 


26-0 
26°1 
26-2 
26°3 
26°4 
26°5 
26:6 
26°7 
26°8 
26°9 


27:0 
27-2 
o7'2 
27°3 
27°4 
27°5 
29-6 
277 
27°8 
27°9 


28:0 
28-1 
28:2 
28-3 
28°4 
28°5 
28-6 
28-7 
28°8 
28-9 


29°0 
29°1 
29°2 
29°3 
29°4 
29°5 
29°6 
29°7 
29°8 
29°9 


30°0 
30°1 
30°2 
39°3 
30°4 
325 
30°6 
S77 
30°8 
39°9 


31°0 


16 


Loe F(z) rrom @=1-0 To v= 


50°9 BY: 


01 


x= 31-0 to 36-0 


31°0 
31°1 
31°2 
31°3 
31°4 
31°5 
31°6 
31°7 
31°8 
31°9 


32°0 
52k 
32:2 
32°3 
374 
32°5 
32:6 
34°7 
32°8 
32°9 


33°0 
33°1 
33°2 
33°3 
33°4 
33°5 
33°6 
33°7 
338 
339 


34°0 
34°1 
34°2 
34°3 
34°4 
34°5 
34°6 
34°7 
34°8 
34°9 


35°0 
35°1 
35°2 
35°3 
35°4 
35°5 
35°6 
35°7 
35°8 
35°9 


36°0 


32°4236601 
32°5721631 
32°7208081 
32°8695945 
330185219 
33°1675898 
33°3167978 
33°4661455 
33°6156323 
33°7952579 


33°9150218 
34°0649235 
34°2149627 
34°3651388 
34°5154515 
346659004 
34°8164849 
34°9072047 
35°1180594 
35°2690486 


35°4201717 
35°5714285 
35°7228185 
35°8743413 
36°0259905 
36°1777837 
36°3297025 
36°4817525 
36:6339333 
36°7862445 


369386857 
37°0912505 
37°2439566 
37°39607856 
37°5497430 
37°7028285 
37°8560418 
38:0093824 
38-1628500 
38°3164442 


38°4701646 
38-6240109 
38-7779827 
38-9320797 
39°0863014 
39°2406476 
39°3951179 
39°5497119 
39°7044292 
39°8592696 


40°0142326 


32°4385040 
32°5870212 
32°7356804 
32°8844809 
33°0334224 
3371825043 
33°3317263 
33°4810879 
33°6305886 
33°7802281 


33°9300057 
34°0799212 
34°2299741 
34°3801639 
34°5304903 
34°6809527 
34°8315508 
34°9822841 
35°1331523 
35°2841549 


35°4352914 
35°5865615 
35°7379048 
3578895009 
36°041 1693 
36°1929697 
36°3449016 
364969647 
36°6491585 
36°801 4828 


369539369 
37°1065207 
37°2592337 
37°4120755 
3775050458 
37°7181441 
37°8713701 
38-0247234 
38°1782037 
38°3318105 


38°4855436 
38°6394024 
387933868 
38°9474963 
39° 1017305 
39°2560891 
39°4105717 
39°5051781 
39°7199077 
39°8747604 


40°0297357 


32°4533493 
32:6018808 
32°7505541 
32°8993687 
33°0483242 
33°1974202 
33°3466562 
33°4960317 
33°6455463 
33°7951996 


33°94499I11 


34°0949204 | 


34°2449869 
34°3951904 
34°5455304 
34°6960064 
34°8466181 
34°9973049 
35°1482465 
35°2992625 


35°4504124 
35°6016959 
35°7531125 
35°9040618 
360563434 
36°2081570 
36°3601020 
36°5121782 
36°6643851 
36°8167223 


369691895 
371217002 
37°2745121 
37°4273668 
37°5803499 
37°7334610 
3778866997 
38-0400658 
38°1935587 
38-3471 782 


38-5009238 
38-6547952 
38°8087921 
38-9629141 
391171607 
39°2715318 
39°4260268 
39° 5806455 
39°7353875 
39°8902524 


40°0452399 


32°4681961 
32°6167417 
32°7654292 
32°9142579 
33°'0632275 
33°2123375 
33°3615875 
33°5109769 
33°6605054 
338101726 


33°9599778 
34°1099208 
34°260001I 
34°4102183 
34°5005719 
34°71106015 
34°8616867 
35°0124470 
35°1033421 
35°3143715 


35°4055348 
35°6168316 
35°7082615 
35°9198240 
36°0715189 
36°2233456 
36°3753037 
36°5273930 


-36°6796130 . 


36°8319632 


36°9844433 
37°1370530 
37°2897918 
37°4420593 
37°5950552 
37°7487791 
37°9020306 
38°0554004 
38-2089150 
38°3625471 


385163053 
38°6701893 
38°8241987 
38-9783331 
39°1325922 
39°2869757 
39°4414831 
39°5901141 
39°7508684 
39°9057456 


40°0607454 


32°4830442 
32°6316041 
32°7803057 
32°9291485 
33°0781322 
33°2272562 
33°3765202 
33°5259235 
33°6754659 
33°8251469 


33°9749059 
34°1249227 
34°2750167 
34°4252475 
34°5750147 
34°7201179 
34°8767566 
35'0275305 
35°1784390 
35°3294818 


35°4806585 
35°6319686 
35°7834117 
35°9349876 
36:0866956 
36°2385355 
36°3905068 
36°5426091 
36°6948421 
368472054 


36:9996985 
SYh 15232 Tf 
37°3050728 
37°4579531 
376109619 
37°7640985 
37°9173628 
38°0707542 
38°2242725 
38°3779172 


38°5316880 
38°6855846 
38-8396065 
38°9937534 
39°1480250 
39°3924209 
39°4509407 
39°6115840 
39°7663506 
39°9212401 


400762521 


z=31-0 to 36-0 Log T (x) 


FROM x= 1:0 To x=50-9 BY ‘O01 


17 


32°4978938 
32°6464679 
32°7951836 
32°9440406 
33°0930383 
33°2421763 
33°3914542 
33°5408715 
33°6904278 
33°8401226 


33°9899554 
34°1399259 
34°2900336 
34°4402781 
34°5900590 
34°7411757 
34°8918279 
35°0426153 
35°1935372 
35°3445934 


35°04710609 
35°7985634 
35°9501524 
36°1018737 
36°2537207 
36°4057111 
36°5578266 
36°7100726 
36°8624489 


37°9149549 
37°1675904 
37°3203550 
37°4732482 
37°6262698 
37°7794192 
37°9326962 
38-0861003 
382396313 
38°3932886 


38°5470720 
38-7009812 
38°8550156 
39°0091750 
39°1634590 
39°3178673 
39°4723994 
39°6270551 
39°7818341 
39°9367358 


40°0917601 


35°4957835 | 


32°5127448 
32°661 3331 
32°8100630 
32°9589340 
33°1079458 
33°2570978 
33°4063897 
33°5558209 
33°7953910 
33°8550997 


34°0049463 
34°1549305 
34°3050519 
34°4553101 
34°6057045 
34°7562348 
34°9069006 
35°0577014 
35°2086368 
35°3597064 


35°5109098 
35°6622466 
35°8137163 
35°9653186 
36°11 70530 
36:2689192 
36°4209168 
36°5730453 
36°7253044 
36°8776936 


37°0302127 
37°1828611 
37°3356386 
37°4885446 
37°6415790 
37°7947412 
37°9480309 
38-1014477 
38-2549913 
384086613 


38°5624573 
38-7163790 
38°8704259 
39°0245978 
39°1 788942 
39°3333149 
39°4878595 
39°6425275 
39°7973187 
39°9522327 


40°1072692 


32°5275973 
32°6761997 
32°8249437 
32°9738289 
3371228547 
33°2720207 
33°4213265 
33°5797717 
33°7203557 
33°8700781 


34°0199385 
34°1699365 
34°3200716 
34°4703434 
34°6207514 
34°7712953 
34°9219746 
35°0727889 
35'2237377 
35°3748207 


35°5200375 
35°0773876 
35°8288706 
35°9804861 
36°1322337 
36-2841131 
36°4301237 


36°5882653 


39°7405374 
36°8929397 


37°9454717 
371981330 
37°3599234 
37°5038423 
37°6568894 
37°8100644 
37°9633669 
38-1167964 
38°2703526 
38-4240352 


38-5778438 
38°7317780 
38°8858375 
39°0400218 
39°1943307 
39°3487638 
39°5033207 
39°6580010 
39°8128046 


39°9077309 
40°1227796 


32°5424511 
32°6910677 
32°8398259 
32°:9887251 
33°1377650 
33°2869450 
33°4362648 
33°5857238 
33°7353217 
33°8850580 


34°0349322 
34°1849439 
34°3350926 
34°4853781 
34°0357997 
34°7863572 
34°9370500 
35°0878777 
35°2388400 
35°3899364 


35°5411005 
35°6925299 
35°8440262 
35°9956549 
36°1474157 
36°2993082 
36°4513320 
36°6034867 
36°7557718 
36°9081871 


37°0607320 
37°2134063 
37°3662095 
37°5191413 
37°6722012 
37°8253889 
37°9787041 
38-1321 463 
38°2857152 
38°4394104 


38°5932316 
38-7471 783 
38-9012503 
39°0554471 
39°2097085 
39°3642139 
3975187832 
39°6734759 
39°8282917 
39°9832302 


40°1382912 


32°5573064 
32°7059372 
32°8547095 


| 33°0036228 


33°1526767 
33°3018707 
33°4512044 
33°6006774 
33°75028901 
33°9000392 


34°0499271 


34°1999526 |: 


34°3501150 
34°5004141 
34°6508494 
34°801 4204 
34°9521267 
35°1029679 
35°2539436 
35°4050534 


35°5562969 
35°7976736 
35°8591831 
36-0108251 
36-1625991 
36°3145047 
36°4665416 
36°6187093 
36°7710075 
36°9234357 


37'9759930 
37°2286808 
37°3814969 
37°5344415 
37°6875142 
37°8407147 
37°9940426 
381474975 
38°3010791 
38-4547869 


38-6086206 
38°7625799 
38-9166644 
39°0708737 
39°2252074 
39°3796653 
39°5342469 
39°6889519 
39°8437800 
39°9987308 


40°1538040 


31°0 
3I°1 
31°2 
31°3 
31°4 
31°5 
31°6 
31°7 
31°8 
31°9 


32°0 
321 
32°2 
32°3 
32°4 
32°5 
32°6 
32°7 
32°8 
32°9 


330 
331 
33°2 
33°3 
33°4 
33°5 
33°6 
33°7 
338 
339 


34°0 
34°1 
34°2 
34°3 
34°4 
34°5 
34°6 
34°7 
34°8 
34°9 


35°0 
351 
35°2 
35°3 
35°4 
35°5 
35°6 
35°7 
35°8 
35°9 
36°0 


18 Loc T(x) FRoM «= 1-0 To «= 50-9 BY -01 7=36-0 to 41-0 
0 | 2 3 4 
36-0 | 40°0142326 | 12 | 40°0297357 | I2 | 40°0452399 | 12 | 40°0607454 | 12 | 40°0762521 | 12 
36:1 | 40°1693180 | 12 | 40°1848333 | 12 | 40°2003498 | 12 | 40°2158674 | 12 | 40°2313864 | 12 
36:2 | 40°3245254 | 12 | 40°3400528 | 12 | 40°3555815 | 12 | 40-371 1113 | 12 | 40°3866424 | 12 
36°3 | 40°4798544 | 12 | 40°4953940 | 12 | 40°5109348 | 12 | 40°5264768 | 12 | 40°5420200 | 12 
36°4 | 40°6353047 | 12 | 40°6508564 | 12 | 40°6664093 | 12 | 40°6819634 | 12 | 40°6975187 | 12 
36°5 | 407908760 | 12 | 40°8064397 | 12 | 40°8220047 | 12 | 40°8375709 | 12 | 40°8531383 | 12 
36°6 | 40°9465679 | I2 | 40°9621437 | 12 | 40°9777207 | 12 | 40°9932989 | 12 | 41°0088783 | 12 
36°7 | 41°1023801 | 12 | 41°1179679 | 12 | 41°1335569 | 12 | 41°1491472 | 12 | 41°1647386 | 12 
36°8 | 41°2583123 | 12 | 41°273912I1 | 12 | 41°2895131 | 12 | 41°3051152 | 12 | 41°3207186 | 12 
36°9 | 41°4143640 | 12 | 41°4299758 | 12 | 41°4455887 | 12 | 41°4612029 | 12 | 41°4768182 | 12 
37°0 | 41°5705351 | 12 | 41°5861588 | 12 | 41°6017837 | 12 | 41°6174097 | 12 | 41°6330369 | 12 
37°1 | 41°7268252 | 12 | 41°7424608 | 12 | 41°7580975 | 12 | 41°7737354 | 12 | 41°7893745 | 12 
37°2 | 41°8832340 | 12 | 41°8988813 | 12 | 41°9145299 | 12 | 41°9301797 | 12 | 41°9458306 | 12 
37°3 | 42°0397610 | 12 | 42°0554202 | 12 | 420710806 | 12 | 42:0867422 | 12 | 421024049 | 12 
37°4 | 42°1964061 | 12 | 42°2120771 | 12 | 42°2277492 | 12 | 42°2434226 | 12 | 42°2590971 | 12 
37°5 | 42°3531688 | 12 | 42°3688516 | 12 | 42°3845355 | 12 | 42°4002206 | 12 | 424159068 | 12 
37°6 | 42°5100490 | 12 | 42°5257434 | 12 | 42°5414391 | 12 | 42°5571358 | 12 | 42°5728338 | 12 
37°7 | 42°6670462 | 12 | 42°6827523 | 12 | 42°6984596 | 12 | 42°71 41681 | 12 | 42:7298777 | 12 
37°38 | 42°8241601 | 12 | 42°8398779 | 12 | 42°8555968 | 12 | 42°8713170 | 12 | 42°8870383 | 12 
37°9 | 42°9813904 | 12 | 42°9971198 | 12 | 43°0128504 | 12 | 43°0285822 | 12 | 43°0443151 | 12 
38:0 | 43°1387369 | 12 | 43°1544779 | 12 | 43°1702201 | 12 | 43°1859634 | 12 | 43:2017079 | 12 
38-1 | 43°2961991 | 12 | 43°3119517 | 12 | 43°3277055 | 12 | 43°3434604 | 12 | 433592164 | 12 
38-2 | 43°4537769 | 12 | 43°4695410 | 12 | 43°4853063 | 12 | 43°5010727 | 12 | 43°5168403 | 12 
38-3 | 43°611 4699 | II | 43°6272455 | II | 43°6430222 | II | 43°6588002 | 11 | 43°6745792 | II 
38-4 | 43°7692777 | II | 43°7850648 | II | 438008530 | 11 | 43°8166424 | 11 | 43°8324329 | II 
38°5 | 43°9272001 | II | 43°9429986 | II | 43°9587983 | II | 43°9745991 | II | 43°99040II | II 
38-6 | 44:0852368 | II | 44°1010468 | II | 44°1168578 | II | 441326701 | II | 44°1484834 | II 
38°7 | 44°2433875 | II | 44°2592088 | II | 44°2750313 | II | 442908549 | II | 44°3066796 | 11 
38°8 | 44°4016519 | IL | 44°4174845 | II | 44-4333184 | IT | 44°4491533 | 11 | 44°4649894 | 11 
38-9 | 44°5600296 | II | 44°5758736 | II | 44°5917188 | II | 44°6075650 | II | 446234124 | II 
39°0 | 44°7185205 | IT | 44°7343758 | II | 44°7502322 | II | 44°7660897 | 11 | 44°7819484 | II 
39°I | 44°8771241 | II | 44°8929907 | II | 44°9088584 | II | 44°9247272 | II | 44°9405971 | II 
39°2 | 45°0358403 | IT | 45°0517181 | IT | 45°0675970 | II | 45:0834770 | II | 45:0993582 | II 
39°3 | 45°1946686 | II | 45°2105576 | It | 45°2264477 | II | 45°2423390 | II | 45°2582313 | 11 
39°4 | 45°3536089 | II | 45°3695091 | IT | 45°3854104 | II | 45*4013128 | II | 45°41 72163 | II 
39°5 | 45°5126608 | 11 | 45°5285722 | 11 | 45°5444846 | II | 45°5603981 | II | 45°5763128 | II 
39°6 | 45°6718241 | II | 45°6877466 | IT | 45°7036701 | II | 45°7195948 | IT | 45°7355205 | Il 
39°7 | 45°8310985 | 11 | 45°8470320 | II | 45°8629666 | II | 45°8789024 | II | 45°8948392 | II 
39°8 | 45°9904836 | II | 46°:0064282 | II | 46°0223739 | II | 46°0383207 | II | 46°0542686 | II 
39°9 | 46°1499792 | II | 46°1659349 | II | 46°1818916 | II | 46°1978494 | II | 46-2138084 | II 
40°0 | 46°3095851 | II | 46°3255517 | II | 46°3415194 | 11 | 46°3574883 | II | 463734582 | 11 
40°L | 46-4693009 | 11 | 46°4852785 | II | 46°5012572 | II | 46°5172370 | II | 46°5332179 | II 
40°2 | 46°6291263 | II | 46°6451149 | II | 46°6611046 | II | 46°6770953 | II | 46°6930872 | II 
40°3 | 46°7890612 | II | 46-8050607 | II | 46°8210612 | 11 | 46°8370629 | II | 46°8530657 | II 
40°4 | 46°949I05I1 | II | 46°9651155 | II | 46°9811270 | 11 | 46°9971396 | II | 47°0131532 | II 
40°5 | 47°1092579 | IT | 47°1252792 | IT | 47°1413015 | 11 | 47°1573250 | II | 47°1733495 | 11 
40°6 | 47:2695193 | II | 47°2855514 | IT | 47°3015846 | 11 | 47°3176188 | 11 | 47°3330542 | II 
40°7 | 47°4298890 | IT | 47°4459319 | II | 47°4619759 | II | 47°4780210 | II | 474940671 | II 
40°8 | 47°5903667 | II | 47°6064204 | II | 47°6224751 | 11 | 47°6385310 | II | 47°6545879 | 11 
40°9 | 47°7509521 | II | 47°7670166 | II | 47°7830821 | 11 | 47°7991487 | II | 47°8152164 | II 
41°O | 47°9116451 | II | 47°9277203 | II | 47°9437905 | IL | 47°9598739 | II | 47°9759523 | 11 


Pen 


Pa ee eee eee ee ae ee 


x=36-0 to 41.0 Log (x) FRoM «=1-0 To x= 50-9 BY -01 19 
5 6 7 8 9 
40°091 7601 | I2 | 40°1072692 | I2 | 40°1227796 | 12 | 40°1382912 | 12 | 40°1538040 | 12 | 36-0 
40°2469065 | 12 | 40°2624278 | 12 | 40°2779504 | 12 | 40°2934742 | 12 | 40°3089992 | 12 | 36-1 
40°4021747 | 12 | 40°4177082 | 12 | 40°4332429 | 12 | 40°4487789 | 12 | 40°4643160 | 12 | 36-2 
40°5575644 | 12 | 40°5731100 | 12 | 40°5886569 | 12 | 40°6042050 | 12 | 40°6197542 | 12 | 36°3 
40°7130752 | 12 | 40°7286330 | 12 | 40°7441919 | 12 | 40°7597521 | 12 | 40°7753134 | 12 | 36-4 
40°8687069 | 12 | 40°8842767 | 12 | 40°8998477 | 12 | 40°9154199 | 12 | 40°9309933 | 12 | 36°5 
41°0244590 | 12 | 41°0400408 | 12 | 41:0556238 | 12 | 41:0712080 | 12 | 41:0867935 | 12 | 36°6 
41°1803312 | 12 | 41°1959250 | I2 | 41°2115200.| 12 | 41:2271162 | 12 | 41°2427136 | 12 | 36°7 
41°3363232 | 12 | 41°3519290 | 12 | 41°3675360 | 12 | 41°3831441 | 12 | 41°3987535 | 12 | 36°8 
41°4924347 | 12 | 41°5080524 | 12 | 41°5236713 | 12 | 41°5392914 | 12 | 41°5549127 | 12 | 36-9 
41°6486653 | 12 | 41°6642949 | 12 | 41°6799257 | I2 | 41°6955577 | 12 | 41°7IIIg0g | 12 | 37:0 
41°8050148 | 12 | 41°8206563 | 12 | 41°8362989 | 12 | 41°8519427 | 12 | 41°8675878 | 12 | 37°1 
41°9614827 | 12 | 41°9771360 | I2 | 41°9927905 | 12 | 42:0084462 | 12 | 42:0241030 | 12 | 37:2 
42°1180688 | 12 | 42°1337339 | 12 | 42°1494002 | I2 | 42°1650677 | 12 | 42°1807363 | 12 | 37:3 
42°2747728 | 12 | 42°-2904496 | 12 | 42-3061277 | 12 | 42°3218069 | I2 | 42°3374873 | 12 | 37°4 
42°4315943 | 12 | 42°4472829 | 12 | 424629726 | 12 | 42-4786636 | 12 | 42°4943557 | 12 | 37°5 
42°5885329 | 12 | 42°6042333 | 12 | 42°6199347 | 12 | 42°6356374 | 12 | 42°65134T2 | 12 | 37°6 
42°7455885 | 12 | 42°7613005 | 12 | 42°7770137 | 12 | 42°7927280 | 12 | 42°8084434 | 12 | 37°7 
429027607 | I2 | 42°9184843 | 12 | 42°934209Q1 | I2 | 42:9499350 | 12 | 42°965662I | 12 | 37°8 
43°0600491 | 12 | 43°0757844 | 12 | 43°0915208 | 12 | 43°1072583 | 12 | 43°1229970 | I2 | 37°9 
43°2174535 | 12 | 43°2332004 | 12 | 43°2489483 | 12 | 43°2646974 | 12 | 43°2804477 | 12 | 38-0 
43°3749736 | 12 | 433907320 | 12 | 43°40649015 | 12 | 43°4222521 | 12 | 43°4380139 | 12 | 38-1 
43°5326090 | 12 | 43°5483789 | 12 | 43°5641499 | 12 | 43°579922I | II | 4375956954 | II | 38-2 
43°6903594 | II | 43°7061408 | II | 43°7219233 | II | 43°7377069 | II | 43°7534917 | II | 38-3 
43°8482246 | 11 | 43°8640174 | II | 43°8798114 | II | 43°8956065 | II | 43°9114027 | II | 38-4 
44°0062042 | II | 44°0220084 | II | 44°:0378138 | II | 44:0536203 | II | 44:0694280 | II | 38:5 
44°1642979 | II | 44°1801136 | II | 44°1959303 | II | 44°2117483 | II | 44:2275673 | II | 38-6 
44°3225055 | II | 44°3383325 | II | 44°3541606 | II | 44-3699899 | II | 44°3858203 | II | 38-7 
44°4808266 | II | 44°4966649 | II | 44°5125044 | II | 44°5283450 | II | 44°5441868 | 11 | 38°8 
44°6392609 | II | 44°6551106 | II | 44°6709614 | II | 44:6868133 | II | 44°7026663 | II | 38-9 
44°7978082 | II | 44°8136691 | II | 44°8295312 | II | 44°8453944 | II | 44°8612587 | IL | 39:0 
44°9504681 | II | 44°9723403 | II | 44°9882136 | II | 45:0040880 | II | 45°0199636 | IL | 39° 
45°1152404 | IT | 45°1311238 | II | 45°1470084 | II | 45°1628940 | II | 45°1787808 | II | 39°2 
45°2741248 | II | 452900194 | II | 45°3059151 | II | 45°3218119 | IT | 45°3377099 | II | 39°3 
45°4331209 | II | 45°4490267 | II | 45*4649336 | II | 45°4808415 | II | 45°4967500 | II | 39°4 
45°5922286 | II | 45°6081455 | II | 45°6240635 | IT | 45°6399826 | II | 456559028 | II | 39°5 
45°7514474 | 11 | 45°7673754 | 11 | 45°7833045 | 11 | 45°7992347 | 11 | 45°8151660 | Ir | 39-6 
45°9107772 | II | 45°9267163 | II | 45°9420564 | II | 45°9585977 | II | 45°9745401 | II | 39°7 
46°0702176 | 11 | 46:0861677 | 11 | 46-1021190 | II | 46-1180713 | II | 46°1340247 | II | 39°8 
46:2297684 | II | 46°2457295 | II | 46°2616918 | II | 46°2776551 | II | 46°2936195 | II | 39°9 
46°3894292 | II | 464054014 | II | 46-4213746 | II | 46-4373489 | II | 460-4533244 | II | 40-0 
46°5491999 | II | 46°5651830 | I1 | 46°5811672 | II | 46°5971525 | II | 46°6131389 | II | 4o°1 
46-7090801 | II | 46°725074I1 | II | 46°7410693 | II | 46°7570655 | 11 | 46°7730628 | II | 40°2 
46°8690695 | II | 46°8850745 | II | 46:9010805 | II | 46:9170876 | II | 46°9330958 | II | 40°3 
47°0291679 | 11 | 47°0451838 | II | 47°0612007 | II | 47:0772187 | II | 47°0932378 | II | 40°4 
47°1893751 | Il | 47°2054017 | II | 47°2214295 | IL | 47°2374584 | IL | 47°2534883 | IT | 40°5 
47°3496906 | II | 47°3657281 | 11 | 47°3817667 | II | 47°3978064 | II | 47-4138471 | 11 | 40°6 
47°5101143 | 11 | 47°5261626 | 11 | 47°5422120 | II | 4775582625 | II | 47°5743140 | II | 40°7 
47°6706459 | II | 47°6867050 | II | 47°7027652 | II | 47°7188264 | II | 47-7348887 | Ir | 40°8 
47°8312852 | II | 47°8473550 | IL | 47°8634259 | 11 | 47°8794979 | IT | 47°8955709 | II | 40°9 
47°9920318 | 11 | 48-0081123 | II | 48-0241939 | II | 48:0402766 | II | 48-0563604 | II | 41-0 


20 Loc [' (x) FRoM x=1-0 To x= 50-9 BY -01 2=41-0 to 46-0 
0 1 2 3 4 
41°O | 47°9116451 | 11 | 47°9277203 | II | 47°9437965 | II | 47°9598739 | II | 47°9759523 | II 
4I°I | 48°0724452 | 11 | 480885311 | 11 | 481046181 | 11 | 48-1207062 | 11 | 48°1367953 | I1 
41-2 | 48:2333524 | 11 | 48:2494490 | 11 | 48-2655466 | 11 | 48-2816453 | 11 | 48°2977451 | II 
41°3 | 48°3943662 | 11 | 48°4104735 | 11 | 48°4265818 | 11 | 48-4426911 | II | 48-4588016 | II 
41°4 | 48°5554865 | 11 | 48°5716044 | II | 48-5877233 | 11 | 486038433 | II | 486199644 | II 
41°5 | 48°7167130 | 11 | 48-7328414 | 11 | 48°7489710 | II | 48-7651016 | 11 | 48°7812332 | II 
41°6 | 48:8780453 | 11 | 48°8941844 | 11 | 48-9103245 | II | 48-9264657 | I1 | 48°9426079 | II 
41°7 | 49°0394834 | II | 49°0556330 | II | 49°071 7836 | II | 49°0879354 | II | 49°1040881 | II 
41°8 | 49°2010268 | II | 49°2171870 | II | 49°2333481 | II | 49°2495104 | II | 49°2656737 | II 
41°9 | 49°3626754 | 10 | 49°3788461 | 10 | 49°3950177 | 10 | 49°4111905 | 10 | 49°4273643 | IO 
42°0 | 49°5244289 | 10 | 49°5406100 | 10 # 49°5567922 | 10 | 49°5729754 | 10 | 49°5891596 | Io 
42°1 | 49°6862871 | 10 | 49°7024786 | 10 | 49°7186712 | 10 | 49°7348649 | 10 | 49°7510596 | IO 
42°2 | 49°8482496 | Io | 49°8644516 | 10 | 49°88060546 | 10 | 49°8968587 | IO | 49°9130638 | IO 
42°3 | 500103163 | 10 | 50°0265287 | 10 | 50°042742I1 | 10 | 50°0589565 | IO | 50°0751720 | 10 
42°4 | 50°1724868 | 10 | 50°1887096 | Io | 50°2049334 | 10 | 50°2211582 | 10 | 50°2373841 | 10 
42°5 | 50°334761I | 10 | 50°3509942 | 10 | 50°3672283 | 10 | 50°3834635 | Io | 50°3996997 | 10 
42°6 | 50°4971387 | 10 | 50°513382I1 | 10 | 50°5296266 | IO | 50°5458721 | 10 | 50°5621186 | Io 
42°7 | 50°6596194 | 10 | 50°6758732 | 10 | 50°6921279 | 10 | 50°7083837 | 10 | 50°7246406 | 10 
42°8 | 50°8222031 | 10 | 50°8384671 | 10 | 50°8547322 | 10 | 50°8709982 | 10 | 50°8872653 | 10 
42°9 | 50°9848895 | IO | 51-0011637 | 10 | 51°01 74390 | IO | 51°0337153 | 10 | 51°0499927 | IO 
43°0 | 51°1476782 | Io | 511639627 | 10 | 51°1802482 | 10 | 51°1965348 | 10 | 51:2128223 | 10 
43°I | 51°3105092 | 10 | 51°3268639 | 10 | 51°3431596 | 10 | 51°3594563 | 10 | 51°3757541 | 10 
43°2 | 51°4735620 | 10 | 51-4898669 | 10 | 51°5061728 | 10 | 51°5224798 | 10 | 51°5387877 | 10 
43°3 | 51°6366566 | 10 | 51°6529717 | 10 | 51:6692877 | 10 | 51°6856048 | 10 | 51-7019229 | IO 
43°4 | 51°7998527 | 10 | 51°8161779 | 10 | 51°8325041 | 10 | 51°8488313 | 10 | 51°8651595 | 10 
43°5 | 51°9631500 | 10 | 51°9794853 | 10 | 51°9958216 | 10 | 52-0121589g | 10 | 52:0284972 | IO 
43°6 | 52°1265483 | 10 | 52°1428936 | 10] 52°1592400 | 10 | 52°1755874 | 10 | 52°1919358 | 10 
43°7 | 52°2900473 | 10 | 52°3064027 | 10 | 52°3227592 | 10 | 52°3391166 | IO | 52°3554751 | 10 
43°8 | 52°4536469 | 10 | 52°4700124 | 10 | 52°4863788 | 10 | 52°5027463 | 10 | 52°5191148 | IO 
43°9 | 52°6173467 | 10 | 52°6337222 | 10 | 52°6500987 | 10 | 52°6664762 | 10 | 52°6828547 | 10 
44°O | 52°7811467 | 10 | 52°7975322 | 10 | 52°8139186 | 10 | 52°8303061 | IO | 52°8466946 | Io 
44°I | 52°9450464 | 10 | 529614419 | 10 | 52-9778383 | 10 | 52°9942358 | 10 | 53°0106342 | Io 
44°2 | 53°1090458 | 10 | 53°1254512 | 10 | 53°1418576 | 10 | 53°1582650 | 10 | 53°1746734 | 10 
44°3 | 53°2731445 | 10 | 53°2895599 | 10 | 53°3059762 | 10 | 53°3223935 | 10 | 53°3388118 | Io 
44°4 | 53°4373424 | 10 | 53°4537677 | 10 | 53°4701939 | 10 | 53°4806211 | 10 | 535030493 | 10 
44°5 | 5376016392 | 10 | 53°6180744 | 10 | 536345105 | 10 | 53°6509475 | 10 | 53°6673856 | Io 
44°6 | 53°7660348 | 10 | 53°7824797 | 10 | 53°7989257 | 10 | 53°8153726 | 10 | 538318206 | Io 
44°7 | 53°9305287 | 10 | 53°9469836 | 10 | 53°9634393 | 10 | 53°9798961 | IO | 539963539 | 10 
44°8 | 54°0951210 | 10 | 54°1115856 | 10 | 54°1280512 | 10 | 5471445178 | 10 | 54°1609853 | 10 
44°9 | 54°2598113 | 10 | 54°2762857 | 10 | 54°2927611 | 10 | 54°3092374 | 10 | 54°3257148 | Io 
45°° | 54°4245993 | 10 | 54°4410835 | 10 | 54°4575687 | 10 | 54°4740548 | 10 | 54°4905419 | Io 
45°I | 54°5894850 | Io | 54°6059789 | 10 | 54°6224738 | 10 | 546389697 | IO | 54°6554066 | Io 
45°2 | 54°7544681 | 10 | 54°7709717 | 10 | 54°7874763 | 10 | 54°8039819 | 10 | 54°8204885 | Io 
45°3 | 54°9195483 | 10 | 54°9360616 | 10 | 54°9525759 | 10 | 54°9690912 | IO | 54°9856075 | Io 
45°4 | 55°0847254 | 10 | 55°1012484 | 10 | 55°1177724 | 10 | 55°1342974 | 10 | 55°1508233 | Io 
45°5 | 55°2499993 | 10 | 55°2665320 | 10 | 55:2830656 | 10 | 55*2996002 | I0 | 55*3161358 | IO 
45°© | 55°4153696 | 10 | 55°4319120 | 10 | 55°4484553 | 10 | 55°4649995 | 10 | 55°4815447 | 10 
45°7 | 55°5808363 | 10 | 55°5973882 | 10 | 55°613941I | 10 | 55°6304950 | IO | 55°6470498 | Io 
45°8 | 55°7403990 | 10 | 55°7629606 | 10 | 55°7795231 | 10 | 55°7960865 | 10 | 55°8120510 | Io 
45°9 | 55°9120576 | 10 | 55°9286287 | 10 | 55°9452008 | 10 | 55°9617738 | 10 | 55°9783478 | Io 
46°0 | 56°0778119 | 10 | 56:0943925 | 10 | 561109742 | 10 | 56°1275568 | 10 | 56°1441403 | IO 


x=41-0 to 46-0 Log I(x) FROM «= 1-0 To x= 50-9 BY ‘01 21 
5 6 i: 8 9 
47°9920318 | tt | 48-0081123 | II | 48-0241939 | 11 | 48-0402766 | 11 | 48-0563604 | 11 | 41-0 
48°1528855 | 11 | 48°1689767 | IT | 48-1850690 | 11 | 48-2011624 | 11 | 48-2172569 | Ir | 4I-r 
48°3138460 | 11 | 48°3299479 | II | 48-3460509 | 11 | 48-3621549 | II | 48°3782600 | rr | 41-2 
48°4749131 | 11 | 48-4910256 | IT | 48-5071393 | 11 | 48-5232539 | 11 | 48°53936907 | II | 41-3 
48-6360865 | 11 | 48-6522097 | 11 | 48-6683339 | Ir | 48-6844592 | 11 | 48-7005855 | rr | 41-4 
48-7973659 | 11 | 48-8134997 | 11 | 488296345 | 11 | 488457704 | 11 | 48-8619073 | Ir | 41°5 
48°9587512 | 11 | 48-9748955 | II | 489910409 | II | 49°0071873 | II | 49°0233348 | 11 | 41-6 
49°1202419 | IT | 49°1363968 | IT | 49°1525527 | II | 49°1687097 | 11 | 49°1848677 | Ir | 41-7 
49°2818380 | II | 49°2980034 | II | 49°3141698 | Ir | 49°3303373 | 11 | 49°3465058 | Io | 41°8 
49°4435391 | 10 | 49°4597150 | 10 | 49°4758919 | 10 | 49°4920698 | Lo | 49°5082489 | Io | 41-9 
49°6053449 | 10 | 49°6215313 | LO | 49°6377187 | 10 | 49°6539071 | 10 | 49°6700965 | Io | 42:0 
49°7672553 | 10 | 49°7834521 | 10 | 49°7996499 | 10 | 49°8158488 | 10 | 49°8320487 | 10 | 42:1 
49°9292699 | IO | 49°9454771 | 10 | 49°9616854 | 10 | 49:9778946 | 10 | 49°9941049 | IO | 42-2 
50°0913886 | 10 | 50°1076062 | 10 | 50°1238248 | 10 | 501400444 | 10 | 50°1562651 | 10 | 42°3 
50°2530110 | Lo | 50°2698390 | 10 | 50°2860679 | 10 | 503022979 | 10 | 50°3185290 | 10 | 42°4 
50°4159370 | 10 | 50°4321752 | 10 | 504484145 | 10 | 50°4646549 | 10 | 504808963 | 10 | 42°5 
50°5783662 | 10 | 50°5946148 | 10 | 50°6108644 | 10 | 50-6271150 | 10 | 50°6433667 | 10 | 42°6 
50°7408984 | 10 | 50°7571573 | 10 | 50°7734172 | 10 | 50°7896782 | 10 | 50-8059401 | 10 | 42°7 
50°9035335 | 10 | 50°9198026 | 10 | 50°9360728 | 10 | 50°9523440 | 10 | 50:9686162 | 10 | 42°8 
51°0662710 | 10 | 51°0825504 | 10 | 510988308 | Io | 511151123 | 10 | 51°1313947 | 10 | 42°9 
51°2291109 | IO | 51°2454005 | 10 | 51:2616912 | 10 | 51°2779828 | 10 | 51°2942755 | Io | 43-0 
51°3920529 | 10 | 51:4083527 | 10 | 51°4246535 | 10 | 51°4409553 | 10 | 51°4572582 | 10 | 43-1 
51°5550966 | 10 | 51°5714066 | 10 | 51°5877176,| Lo | 516040296 | 10 | 516203426 | 10 | 43:2 
51°7182420 | 10 | 51°7345621 | 10 | 51°7508832 | 10 | 51°7672054 | 10 | 51°7835285 | 10 | 43°3 
51°8814887 | 10 | 51°8978189 | 10 | 51°91 41502 | 10 | 51°9304824 | IO | 51-9468157 | 10 | 43°4 
52°0448365 | 10 | 520611769 | 10 | 52:0775182 | 10 | 52:0938605 | 10 | 52°1102039 | 10 | 43°5 
52°2082852 | 10 | 52°2246356 | 10 | 52°2409870 | 10 | 52°2573395 | 10 | 522736929 | 10 | 43°6 
52°3718345 | 10 | 52°3881950 | 10 | 52°4045565 | 10 | 52°4209189 | 10 | 52-4372824 | 10 | 43°7 
52°5354843 | 10 | 52°5518548 | 10 | 52°5682263 | 10 | 52°5845988 | 10 | 52:-6009723 | Io | 43°8 
52°6992342 | 10 | 52°7156147 | 10 | 52°7319962 | 10 | 52°7483787 | 10 | 527647622 | Io | 43°9 
52°8630841 | Io | 52°8794746 | 10 | 52°8958660 | 10 | 52°9122585 | 10 | 52-9286520 | 10 | 44:0 
53°0270337 | 10 | 53°0434341 | 10 | 53°0598355 | 10 | 53°0762380 | Lo | 530926414 | Io | 441 
53°1910828 | 10 | 532074931 | 10 | 53°2239045 | 10 | 53°2403169 | 10 | 53°2567302 | 10 | 44:2 
53°3552311 | 10 | 53°3716514 | 10 | 533880727 | 10 | 534044949 | 10 | 534209182 | 10 | 44:3 
53°5194785 | 10 | 53°5359087 | 10 | 53°5523398 | 10 | 53°5687720 | 10 | 53°5852051 | 10 | 44°4 
53°6838247 | 10 | 53°7002647 | 10 | 53°7167058 | 10 | 53°7331478 | 10 | 53°7495908 | 10 | 44°5 
53°8482695 | 10 | 53°8647194 | 10 | 53°8811702 | 10 | 53°8976221 | 10 | 53°9140749 | 10 | 44°6 
54°0128126 | IO | 54°0292723 | IO | 54°0457330 | 10 | 54:0621947 | 10 | 54:0786574 | 10 | 44°7 
54°1774539 | 10 | 54°1939234 | 10 | 54°2103939 | 10 | 54:2268654 | 10 | 54°2433378 | 10 | 44:8 
54°3421931 | 10 | 54°3586724 | 10 | 54°3751527 | 10 | 54°3916339 | 10 | 544081161 | 10 | 44-9 
5475070300 | 10 | 54°5235191 | 10 | 54°5400091 | 10 | 54°5565001 | 10 | 54°572992I | 10 | 450 
54°6719644 | 10 | 54°6884632 | 10 | 54°7049629 | 10 | 54°721 4637 | 10 | 54°7379654 | 10 | 45°1 
54°8369960 | 10 | 54°8535045 | 10 | 54°8700140 | Io | 548865245 | IO | 54°9030359 | 10 | 45:2 
55°0021247 | 10 | 55°:0186429 | 10 | 55°0351621 | 10 | 55°0516822 | 10 | 55:0682033 | 10 | 45:3 
55°1673503 | 10 | 55°1838781 | 10 | 55*2004070 | IO | 55*2169368 | 19 | 55°2334675 | 10 | 45-4 
55°3326724 | 10 | 55°3492099 | 10 | 55°3657484 | 10 | 55°3822878 | 10 | 55°3988282 | 10 | 45°5 
55°4980909 | 10 | 55°5146381 | 10 | 55°5311862 | 10 | 55°5477352 | 10 | 55°5642853 | 10 | 45°6 
55°6636056 | 10 | 55°6801624 | 10 | 55°6967201 | IO | 55*7132788 | 10 | 55°7298384 | 10 | 45-7 
55°8292163 | 10 | 55°8457827 | 10 | 55°8623500 | 10 | 55°8789182 | 10 | 55°8954874 | 10 | 45°8 
55°9949228 | 10 | 56°0114987 | 10 | 56:0280756 | I0 | 56:0446534 | 10 | 56-0612321 | 10 | 45-9 
56-1607248 | 10 | 56°1773102 | 10 | 56°1938966 | Io | 56:2104840 | 10 | 56-2270723 | 10 | 46:0 


22 Loe TI («) FRom «= 1-0 TO x= 50-9 BY -01 2=46-0 to 509 
0 1 2 3 4 
46:0 | 56°:0778119 | 10 | 56:0943925 | 10 | 56°1109742 | 10 | 56°1275568 | IO | 56-1441403 | Io 
46° | 56°2436616 | 10 | 56°2602518 | 10 | 56°2768429 | 10 | 56°2934351 | 10 | 56°3100281 | Io 
46:2 | 56:4096065 | 10 | 56°-4262062 | 9 | 56°4428069} 9 | 56°4594085| 9 | 56°47601II | 9 
46°3 | 56°5750465 | 9 | 56°5922557]| 9 | 56°6088658| 9 | 56°6254770| 9 | 56°6420890} 9 
46°4 | 56°7417813 | 9 | 56°7583999 | 9 | 56°7750196 | 9 | 56°7916401 | 9 | 56°8082617]| 9 
46°5 | 56-9080107 | 9 | 56°9246388| 9 | 56:9412679 | 9 | 56°9578979| 9 | 56°9745289}| 9 
46°6 | 570743345 | 9 | 57°0909720} 9| 57°1076105| 9 | 57°1242500| 9 | 5771408904 | 9 
46°7 | 57°2407525 | 9 | 57°2573994 | 9 | 57°2740474| 9 | 57°2906962 | 9 | 57°3073460| 9 
46°8 | 574072645 | 9 | 57°4239208 | 9 | 57°-4405781 | 9 | 57°4572364| 9 | 57°4738956| 9 
46°9 | 57°5738703 | 9 | 57°5905360 | 9 | 57°6072027| 9 | 57°6238703| 9 | 57°6405388| 9 
47°9 | 57°7405097 | 9 | 57°7572448 | 9 | 57°7739208 | 9| 57°7905977 | 9 | 57°8072756| 9 
47°I | 57°9073625 | 9|57°9240469 | 9 | 57°9407322| 9 | 57°9574185 | 9} 57°9741057| 9 
47°2 | 580742485 | 9 | 58:0909422 | 9 | 581076368 | 9 | 581243324 | 9 | 581410289] 9 
47°3 | 58°2412275 | 9 | 58:2579305 | 9 | 58°2746344 | 9 | 58:2913393| 9 | 58-3080450] 9 
47°4 | 584082992 | 9 | 584250115 | 9 | 584417247 | 9 | 58°4584388) 9 | 58-4751539| 9 
47°5 | 58°5754636 | 9 | 58°5921851 | 9 | 586089076 | 9 | 586256309 | 9 | 58°6423552]| 9 
47°© | 58°7427204 | 9 | 58°7594511 | 9 | 58-7761828| 9 | 58-79290154| 9 | 588096489) 9 
47°7 | 58:9100694 | 9 | 58-9268093 | 9 | 589435502 | 9 | 58:9602920| 9 | 58°9770347| 9 
47°8 | 59°0775103 | 9 | 59°0942595| 9 | 59°II10096| 9 | 59°1277605| 9] 59°1445124| 9 
47°9 | 59°2450431 | 9} 59°2618015) 9 | 59°2785607 | 9 | 59°2953208| 9 | 59°3120819| 9 
48-0 | 59°4126676 | 9 | 59°4204350| 9 | 59°4462034 | 9 | 59°4629727| 9| 59°4797429| 9 
48-1 | 59°5803834 | 9 | 59°5971600 | 9 | 59°6139375]| 9 | 59°6307159| 9 | 59°6474953] 9 
48-2 | 59°7481905 | 9 | 59°7649762 | 9 | 59°7817628 | 9 | 59°7985504| 9 | 59°8153388]| 9], 
48°3 | 59°9160886 | 9 | 59°9328834 | 9 | 59°9496791 | 9 | 59°9664758| 9 | 59°9832733]| 9 
48-4 | 60:0840776 | 9 | 60-1008815 | 9 | 60°1176863 | 9 | 60°1344920| 9 | 60°1512986| 9 
48°5 | 60°2521572 | 9 | 60:2689702 | 9 | 60:2857840| 9 | 60°3025988 | 9 | 60°3194144] 9 
48-6 | 60°4203273 | 9 | 60°4371493| 9 | 60°4539722| 9 | 60°:4707960 | 9 | 60°4876207| 9 
48°7 | 60°5885877 | 9 | 60°6054187 | 9 | 60°6222506! 9g | 60°6390834 | 9 | 60°6559171| 9 
48°8 | 60°7569382 | 9 | 60:7737782 | 9 | 60-790619I | 9 | 60:8074609 | 9 | 60°8243036] 9g 
48-9 | 60:9253786 | 9 | 60:9422276 | 9 | 60:9590775 | 9 | 60°9759283 | 9 | 60-9927799| 9 
49°0 | 61:0939088 | 9Q| 61-1107667 | 9 | 61-12762560| 9 | 61°1444853| 9 | 61°1613459] 9 
49°I | 61°2625285 | 9 | 61:2793954 | 9 | 61°2962631 | 9 | 61-3131318| 9 | 61°3300014] 9 
49°2 | 61°4312375 | 9 | 61-4481133 | 9 | 61°4649900! 9} 61-4818676| 9 | 61-4987461 | 9 
49°3 | 61:6000357 | 9 | 61-6169204 | 9 | 61:6338061 | 9 | 61°6506926} 9 | 61°6675799/ 9 
49°4 | 61°7689229 | 9 | 61-7858165 | 9 | 61-8027110| 9 | 61°8196064 | 9 | 61-8365027| 9 
49°5 | 61:9378990 | 9 | 61-9548014 | 9 | 61°9717048 | 9 | 61:9886090 | 9 | 62:0055142]| 9 
49°60 | 62°1069636 | 9 | 62°1238749| 9 | 62:1407871 | 9 | 62°1577002| 9 | 62°1746142]| 9 
49°7 | 62:2761167 | 9 | 62:2930369 | 9 | 623099579 | 9 | 62°3268798 | 9 | 623438027] 9 
49°8 | 62°4453581 | 9 | 62:4622870| 9 | 62:4792169| 9 | 62:4961476| 9 | 62°5130793| 9 
49°9 | 62°6146875 | 9 | 62°6316253| 9 | 62°6485640| 9 | 62°6655035 | 9 | 62°6824439] 9 
50°0 | 62-7841049 | 9 | 62-8010514/ 9 | 62:8179989 | 9 | 62°8349472 | 9 | 62°8518964] 9 
50°I | 62°9536100 | 9 | 62°9705653 | 9 | 62:°9875215 | 9 | 63:0044786| 9 | 63°0214365] 9 
50°2 | 63°1232026 | 9 | 62:1401667| 9 | 63°1571316| 9 | 63°1740975 | 9 | 63°1910642] 9 
50°3 | 63°2928826 | 9 | 63°3098555 | 9 | 63°3268291 | 9 | 63°3438037| 9 | 63°3607791 | 9 
50°4 | 63°4626499 | 9 | 63°4796314 | 9 | 63-4966138| 9 | 63°5135970| 9 | 63°5305812| 9 
50°5 | 63°0325042 | 9 | 636494944 | 9 | 63°6664854 | 9 | 636834774 | 9 | 63-7004702]| 9 
50°6 | 63°8024453 | 9 | 63°8194442 | 9 | 63°8364439| 9 | 63°8534445 | 9 | 63°8704460| 9 
50°7 | ©3°9724731 | 9 | 63°9894806 | 9 | 64:0064890 | 9 | 64:0234983 | 9 | 640405084 | 9 
50°8 | 64°1425874 | 9 | 64:1596036| 9 | 64:1766206]| g | 64:1936385| 9 | 64:2106573| 9 
50°9 | 64°3127881 | 9 | 64*3298129 | 9 | 64°3468385 | 9 | 64-3638651 | 9 | 64:3808925| 9 


2 =46-0 to 50:9 Log I(x) FROM «= 1:0 T0 x= 50-9 By -01 23 
5 6 7 8 9 
56:1607248 | 10 | 56:1773102 | 10 | 56-1938966 | IO | 56-2104840 | 10 | 562270723 | 10 | 46-0 
56°3266221 | 10 | 56°3432171 | 10 | 56°3598130 | IO | 56°3764099 | 10 | 56°3930077 | Io | 46-1 
56°4926146 | 9 | 565092191 | 9 | 56°5258245] 9 | 56°5424309) 9 | 565590382) 9 | 46-2 
56:6587020 | 9 | 56°6753160| 9 | 56°6919309 | 9 | 56°7085467| 9 | 56°7251635| 9 | 463 
568248841 | 9 | 56°8415076| 9 | 56°8581319| 9 | 56°8747572| 9 | 56°8913835| 9 | 46-4 
569911608 | 9 | 57°0077936 | 9 | 57°0244274 | 9 | 57°0410622| 9 | 57°0576978| 9 | 46°5 
57°1575317| 9|57°1741740| 9| 57°1908172 | 9 | 57:2074613| 9 | 57°2241064 | 9 | 46°6 
57°3239967 | 9 | 5773406484 | 9 | 57°3573010| 9 | 57°3739540| 9] 57°39060901 | 9 | 46-7 
57°4905557| 9| 57°5072167| 9 | 57°5238787| 9] 5775405416 | 9 | 57°5572055| 9 | 46°8 
57°6572083 | 9 | 57°6738787| 9 | 57°6905501 | 9 | 57°7072223| 9 | 57°7238955| 9 | 46°9 
57°8239544 | 9 | 57°8406342| 9 | 57°8573149| 9 | 57°8739995 | 9 | 57°8906790| 9 | 47:0 
57°9907938 | 9 | 58:0074829 | 9 | 58:0241729| 9 | 58:0408638 | 9 | 58:0575557| 9 | 47°! 
58°1577264 | 9 | 58°1744247| 9 | 581911240] 9 | 58:2078242| 9 | 582245254) 9 | 47-2 
583247518 | 9 | 58°3414594| 9 | 58:3581680| 9 | 58°3748775| 9 | 583915879) 9 | 47°3 
58-4918699 | 9 | 58-5085868 | 9 | 58°5253046| 9 | 58:5420233 | 9 | 585587430] 9 | 47°4 
| 586590805 | 9 | 58°6758066 | 9 | 58-6925337| 9 | 58°7092616| 9 | 58°7259905 | 9 | 47°5 
58-8263834 | 9 | 58°8431187| 9 | 588598550) 9 | 58°8765922) 9 | 588933303 | 9 | 47°6 
58:9937784 | 9 | 59°0105229| 9 | 59°0272084 | 9 | 59°0440148| 9 | 59°:0607621 | 9 | 47°7 
59°1612653 | 9| 59°1780190| 9 | 59°1947737| 9 | 59°2115292| 9 | 59°2282857| 9 | 47°8 
59°3288439 | 9] 59°3456068| 9 | 59°3623706 | 9 | 59°3791353| 9 | 59°3959010| 9 | 47°9 
59°4965141 | 9 | 59°5132861 | 9 | 59°5300591 | 9 | 59°5468329 |] 9 | 59°5636077| 9 | 48-0 
59°0642755 | 9| 59°6810567| 9 | 59°6978388 | 9 | 59°7146218 | 9 | 59°7314057| 9 | 48-1 
59°8321282 | 9 | 59°8489184| 9 | 59°8657096) 9 | 59°8825017| 9 | 59°89929047| 9 | 48-2 
600000717 | 9 | 60-0168711 | 9 | 60:0336714 | 9 | 60:0504725 | 9 | 60:0672746| 9 | 48:3 
60:1681061 | 9 | 60°1849145| 9 | 60:2017238| 9 | 60-2185340 | 9 | 60:2353452| 9 | 48-4 
60:3362310| 9 | 60°3530484| 9 | 60:3698668 | 9 | 60-3866861 | 9 | 60:4035063 | 9 | 48:5 
60:5044463 | 9 | 60°5212727| 9 | 60°5381001 | 9 | 60°5549284 | 9 | 60°5717576| 9 | 48-6 
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INTRODUCTION 


The subject of cubature does not seem, hitherto, to have attracted much 
attention in spite of the many works that have been written on quadrature; 
but it may well be of considerable importance, especially in numerical work, 
owing to the frequent occurrence in analysis of double integrals that do not 
admit of exact integration. 

The principal object of this papér is to deduce cubature formulae from 
bivariate central difference interpolation formulae; for since these always 
base the value of a function on its values at the ‘nearest’ points at which 
it is known, it was thought that they might give rise to very satisfactory 
cubature formulae. But, in order that the reader might have readily at his 
disposal those univariate quadrature formulae which he is most likely to 
‘need, and to provide him with central difference quadrature formulae for one 
variate before proceeding to the discussion of the bivariate case, it has been 
thought desirable to insert a chapter on quadrature. 

While an attempt has been made to give a brief résumé of current quad- 
rature formulae no proofs are provided, except where central difference 
quadrature formulae—believed to be novel—are concerned. Reference to 
the sources are provided in a bibliographical appendix. Mr J. O. Irwin 
recently had to determine the approximate values of a number of double 
integrals and the work led him to a series of central difference cubature 
formulae, which appear likely to be of service to computers in general. The 
cubature portion of this tract as well as the central difference quadrature 
formulae of the first part, are—as far as he is aware—now published for the 


first time. 
KARL PEARSON. 
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ON QUADRATURE AND CUBATURE 
OR 


ON METHODS OF DETERMINING APPROXIMATELY 
SINGLE AND DOUBLE INTEGRALS 


By J. O. Irwin, B.A. Cantab. 


PART I. QUADRATURE 


A. QUADRATURE BY EQUI-DISTANT ORDINATES 


_ Before we proceed to the discussion of any new formulae, it may be well to 

give some account of the usual methods of quadrature *. 3 
Consider the area of any curve bounded by the ordinates at the points 

%, Lp», the curve itself and the axis of w, and let us suppose the base divided 


into p equal portions of length h, by the ordinates 2, 2,, 2....2Zp. Then for ob- 

ee by sf 

zdx (- [ zd, if our origin is taken at n,) 
mL) 


taining approximations to the area 
. Xo 


we may use either the extreme ordinates 2), 2,, 2....2), or the mid-ordinates 


Z1, 22, 25...2,_1 Of the constituent trapezettes. 


~< Lp zs 
Fig. 1 


The fundamental frilse are the Euler-McLaurin formulae 


[2a may ree ee ae We Be ee 
i v= “C~ 119" da 720 de 30240 da 7° 


v9 


ty 1j,dz Thi dz 31h de 
[sda= Art| 7a We seo dat Se7ea0 2a “| Se wee (8), 


* This collection of well-known formulae is taken from Biometrika, Vol. 1, pp. 273—278. I am 


indebted to Professor Pearson for permission to use it. 
1—2 


4 ON QUADRATURE AND CUBATURE OR 


where Ag=H=h(4at+ratat...F+ ie. + 42,), 
Ap=h(Zit+23+ 25+. in 3 + 2p 2), 
and the values of the expressions in square one have to be calculated at 
the points 2, z, and the former subtracted from the latter. 
For purposes of practical work the differential coefficients in these formuladl 
can be replaced by differences, when we reach 


a 
| 
‘ 
| 


co 
zda=Agth (yi4 = 920? Py A — 9, Ae on) (Zot Zp), 
“ Xo { 
Ly 
| 2 hae = A p— hi (nyy' A —ryp' A? + ryy'A8— yt +...) (24 + Zp — 4): 
Xo | 
In these formulae A operating on z, and z,)_1 must be taken backwards, { 


Le, Aty = 2p _1— 2p and Azy_1= 2p 3 — Zp_4 ae Az) = 2, — 2, Azy= 2g — 21. 


The values of the coefficients y are: 


y, = °083,33383 yi ='041,6667 
yo = '041,6667 yo = '041,6667 
y, = 026,3889 y, =°038,7153 
ye LS ra00 ys =°035,7639 
y; ='014,2692 y, —°033,1918 
y, ='011,8674 ys = '030,9989 
vy, — 009 5000 y, ='029,1253 
yg = '007,8925 ye = '027,5110 
yy = 006,7858 Yo ='026,1066 
10 = '005,9241 Yo = '024,8732 
Yu = '005,2367 ye 02a OUT 
Ne = '004,6775 Yo = 022,8052 


Vis = (004,2150 
Yi = '003,8269 | 
Professor Pearson has pointed out that these Euler-McLaurin formulae (the 
correction terms being, as they usually are, small) give equal weight to all 
the ordinates except the first and last, in the principal portions A, and A, of 
the formulae; a circumstance which is of great importance when the ordinates 
are phe ions which are lable to error. 
Although they will give the best possible results if we go to the complete. 
system of differences for the ordinates, to do so involves very great labour, and 
if only three or four 7's are used, they are not the best coefficients by which to_ 
multiply the successive differences. 
For these reasons the following formulae, in which the number of ordinates 
used is a multiple of 2, 3, 4, 6 ... etc., are preferable, 


ON METHODS OF DETERMINING SINGLE AND DOUBLE INTEGRALS 5 
Simpson's Rule (2p elements). 


X2p 
| 2d = fh {ey +2 (zat 24+ 006 + Zap-a)-+ Sap +4 (2, + Sgt one t Zap _a)} -o(7). 


x 


Newton's Rule (3p elements). 


V3n . 
| da =sh{a+3(a4+ 2+ 44+2;,+24,+ 2+ vee) + Sgp 
“e te yg Sap eh ee ee (8). 
Boole’s Rule (4p elements). 


vp 
i ada = Poh (72) + 14 (2,4 25+... + Zyp—4) + Typ 
sh + 32 (2, + 25 + 25+... + Zyp-1) 


PID 25 4 Zee 2a ot Cea ee (e). 
Weddle’s Rule (6p elements). 


Top 3 
[ ada = 55 {2 + 2+ 24+ 25+ 2) +... + Zep—a + Zep 
nee +2 (264+ 2+... + Zep) 

0 (4 +25 +2, + 2n +... + Zep-2) 


+6 (t,+2 +254... + Lipcn) wat Soc ees (f). 


These formulae, whose exactness is in the order in which they are written down, 
also have their disadvantages. It is not always possible to select beforehand 
the number of elements to be used, and this number may not fit in with any 
of the above formulae; secondly, all the ordinates are not equally weighted 
which is a disadvantage if they are observational quantities subject to errors. 
Formulae (¢) and (¢), particularly (€), have been found to give very good 
results for continuous mathematical functions, but they are not so good for 


observational data. 
For this purpose the following formulae of Dr Sheppard’s are better. The 


corrective terms are so chosen, as to make the first term, in the Euler- 
McLaurin formulae, which they neglect, as small as possible*. 
Case (i). Bounding ordinates or chordal area known. 


(a) One Difference: 


| 1 
Area = Ag+ 12 a {(Z1 — 20) — (Zp — Zp—i)} We eee ee ee eee (7). 
(b) Two Differences: 
Area = Ay + eae nea ela {(21 — 20) — (Zp — Zp-a)} A 


120 (p—1)(p-2) 
bE pepo) 
~ 120 (p—2)(p—3) {(Z2— 21) — (Zp-1 — Zpa)f h ...(8). 


* See Proceedings of the London Mathematical Society, Vol. xxx11, p. 270. 
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(c) Three Differences : 
1 (7638p? — 3444p + 3636) 
0 G= DG e= 9) 
— 1 p(l9p* — 504p + 482) 
1260 (p — 2) (p — 3) (p — 4) 

1 p (1138p? — 462p + 360) 
5040 (p — 3) (p— 4) (p—5) 


{(41 — 20) — (Zp — Zpa)} 


Cee 20 a (Zp — Zy~2)} h 


(2s — 22) — (Zp—2 — Zp-s)} 


iat Oe rae (0). 
Case (11). Mid-ordinates or tangential area known. 
(a) One Difference : 
1 
Area = Ap— 34 (p—2) Ge 124) 2p 4 — Sp g)) (kK). 
(b) Two Differences : 
ee SO ae Zé | 
Area = A,r 560 (p — 2) (p —3) {(2g — 23) — Zp-4—2%p-g)} h 
t pip ob) s ] 
960 (p—B) (p —4) 8 #8) Up- 4 ApH) «> 


This formula, Professor Pearson has pointed out, has many advantages. It is 


more exact than («) and sufficiently so for practical purposes, though not quite 
as exact as (w). Further, all the ordinates that occur in the expression 4 7 are 
equally weighted, which is not the case with A,, where the end ordinates only 


have half-weight. It may be written 
Area = Ap — P {(2y — 21) — (Zp_1— 2p_a)} h + Q {(2s — 2g) — (Zp_-g —2p-§)} A, 


where the following are the values of P oa (Oe 


| | | 
p a | @ p le @ 
mle is 2 Piles beat ee See hee ean eee on 
8 | +1286111 | -109,5833 15 *102,4639 | -064,2756 
9 | -121,2054 | -094,6875 16 | *101,0073 | -062,2863 
10 | -115,8854 | -085,0694 17 -099,7569 | -060,6170 
11 | -111,8779 | -078,3668 || 18 | -098,6719 | -059,1964 
12 | +108,7500 | -073,4375 || 19 | :097,7214 | -057,9731 
13. 106,2405 | -069,6644 | 20  -096,8818 | -056,9087 
14 -104,1825 | -066,6856 _— | 
| 


This formula gives results which are, as a rule, better than Simpson’s, and only 
those ordinates are weighted which occur in the corrective terms. 
* The coefficients in this formula have been tabulated, for values of p from 6 to 100, by 


P. F. Everitt. 


See Biometrika, Vol. x11, p. 283. 
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(c) Three Differences : 

1p (9842p? — 58970p + 70407) 
80640 (p—2)(p—3) (p—4) 

1 p(4802p* — 23016p + 22905) ( 
40320 (p—3)(p—4)(p—5) #8) — p32 p-hh 
1 p(8122p? — 12229» + 10935) 

80640 (p—4)(p—5)(p—6) (#5 — #8) — @p-g—%-pJ h 


Area = Ay — 


{(23 — 24) —(Zp_1 —Zp_a)}h 


This is rather complicated to use in practice, though with the aid of a caleu- 
lating machine, the coefficients might easily be tabulated. 
Case (iii). Mid-ordinates and two extreme ordinates known. 
(a) One Difference : 
be 2p 
Area = Ay — 75 Sp — 1 24 — 0) — (Zp — Zp- a) wha iwtseteresta eos (v). 


(6) Two Differences : 


1 2p (40p — 57) | 
Area = Ar 755 (p— 1) Gp—3) @r—) —@p—%-ph hk 


180 Gp oatas— gy (4-21) — G4 -%-Ih--O. 


Case (iv). Bounding ordinates, with the two mid-ordinates only, of the 
terminal elements. 


(a) One Difference : 
Area = Ay +5 fone 2g) (2 eo a) eas (0). 


(b) Two Differences : 

1 2p (380p — 29) 
120 (2p —1)(p-1) 

Ll 2n(10p — 9) oe i. 
~ 190 (2p — 38) (p —1) {(41 aes, (Zp -4 Zp -1)} 
It has been pointed out that, for fairly large values of p this is not very diver- 
gent from 

Area = Ag+ 4 {(21 — %) — (Zp — 2p_-a)} hh — dy (A — 23) —(Zp_1 —2p_a h 
Piuepeee tay (p), 


which may be obtained directly by a double application of Simpson’s formula, 
and is somewhat more accurate than the latter. 


Area = Ay + = {(24 — 20) — (2p — Zp 4)p h 


h ...(ar). 
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The following table shows the results given by the above formulae, when | 


1 
used to calculate | dae 
0 1 + 2x 


one on which to test an individual formula, but it may perhaps serve to com- 
pare the accuracy obtained by different formulae. Either 12 or 13 ordinates — 
have been used in every case. 


= '693,147,18. This integral is rather a favourable 


Divergence Divergence 
(a) with four differences + °000,000,25 Ue ee ere — 000,014,93 
(3) eee , — :000,000,59 OS ene Perna ore — -000,001,26 
ae ie ee + -000,001,48 Coe ek Coe eee — -000,000,12 
EER ee come trates + 000,003,28 ig seas gil cis, oe ee — 000,003,91 
(Co Orne he eS Rea + -000,000,07 kee eae, ee — -000,000,14 
eee oe + 000,000,04 Cy eee ee + 000,008, 12 
OS ste ar eee eee +°000,014,59 Eo een RU Pe + -000,000,22 
(Ce eee Cares NCR einte e + -000,000,93 (Oe + 000,001,27 
(pee eee erence ae + 000,000,07 ) 

Also Ao="693,580,83. A=  -000,433,65. 
A p= °692,930,49. A= — :000,216,69*. 
B. THE GAussIAN METHOD OF QUADRATURE o 


No discussion of quadrature would be complete without some reference to 
Gauss’ method, in which the ordinates are no longer taken at equal intervals, 
but at such intervals as make the approximation obtained as close as possible. 


1 
Suppose it be required to approximate to | f (#) dx. Let P, (@) be 
ai 


Legendre’s polynomial of the nth order. Then | 


T 4 ‘ 
Bn (2) = gain daw @ — Y 
1 
and | a Py, (a) dx=0, forr=0,1,2...n—14. 
a 


Now suppose / (x) to be a polynomial of degree not greater than 2n — 1. 
Then by division we have f(#) =P, (x) Q (a) + R (a), where Q (a), R(x) are 
of degree not greater than n— 1. 


o | : f(@)de— i ae OR Gnde = | “ RW) do: 
ne | oe (OG. 
ne [ f@ dx ola (x) da. 


* See Pearson, ‘On the systematic fitting of curves to observations and measurements,’ 
Biometrika, Vol. 1, p. 265. 
+ See Whittaker and Watson’s Modern Analysis, pp. 296—300. 
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| Now f(#)=R(«) for the values «=a, a, 
=. (%)= 0. 


But by Lagrange’s interpolation formula* 
Bias Ana) 
r=1 
ec ae) 
a Hee (@,) (x MF dy) 


_ whence we deduce the quadrature formula 
1 r=N 
| f@)de=S B, f(a), 
R= [ ge esd alee Cd LD 
ae ’ Bi a (a) (x if Cy) 
or we have a quadrature formula involving n ordinates only, which is exact for 
a function of degree not greater than 2n — 1, whereas, if we had taken the 


ordinates at equal intervals we should have required 2n to obtain the integral 
exactly. 


...@, Which are the roots of 


_ where A, 


where 


1 
Gauss actually considered the integral Ff (x) dx, which only requires a 
0 
slight modification of the above argument, and his result for the case of 
Px r=7 
seven ordinates is as follows: | f(«)d«= % R, f(a,), where we have the 
0 r=1 


following values for the R’s and a’st. 


ee a | Oy | y : he 


y 


| 
| 
| 


| 


02544 6043829 
"12923 4407200 
29707 7424311 
9) 

°70292 2575689 
°87076 5592800 
97455 3956171 


06474 2483084 
"13985 2695745 
"19091 5025253 
20897 9519837 
"19091 5025253 
"13985 2695745 
"06474 2483084 


b 
For the integral | Ff («) dx the formula becomes 


a, and &, having the above values. 


* See Tracts for Computers, 1, p. 17. 
+ Gauss, Werke, m1, p. 195, Gottingen, 1866. Gauss gives these values to 15 decimals, and we 
have here given them to 12. Naturally it will not usually be necessary to use all 12. 


i; J (a) da = = ~—a)f {a + (b—a) a,} B,, 


10 


Loc I (x) FRoM «=1:0 TOX= 50-9 BY -O1 2=160 to 21-0 


16-0 
I6°1 
16:2 
16°3 
164 
16°5 
16:6 
16°7 
16°8 
16°9 


7-0 
By | 
17°2 
Ae; 
17°4 
ae: 
1776 
177 
17°8 
17°9 


18-0 
18-1 
18:2 
18-3 
18°4 
18°5 
18-6 
ro°7 
18°8 
18-9 


19'0 
19s 
19°2 
19°3 
19°4 
19°5 
19°6 
19°7 
19°8 
19°9 


20:0 
20°I 
20°2 
20°3 
20°4 
20°5 
20°6 
20°7 
20°8 
20°9 


21°0 


12*1164996 
12'2356801 
12°3551388 
12°4748741 
12°5948841 
12°7151672 
12°8357217 
129565458 
13°0770379 
131989964 


13°3206196 
13°4425059 
13°5646538 
13°6870617 
13°8097280 
13°93260512 
14°0558298 
14°1792623 
14°3029472 
14°4268831 


14°5510085 
14°6755020 
14°8001823 
14°9251078 
15°0502772 
15°1756892 
T5°3013424 
15°4272355 
15°5533072 
15°6797361 


15°8063410 
15°9331806 
16:0602536 
16°1875589 
16°3150950 
16°4428610 
16°5708554 
16:6990771 
16°8275250 
16°95601979 


17°0850946 
17°2142140 
17°3435549 
17°4731162 
17°6028968 
17°7328956 
17°8631115 
17°9935434 
18-1241902 
182550510 


18-3861246 


12°128405I1 
12°2476134 
12+3670999 
12°4868627 
12:6069002 
12°7272105 
12°8477920 
12°96864 30 
13°0897618 
13'2111468 


13°3327904 
13°4547990 
13°5768829 
13°6993167 
13°8220088 
13°9449570 
14°0081616 
14°I1916194 
14°3153295 
14°4392904 


14°5635007 
14°6879590 
14°8126638 
14°9376138 
15*0628075 
15°1882437 
15°3139210 
15°4398380 
15°5059934 
15°6923860 


15*8190144 
15°9458774 
16:0729737 
162003021 
16°3278613 
16°4556501 
16°5836673 
16-7119118 
16°8403822 
16:9690775 


170979966 
17°2271381 
17°3505011 
17°4860844 
17°6158869 
17°7459974 
17°8761449 
18:0065984 
18-1372667 
18-2681488 


18-3992436 


12°1403133 
12°2595496 
12°3790638 
12°4988542 
12‘6189190 
12°7392505 
12°8598650 
12°9807428 
13*1018884 
13°2232999 


13°3449759 
13°4669146 
13°5891146 
13°7115743 
13°8342921 
13°9572605 
14:0804960 
14°2039791 
14°3277143 
14°4517003 


14°5759354 


14°7004184: 


14°8251478 
14°9Q501222 
15°9753493 
15*2008006 
15°3265019 
15°4524428 
15°5786220 
15°7050383 


15°8316902 
15°9585766 
16:0856962 
16°2130477 
16°3406299 
16°4684416 
16°5964816 
16°7247487 
16°8532417 
16:9819594 


17*I 109007 
17°2400645 
17°3694495 
17°4990548 
17°6288791 
17°7589214 
17°8891806 
18-0196556 
18+1503453 
18-2812487 


18-4123648 


12°1522244 
122714885 
12°3910304 


12°5108483 
126309405 


12°7513052 
12°8719407 
12°9928454 
I13*1140176 
132354556 


13°3571579 
13°4791229 
1 3°6013489 
13°7238345 
13°8465780 
13°9695780 
14°:0928329 
14°2163413 
14°3401017 
14°4641126 


14°5883726 
14°7128803 
14°8376342 
14°9626331 
15°0878754 
15°2133599 
153390852 
154050500 
15°5912530 
15°7176929 


15°8443683 
15'9712781 
16:0984209 
16°2257955 
16°3534007 
16°4812353 
166092981 
16-7375878 
16°8661033 
16°9948435 


17°1238071 
17°2529930 
17°3824002 
17°5120274 
1776418735 
17°7719376 
17°9022184 
18-0327149 
18-1634261 
182943508 


18-4254881 


12°1641383 
12°2834303 
12°4029998 
12°5228452 
126429647 
12°7633565 
12*8840I191 
I 3°0049506 
13°1261494 
13°2476140 


13°3693426 
13°4913338 
1376135858 
13°7360973 
13°8588665 
13°9818920 
14°1051724 
14°2287060 
14°3524915 
14°4705274 


14*6008122 
14°7253446 
14°8501231 
14°9751404 
1 5*1004130 
15°2259216 
15°3516710 
15°4770596 
1 5'6038864 
15°7303498 


15°8570488 
15°9839819 
I6*III1479 
162385457 
16°3661739 
16°4940314 
166221169 
16°7504292 
16°8789673 
17°0077298 


17°1367157 
17°2659238 
17°39535390 
17°5250022 
17°6548702 
17°7849559 
17°9152584 
18-0457764 
18-1765089 
18-3074550 


18-43861 34 


z=16-0 to 210 Log’ (x) FROM x=1-0 TO x=50-9 By :01 


it 


12°1760549 
12°2953747 
12°4149720 
12°5348449 
126549917 
12°7754106 
128961001 
13°01 70585 
13°1382840 
13°2597750 


13°3815300 
13°5935473 
13°6258253 
| 13°7483626 

| 13°8711576 
13°9942086 
T4°1175144 
14°2410733 
14°3648839 
14°4889447 


14°6132544 
14°7378114 
14°8626144 
14°9876621 
151129530 
15°2384858 
15°3042591 
15°4902716 
15°60165221 
15°7430092 


15°8697316 
15°9966880 
16°1238773 
16°2512982 


16°5068297 
16°6349379 
16°7632729 
16°8918334 
17°0206184 


17°1496265 
17°2788568 
17°4083080 
17°5379791 
17°6678690 
17°7979764 
17°9283005 
180588400 
18-1895940 
18°3205613 


18-4517409 


16°3789494 | | 


12°1879744 
12°3073220 
12°4269469 


12°5468472 | 


12°6670213 
127874674 
12°9081839 
I3'0291690 
13°15042I1 
13°2719386 


13°3937199 
13°5157034 
13°6380674 
I 3°7606305 
13°8834512 
14°0065278 
14°1298589 
14°2534430 
14°3772787 
145013645 


-14°6256989 


14°7502807 
14°8751082 
I5*0001803 
15°1254954 
15'2510523 
15°3708496 
15°5028860 
156291602 
15°7556708 


15°8824167 
160093965 
16-1366090 
16°2640529 
16°3917271 
16°5196303 
16°6477612 
16:7761188 
16°9047019 
17°0335092 


17°1625396 
17°2917920 
17°4212653 
17°5509583 
17°6808699 
17*8109991 
17°9413447 
18:0719058 
18-2026811 
18-3336697 


18°4648705 


I2°1998966 
123192721 
12°4389246 
125588524 
12°6790537 
12°7995270 
12°9202703 
13°0412822 
13°1625610 
13°2841049 


13°4059125 
13°5279821 
13°6503121 
13°7729010 
13°8957473 
14°0188495 
14°1422059 
14°2658153 
14°3896761 
14°5137868 


14°6381460 
14°7627524 
14°8876044 
15°O127009 
15°1380402 
15°2636212 
15°3894425 
15°51550927 
15°6418006 
15*7683349 


15°8951042 
16°0221073 
16°1493430 
16:2768100 
16°4045071 
16°5324331 
16:6605868 
167889670 
16°9175725 
17°0464022 


17°1754549 
17°3047294 
17°4342247 
17°5639396 
176938731 
17°8240240 
17°9543912 
18-0849737 
182157704 
18-3467802 


184780022 


12°2118216 
12*3312249 
12°4509050 
12°5708602 
126910888 
12°8115892 


12°9323595° 


13°0533981 
13°1747035 
13°2962739 


13°4181077 
13°5492034 
13°6625594 
13°7851741 
13°9080461 
14°0311737 
14°1545555 
14°278190I 
14°4020759 
14°5262115 


14°6505956 
14°7752205 
14*QOOI03I 
15'0252239 
15°1505875 
15°2761926 
1 5°4020378 
15°5281218 
15°6544434 
15*7810012 


15°9977940 
16:0348204 
16°1620793 
16°2895694 
16°41 72894 
16°5452383 
16-6734147 
16°8018174 
16°9304454 
17°0592974 


17°1883724 
17°3176690 
17°4471863 
17°5769232 
17°7068784 
17°8370510 
17°9674398 
18-0980437 
18-2288618 
18-3598929 


18-491 1361 


12°2237495 


12°3431805 
12°4628881 


12°5828708 
12°7031267 
12°8236541 
12°9444513 
13°0655167 
13°1868486 
13°3084454 


13°4303055 
13°5524273 
13°6748092 
13°7974498 
13°9203473 
14°0435005 
14°1669076 
14°2905074 
14°4144783 
14°5386388 


14°6630476 
14°7877032 
14°9126042 
15°9377493 
15°1631371 
15°2887663 
15°4140355 
T5°5497433 
156670886 
15°79360699 


15°9204861 
16:0475359 
16°1748179 
16°3023311 
16°4300741 
16°5 580457 
16:6862448 
16°8146701 
16°9433205 
17°0721949 


17°2012921 
17°3306109 
17°4601502 
17°5899089 
17°7198859 
17°8500801 
17°9804905 
I8-1II1159 
18°2419553 
18+3730077 


18°5042720 


16-0 
16°r 
16:2 
16°3 
16°4 
16°5 
16°6 
16: 

16°8 
16'9 


17°0 
1 
a7 2 
17°3 
17°4 
47D 
170 
eT | 
17°8 
179 


18-0 
18-1 
18-2 
183 
18-4 
18°5 
18-6 
18-7 
18-8 
18-9 


190 
Ig'l 
19‘2 
19°3 
19°4 
T9°5 
19°6 
19°7 
19°8 
T9°9 


20'0 
20°! 
20:2 
20°3 
20°4 
20°5 
20°6 
20°7 
20°8 
20'9 


21°0 


21°0 
ois 
21°2 
2i3 
21°4 
21°5 
21:6 
21°7 
21°8 
21°9 


22°0 
22% 
2252 
7 ao ae 
22°4 
22°5 
22:6 
27, 
22°8 
22°9 


23°0 
2 
23:2 
23°3 
23°4 
hoe) 
23°6 
coe | 
23°8 
23°9 


24°0 
24°1 
24°2 
24°3 
24°4 
24°5 
24°6 
24°7 
24°8 
24°9 


25°0 
251 
252 
25°3 
25°4 
25°5 
25°60 
25°7 
25°8 
25°9 


26°'0 


18-3861246 
18-5174100 
18-6489062 
18-7806122 
18-9125269 
19°04460494 
19°1 769787 
19°3095137 
19°4422530 
19°5751973 


19°7083439 
19°8416925 
19°9752421 
20:108g9918 
20°2429407 
20°3770879 
20°5114324 
20°6459734 
20°7807101 
20°9156414 


21:0507666 
21°1860848 
21°3215951 
21°4572967 
21°5931887 
21°7292704 
21°8655409 
22°0019993 
22°1386449 
22°27547609 


22°4124944 
22°5496967 
22°6870831 
22°8246526 
22:9624046 
23°1003383 
23°2384529 
23°3797477 
23°5152219 
23°6538748 


23°7927057 
23°9317138 
240708984 
24°2102589 
24°3497944 
24°4895043 
24°6293880 
24°7694446 
24°9096736 
25°0500741 


25°1906457 


18-3992436 
18+5305502 
18-6620674 
18-7937943 
18-9257299 
190578731 
19°1902229 
19°3227785 
19°4555388 
19°5885028 


19°7216697 
19°8550384 
19‘:9886081 
20°1223778 
20°2563405 
20°3905135 
20°5248777 
20°6594383 
20°7941945 
20'9291452 


21:0642897 
21°1996272 
21°3351566 
214708773 
21°6067884 
21°7428890 
21°8791783 
22°0156555 
22°1523197 
22°2891703 


22°4262064 
22°5634271 
22°7008318 
22°8384196 
229761898 
23°1141416 
23°2522743 
23°3905870 
23°5290791 
23°6677499 


23°8065985 
23°9456243 
24:0848266 
24°2242046 
24°3637576 
24°5034849 
24°6433859 
24°7834598 
24°9237059 
25°0641236 


25°2047122 


184123648 
18-5436925 
18-6752307 
18-8069785 
18-9389348 
19:0710988 
19°2034692 
19°3360453 
19°4688260 
19°6018104 


19°7349975 
19°8683864 
20°0019761 
20°1357057 
20°2697543 
20°4039410 
205383249 
20°6729052 
20:8076808 
20°9426510 


21°0778148 
21°2131715 
21°3487201 
21°4844599 
21°6203899 
21°7565094 
21°8928175 
22°0293135 
22°1659964 
22°3028656 


22°4399201 
22°5771593 
22°7145823 
22°8521884 
22-9899768 
23°1279467 
23°2660974 
23°4044282 
23°5429382 
23°6816268 


23°8204931 
23°9595366 
24°0987565 
24°2381520 
24°3777225 
24°5174672 
24°0573855 
24°7974766 
24°9377400 
25°0781748 


25°2187804 


18-4254881 
18-5568368 
18-6883961 
18-8201648 
18-9521419 
19°0843265 
19°2167176 
19°3493142 
19°4821153 
19°6151200 


19°7483273 
19°881 7363 
20°0153461 
20°1491556 
20°2831641 
20°4173706 
20°5517741 
20°6863739 
20:821T1691 
20°9561586 


21°0913418 
ei 2267197 
21°3622855 
214980443 
216339934 
21°7701318 
219064587 
22°0429734 
22°1796750 
22°3165627 


22°4536358 
22°5908934 
22°7283347 
22°8659591 
23°'0037656 
23°1417537 
23°2799224 
23°4182711 
23°5567990 
23°6955054 


23°8343895 
23°9734597 
241126881 
24°2521012 
24°391 6891 
24°5314512 
24°6713868 
24°8114952 
24°9517757 
25°0922277 


25°2328504 


18-4386134 
18-5699833 
18-701 5635 
18-8333531 
18-96535I11 
19°0975564 
19°2299681 
19°3625851 
19°4954067 
19°6284316 


19°7616592 
19°8950883 
20:0287180 
20°1625475 
20°2965758 
20°4308021 
20°5652253 
206998447 
20°8346593 
20:9696683 


21°1048708 
21°2402659 
21°3758528 
21°5116307 
21°6475987 
21°7837560 
2I°Q201017 
22°0566351 
22°1933554 
22°3302617 


22°4073532 
226046292 
22°7420889 
22°8797315 
23°01 75563 
23°1555624 
23°2937492 
23°4321158 
23°5706616 
23°7093858 


23°8482877 
23°9873665 
24°1266216 
24°2660521 
24°4050575 
24°5454370 
24°6853899 
24°8255155 
24°9058132 
25°1062823 


25°2469220 


-2=21-0 to 26-0 Loa I(x) 


FROM x= 1-0 To x= 50°9 By °01 


13 


18-4517409 
18-5831319 
18-7147331 
18-8465435 
189785623 
19°1107883 
19°2432205 
19°3758581 
19°5087000 
19°6457453 


19°7749930 
19:9084422 
20°0420920 
20°1759414 
20°3099896 
20°4442355 
20°5786784 
20°7133174 
20°8481515 
20°9831798 


21°11 184016 
21°2538160 
21°3894220 
21°5252190 
21°6612059 
21°7973821 
21°9337406 
22°0702988 
22°2070377 
22°3439625 


22°4810725 
22:6183670 
22°7558450 
22°8935058 
230313488 
23°1693730 
23°3075778 
23°4459024 
23°5845260 
23°7232680 


23°8621876 
240012841 
24°1405567 
24°2800048 
24°4196276 
24°5594245 
24°6993947 
24°8395376 
24°9798524 
25°1203386 


25'2609953 


18-4648705 
18-5962825 
18-7279047 
18-8597361 
189917756 
19°1 240222 
19°2564751 
19°3891331 
19°5219954 
19°6550610 


19°7883289 
19°9217982 
20°0554680 
20°1893373 
20°3234053 
20°4576710 
20°5921335 
20:7267920 
20°8616456 
20°9966933 


21°1319344 
21°2673680 
21°4029931 
21°5388091 
21°6748150 
21‘81IOILOI 
21°9473934 
22:0839643 
22°2207218 
22°3576652 


22°4947937 
22°6321065 
22:7696029 


'22:9072819 
‘| 23°0451430 


23°1831854 
23°3214082 
23°4598107 
23°5983922 
23°7371520 


23°8760893 
24°0152034 
24°1544936 
24°2939592 
24°4335995 
24°5734137 
24°7134012 
24°8535613 
24°9938933 
25°1343906 


/25°2750704 


184780022 
18-6094353 
18-7410785 
18-8729307 
19°0049909 
19°1372582 
19°2697317 
19°4024102 
19°5352928 
19:6683787 


19°8016668 
19°9351562 
20°0688459 
20°2027352 
20°3368230 
20°471 1084 
20:6055906 
20°7402686 
20°8751416 
21°:0102087 


21°1454691 
21-2809219 
21°4165662 
21°5524012 
21°6884260 
21°8246400 
21-Q610421 
22°0976316 
22°2344078 
223713097 


22°5085167 
22°6458479 
22°7833625 
229210599 
23°0589391 
23°1969995 
23°3352403 
23°4736608 
23°6122602 


23°7510378 


238899928 
24°0291245 
24°1684323 
24°3979154 
24°4475731 
24°5874047 
24°7274095 
24°8675868 
25°0079360 
25°1484563 


25°2891471 


18-4911361 
186225902 
18-7542543 
18-8861273 
19:0182084 
19°1504963 
19°2829903 
19°4156893 
195485923 
19°6816984 


19°81 50067 
19°9485161 
20°:0822259 
20°2161350 
20°3502426 
20°4845478 
20°6190496 
20°7537471 
20:8886396 
21°0237261 


21°1590057 
21°2044777 
21°4301411 
215659951 
21°7020389 
21°8382717 
21°9746926 
22°1113009 
22°2480956 
22°3850761 


22°5222415 
22°65959II1 
22°7971241 
22°9348396 
23°0727370 
23°2108155 
23°3499743 
23°4875127 
23°6261299 
23°7049253 


23°9038980 
24°0430474 
24°1823728 
24°3218733 
24°4615484 
24°6013974 
24°7414195 
248816140 
25'0219803 
25°1625177 


25°3032256 


18-5042720 
186357472 
187674322 
18-8993261 
19°0314279 
19°1637365 
19°2962510 
19°4289704 
19°5618938 
19:0950201 


19°8283486 
19:9618781 
20°:0956079 
20°2295369 
20°3636643 
204979891 
20°6325105 
20°7672276 
20°9021395 
21°0372454 


21°1725443 
21°3080354 
21°4437179 
21°5795910 
21°7150537 
21°8519053 


21°9883450. 


22°1249720 
22°2617853 
22°3987843 


22°5359082 
22°6733362 
22°8108874 
229486212 
23°0865367 
23°2246333 
23°3029I101 
23°501 3664 
23°6400015 
23°7788146 


23°91 78050 
24°0569720 
24°1963149 
243358330 
24°4755255 
24°6153918 
24°7554312 
24°8956429 
25°0360264 
25°1765809 


25°3173°57 


21-0 
2I°I 
21°2 
21°3 
21°4 
21°5 
21:6 
ob Gg 
21°8 
219 


22:0 
22° 
2222 
22s 
22°4 
22°5 
22:6 
22-7 
22°8 
22°9 


230 
23°1 
76 ta 
23°3 
23°4 
23°5 
23°6 
23°7 
23°8 
23°9 


24°0 
24°73 
24°2 
24°3 
24°4 
24°5 
24°6 
24°7 
24°8 
24°9 


25°0 
25°1 
25°2 
25°3 
25°4 
25°5 
25°6 
25°7 
258 
25°9 


26°0 


14 


Loe I (x) FROM x= 1:0 TO x= 50-9 BY :01 2=26-0 to 31-0 — 


1 


2 


3 


4 


26-0 
261 
26-2 
26°3 
26°4 
26°5 
26:6 
26°7 
26:8 
26:9 


27°0 
2771 
272 
ait fe: 
27:4 
27°5 
27:6 
fed. 
27°8 
27°9 


28-0 
28-1 
28:2 
28°3 
28°4 
28°5 
28:6 
23:7 
28:8 
28-9 


29°0 
29°1 
29°2 
29°3 
29°4 
29°5 
29°6 
29°7 
29°8 
29°9 


30°1 
30°1 
30-2 
a's 
30°4 
39°5 
30°6 
5S a il 
30°8 
39°9 


31'0 


25°1906457 
25°3313875 
25°4722990 
25°6133794 
25°7546281 
25°8960445 
26°0376279 
26°1 793777 
26°3212933 
26:4633739 


26-6056190 
26:7480280 
26:8906003 
27°933335! 
27°t 762321 
27°3192904 
27°4625096 
27°6058890 
27°7494281 
27°8931262 


28-0369828 
28-1809973 
28°3251692 
28-4694978 
28:6139826 
28°7586231 
28-9034187 
29°0483688 
29°1934728 
29°3387304 


29°4841408 
29°6297036 
29°7754183 
29°9212842 
30°0673010 
30°2134680 
30°3597847 
30°5062507 
30°6528653 
30°7996282 


30°9465388 
31°0935906 
31°2408011 
31°3881518 
31°5356483 
31°6832900 
31°8310764 
31°9790071 
32°1270816 
32°2752994 


32°4236601 


25°2047122 
25°3454710 
25°4863994 
25°6274967 
25°7687622 
25°Q101954 
26:0517954 
26°1935618 
26°3354939 
20°4775910 


26:6198526 
26°7622779 
26:9048664 
27°0476176 
27°1905306 
27°3336051 
27°4768403 
27°6202357 
27°7637907 
27°99750947 


28°0513771 
28-1954074 
28°3395950 
28-4839393 
28°6284397 
28-7730957 
28-91 79067 
29°0628722 
29:2079917 
29°3532646 


29°4986903 
29°6442683 
29°7899981 
29°9358791 
30:0819109 
30°2280929 
30°3744246 
30°5209054 
30°6675350 
30°8143126 


30°9612380 
31°1083105 
31°2555296 
31°4028949 
31°55094959 
31°6980621 
31°8458630 
31°9938081 
32°1418969 
32*2901291 


32°4385040 


25°2187804 
25°3595563 
25°5005016 
25°6416157 
25°7828980 
25°9243479 
26:0659646 
26°2077476 
26°3496962 
26°49180908 


26°6340877 
26°7765294 
26-9191342 
270619016 
27°2048308 
27°3479214 
27°4911727 
27°6345840 
27°7781550 
27°9218848 


28:0657731 
28-2098191 
28°3540224 
28-4983823 
28-6428983 
28°7875698 
28-9323963 
29°0773773 
29°2225121 
29°3678003 


29°5132412 
29°6588344 
29°8045794 
29°9594755 
30:0965224 
30°2427193 
30°3890660 
30°5355617 
30°6822061 
30°8289985 


30°9759386 
31°1230258 
31°2702596 
31°41 70395 
31°5651650 
31°7128357 
31°8606510 
320086105 
32°1567137 
32°3049601 


32°4533493 


25'2328504 
25°3730432 
25°5146054 
25°0557304 
25°7979355 
25°9385020 
26:0801354 
26°2219350 
26:°3639001 
26:5060302 


26°6483245 


267907826. 


26°9334037 
27:0761872 
27°2191326 
27°3622393 
27°5055066 
27°6489340 
27°7925208 
27°93602665 


28-0801 706 
28°2242324 
28°3684513 
28-5128269 
286573584 
28°8020455 
28:9468875 
29°:091 8838 
29°2370340 
29°3823375 


29°5277937 
29°6734021 
29°8191622 
29°9650734 
30°1111353 
30°2573473 
30°4037088 
30°5502195 
30°6968787 
30°8 436859 


30°9906407 
31°1377426 
31°2849910 
31°4323855 
31°5799256 
31°7276107 
31°8754405 
32°0234144 
32°1715319 
32°3197926 


32°4081961 


25°2469220 
25°3877318 
25°5287109 
25°6698587 
258111746 
25°9526579 
26-0943079 
26°2361241 
26°3781057 
26°5202522 


26:6625630 
26:8050374 
26°9470747 
27°0904745 
27°2334301 
27°3765588 
27°5198421 
27°6632855 
27:8068882 
27°9506498 


28-0945697 | * 


28°2386472 
28-3828818 
28°5272730 
28-6718202 
28°8165227 
28-961 3802 
29°1063919 
29°2515575 
29°3968762 


29°5423477 
29°6879713 
29°8337465 
29°9796729 
30°1257498 
30°2719767 
30°4183532 
30°5648787 
30°7115527 
30°8583748 


31°0053443 
31°1 524608 
31°2997239 
31°4471330 
31°5946876 
31°7423872 
31°8902314 
32°0382197 
32°1863516 
32°3346266 


32°4830442 


PONTE er re eee ye reat re erp een ore hy 


—#=26-0t0310 LocT (x) 


FROM x=1:0 TO x= 50:9 BY -O1 


15 


25°2609953 
25°4018221 
25°5428181 
25°'6839828 
25°8253154 
25°9668154 
26°1084821 
26°2503148 
26°3923130 
20°5344759 


26°6768031 
26°8192938 
26°9619474 
27°1047634 
27°2477411 
27°3908799 
27°5341793 
27'6776386 
27°8212573 
27°9050347 


28°1089703 
28°2530636 
28°3973139 
28°5417207 
28:6862834 
28-8310015 
28:9758744 
29°1209016 
29°2660825 
29°41 14165 


29°5569032 
29°7025420 
29°8483324 
29°9942738 
30°1403657 
30°2866076 
30°4329991 
39°5795394 
30°7262283 
30°8730051 


31°0200494 
31°1671806 
31°3144582 
31°4618819 
31°6094510 
31°7571051 
31°9050237 
32°0530264 
32°2011726 
32°3494619 


32°4978938 


25°2750704 
25°4159141 
25°5569270 
25°6981085 
25°8394579 
25°9809746 
26°1226579 
26:2645072 
26°4065219 
26°5487013 


26°6910448 
26:8335518 
26°:9762217 
27°1190539 
27°2620477 
27°4052026 
27°5485180 
27°6919933 
27°8356279 
27°9794212 


28°1233726 
28-2674816 
28-4117476 
28°5561700 
28-7007483 
28°8454819 
28+9903702 


29°1354128 


292806090 
29°4259583 


29°5714603 
29°71 71142 
29°8629197 
30:0088762 
30°1549832 
30°3012401 
30°4476464 
30°5942017 
30°7409053 
30°8877569 


31°0347559 
311819018 
31°3291940 
31°4706323 
31°6242159 
31°7719445 
31°9198175 
320678346 
32°2159951 
32°3642987 


32°5127448 


25°28901471 
25°4300078 
25°5710376 
25°7122359 
25°8536020 
25°9951354 
26°1368354 
26°2787012 
26°4207324 
26°5629283 


26°7052882 
26°8478115 
269904976 
27°1333400 
27°2763560 
27°4195270 
27°5628584 
27°7063496 
27*8500001 
27°9938092 


28-1377764 
28:28190IT 
28-4261828 
28-5706208 
28°7152146 
288599637 
29°0048675 
29°1499255 


| 29°2951370 


29°4405017 


29°5860188 
29°7316880 
29°8775086 
30°0234801 
30°1696021 
30°3158740 
30°4622952 
30°6088653 
30°7555838 
30°9024502 


310494639 
31°1966244 
31°3439313 
31°4913841 
31°6389822 
31°7867253 
319346128 
32°0826442 
32°2308190 
32°3791369 


32°5275973 


25°3032256 
25°4441031 
25°5851408 
25°7263650 
25°8677479 
26:0092979 
26°1510145 
26:2928969 
26°4349446 
26°5771569 


26°7195331 
26-8620728 
27°0047752 
27°1476397 
27°2906658 
27°4338529 
27°5772003 
27°7207975 
278643739 
28-0081988 


28-1521818 
282963222 
28-4406196 
28°5850732 
28-7296826 
28-8744472 
29°0193664 
29°1644397 
29°3096666 
29°4550405 


29°6005789 
29°7462632 
29°8920990 
30°0380856 
30°1842226 
30°3395994 
30°4769455 
30°6235305 
30°7702638 
30°91 71449 


31:0641733 
31°2113485 
31°3586700 
31°5001374 
31°6537500 
318075076 
31°9494094 
32°0974552 
32°2456444 
32°3939765 


32°5424511 


25°31730957 
25°4582002 
25°5992638 
25°7494957 
25°8818954 
26:0234621 
26-1651953 
26-3070943 
26°4491584 
26°5913871 


26°7337798 


26°8763357 


27°0190544 
27°1619351 
27°3949773 
274481804 
27°5915439 
27°7350670 
27°8787492 
280225900 


28-1665888 
28-3107449 
284550579 
28°5995271 
28°7441521 
28-8889321 
29'0338668 
29°1 789555 
29°3241977 
29°4695929 


29°6151405 
29°7608400 
29°9066908 
30°0526925 
30°1988445 
30°3451463 
30°4915974 
30°6381972 
30°7849453 
30°931841I 


31°0788842 
312260741 
31°3734102 
31°5208921 
31°6685193 
31°8162913 
31°9642076 
32°1122677 
32°2604712 
32°4088176 


32°5573064 


26-0 
26°1 
26-2 
26-3 
26°4 
26°5 
26°6 
26°7 
26°8 
26°9 


27:0 
7 A ws | 
27-2 
27°3 
27°4 
27°5 
27°60 
277 
27°8 
27°9 


28:0 
28-1 
28-2 
28°3 
28-4 
28°5 
28-6 
28°97 
28°8 
28-9 


29°0 
29°1 
29°2 
29°3 
29°4 
29°5 
29°06 
29°7 
29°8 
29°9 


30°0 
30°1 
30°2 
3o°3 
30°4 
39°5 
30°60 
30°7 
30°8 
39°9 


31°0 


16 


Loc I (x) FRoM x=1-0 To x= 


50:9 BY: 


O1 


x=31-0 to 36-0 


31°0 
31° 
31°2 
31°3 
31°4 
31°5 
31°6 
31°7 
31°8 
31°9 


32°0 
32° 
32:2 
32°3 
32°4 
32°5 
32°6 
32°7 
32°8 
32°9 


33°0 
33°1 
33°2 
33°3 
33°4 
33°5 
33°6 
33°7 
338 
33°9 


34:0 
34°1 
34:2 
34°3 
34°4 
34°5 
34°6 
34°7 
34°8 
34°9 


35°0 
3571 
35°2 
35°3 
35°4 
35°5 
35°6 
35°7 
35°8 
35°9 


36-0 


32°4236601 
32°5721631 
32°7208081 
3278695945 
33°0185219 
33°1675898 
33°3167978 
33°4061455 
33°6156323 
33°7952579 


33°9150218 
34°0649235 
34°2149627 
34°3651388 
34°5154515 
34°6659004 
348164849 
349072047 
35°1180594 
35°2690486 


35°4201717 
35°5714285 
35°7228185 
35°8743413 
36:0259965 
361777837 
36°3297025 
36°4817525 
36°6339333 
36°7862445 


36°9386857 
37°0912565 
37°2439506 
37°3967856 
37°5497430 
37°7028285 
37°8560418 
38:0093824 
38-1628500 
38-3164442 


38°4701646 
38°6240109 
38-7779827 
389320797 
39°0863014 
39°2406476 
39°3951179 
39°5497119 
39°7944292 
39°8592696 


40°0142326 


32°4385040 
32°5870212 
32°7356804 
32°8844809 
33°0334224 
33°1825043 
33°3317263 
33°4810879 
33°6305886 
33°7802281 


33°9300057 
34°0799212 
34°2299741 
34°3801639 
345304903 
34°6809527 
34°8315508 
34°9822841 
35-1335 523 
35°2841549 


35°4352914 
35°5865615 
35°7379648 
35°8895009 
36°0411693 
36°1929697 
36°3449016 
36°49609647 
36°6491585 
36-801 4828 


36°9539369 
37°1065207 
37°2592337 
37°4120755 
37°5650458 
37°7181441 
37°8713701 
38°0247234 
38°1782037 
38°3318105 


38°4855436 
38°6394024 
38-7933868 
38:9474963 
39°101 7305 
39°2560891 
39°4105717 
39°5051781 
39°7199077 
39°8747604 


40°0297357 


32°4533493 
32°6018808 
32°7505541 
32°8993687 
33°0483242 
33°1974202 
33°3466562 
33°4960317 
33°6455463 
33°7951996 


33°9449911 


34°0949204 | 


34°2449869 
34°3951904 
3475455304 
34°6960064 
34°8466181 
34°9973649 
35°1482465 
35°2992625 


35°4504124 
35°6016959 
35°7531125 
35°9040618 
36:0503434 
36°2081570 
36-3601020 
36°5121782 
36°6643851 
36°8167223 


36-9691895 
37°121 7862 
37°2745121 
37°4273668 
37°5803499 
37°7334610 
37°8866997 
38-0400658 
38°1935587 
38-3471 782 


38:5009238 
38-6547952 
38°8087921 
389629141 
391171607 
39°2715318 
39°4260268 
39°5806455 
39°7353875 
39°8902524 


40°0452399 


32°4681961 
32°6167417 
32°7054292 
32°9142579 
33°0032275 
33°2123375 
33°3615875 
33°5109769 
33°6605054 
338101726 


33°9599778 
34°1099208 
34°2600011 
34°4102183 
34°56005719 
34°71 10615 
34°8616867 
35°0124470 
35°1633421 
35°3143715 


35°4655348 
35°6168316 
35°76826015 
35°9198240 
30°0715189 
30°2233456 
36°3753037 
36°5273930 


-36°6796130. 


36°8319632 


36°9844433 
37°1370530 
37°2897918 
37°4426593 
37°5950552 
37°7487791 
37°9020306 
38°0554094 
38-2089150 
38°3625471 


385163053 
38°6701893 
38-°8241987 
38-9783331 
39°1325922 
39°2869757 
39°4414831 
39°5901141 
39°7508684 
39°9057456 


40°0007454 


32°4830442 
32°6316041 
32+7803057 
32°9291485 
33°0781322 
33°2272562 
33°3765202 
33°5259235 
33°6754659 
33°8251469 


33°9749059 
34°1249227 
34°2750167 
34°4252475 
34°5756147 
34°7201179 
34°8767566 
35°0275305 
35°1784390 
35°3294818 


35°4806585 
35°0319686 
35°7834117 
35°9349876 
36:0866956 
36°2385355 
36°3905068 
36°5426091 
36°6948421 
36°8472054 


36°9996985 
37°1523211 
37°3050728 
37°4579531 
37 6109619 
37°7640985 
37°9173628 
38:0707542 
38°2242725 
38°3779172 


38-5316880 
38°6855846 
38-8396065 
38°9937534 
39°1480250 
39°3024209 
39°4569407 
39°6115840 
39°7663506 
39°9212401 


‘| 40:0762521 


Pa Nae Pee eT a ee eee aS 


Se a Se 


z=31-0 to 36-0 LoGI' (x) FRoM x= 1:0 To = 50-9 


BY -01 


17 


32°4978938 
32°6464679 
32°7951836 
32°9440406 
3370930383 
33'2421763 
33°3914542 
33°5408715 
33'6904278 
33°8401226 


33°9899554 
34°1399259 
34°2900336 
34°4402781 
34°5906590 
34°7411757 
34°8918279 
35°0426153 
35°1935372 
35°3445934 


35°4957835 
3576471069 
35°7985634 
35°9501524 
36°1018737 
36°2537267 
36°4057111 
36°5578266 
36°7100726 
36°8624489 


37°9149549 
37°1675904 
37°3293550 
37°4732482 
37°6262698 
37°7794192 
37°9326962 
38-0861003 
382396313 
38°3932886 


38°5470720 
38-7009812 
38°8550156 
39°0091750 
39°1634590 
39°3178673 
39°4723994 
39°6270551 
39°7818341 
39°9367358 


40°091 7601 


32°5127448 
32°661 3331 
328100630 
32°9589340 
33°1079458 
33°2570978 
33°4063897 
33°5558209 
33°7053910 
33°8550997 


34°0049463 
34°1549305 
34°3050519 
34°4553101 
34°6057045 
34°7562348 
34°9069006 
35°0577014 
35°2086368 
35°3597064 


3575109098 
35°6622466 
35°8137163 
3579653186 
36°1170530 
36:2689192 
36°4209168 
36°5730453 
30°7253044 
36°8776936 


37°0302127 
37°1828611 
37°33560386 
37°4885446 
37°6415790 
37°7947412 
37°9480309 
38-1014477 
38°2549913 
38-4086613 


38°5624573 
38-7163790 
38°8704259 
39°0245978 
39°1788942 
39°3333149 
39°4878595 
39°6425275 
39°7973187 
39°9522327 


40°1072692 


32°5275973 
32°6761997 
32°8249437 
32°9738289 
33°1228547 
33°2720207 
33°4213265 
33°5797717 
33°7203557 
33°8700781 


34°0199385 
34°1699365 
34°3200716 
34°4793434 
34°6207514 
34°7712953 
34°9219746 
35°0727889 
35°2237377 
35°3748207 


35°5200375 
35°6773876 
35°8288706 
35°9804861 
30°1322337 
36-2841131 
36°4301237 


36°5882653 


36°7405374 
36°8929397 


37°9454717 
37°1981330 
37°3599234 
37°5038423 
37°6568894 
37°8100644 
37°9633669 
38°1167964 
38°2703526 
38°4240352 


385778438 
38°7317780 
38°8858375 
39°0400218 
39°19433097 
39°3487638 
39°5033207 
39°6580010 
39°8128046 


39°9677309 
40°1227796 


32°5424511 
32°6910677 
32°8398259 
32°9887251 
33°1377650 
33°2869450 
33°4362648 
33°5857238 
33°7353217 
33°8850580 


34°0349322 
34°1849439 
34°3350926 
34°4853781 
34°6357997 
34°7863572 
34°9370500 
35°0878777 
35°2388400 
35°3899364 


35°5411005 
3576925299 
35°8440262 
35°9959549 
30°1474157 
36°2993082 
36°4513320 
36°6034867 
36°7557718 
36°9081871 


37°0607320 
37°2134063 
37°3662095 
37°5191413 
37°6722012 
37°8253889 
37°9787041 
38°1321463 
38°2857152 
38°4394104 


38°5932316 
38-7471 783 
38-9Q012503 
39°0554471 
39°2097685 
39°3642139 
39°5187832 
39°9734759 
39°8282917 
39°9832302 


40°1382912 


32°5573064 
32°7059372 
32°8547095 
33°0036228 
33°1526767 
33°3018707 
33°4512044 
33°6006774 
33°7502891 
33°9000392 


34°0499271 


34°1999526 |: 


34°3501150 
34°5004T41I 
34°6508494 
34°801 4204 
34°9521267 
35°1029679 
35°2539436 
35°4959534 


3575502969 
35°7076736 
35°8591831 
360108251 
36°1625991 
36°3145047 
36°4665416 
36:6187093 
36°7710075 
36°9234357 


37°9759936 
37°2286808 
37°3814969 
37°5344415 
37°0875142 
37°8407147 
37°9940426 
38°1474975 
38°3010791 
38-4547869 


38:6086206 
38°7625799 
38-9166644 
39°0708737 
39°2252074 
39°37960653 
39°5342469 
39°6889519 
39°8437800 
39°9987308 


40°1538040 


31°0 
31° 
31°2 
31°3 
31°4 
31°5 
31°6 
31°7 
31°83 
31°9 


32°0 
321 
32-2 
32°3 
32°4 
32°5 
2270 
32°7 
32°8 
32°9 


330 
33°71 
33°2 
33°3 
33°4 
33°5 
33°6 
33°7 
338 
339 


34:0 
34°1 
34°2 
34°3 
34°4 
34°5 
34°6 
34°7 
34'8 
34°9 


35°0 
351 
35°2 
353 
35°4 
35°5 
35°6 
35°7 
358 
35°9 


36-0 


18 Loe f(x) FRoM «= 1-0. To x= 50-9 BY -01 2=36-0 to 41-0 
0 1 2 3 4 
36:0 | 40°0142326 | 12 | 40°0297357 | 12 | 40°0452399 | I2 | 40°0607454 | 12 | 40°0762521 | 12 
36-1 | 40°1693180 | 12 | 40°1848333 | 12 | 40°2003498 | 12 | 40°2158674 | 12 | 40°2313864 | 12 
36:2 | 40°3245254 | 12 | 40°3400528 | 12 | 40°3555815 | 12 | 40°371II13 | 12 | 40°3866424 | 12 
36-3 | 40°4798544 | 12 | 40°4953940 | 12 | 40°5109348 | 12 | 40°5264768 | 12 | 40°5420200 | 12 
36-4 | 40°6353047 | 12 | 40°6508564 | 12 | 40°6664093 | 12 | 40°6819634 | 12 | 40°6975187 | 12 
36°5 | 40°7908760 | 12 | 40°8064397 | 12 | 40°8220047 | 12 | 40°8375709 | 12 | 40°8531383 | 12 
36-6 | 40°9465679 | 12 | 40°9621437 | 12 | 40°9777207 | I2 | 40°9932989 | 12 | 41:0088783 | 12 
36°7 | 411023801 | 12 | 41°1179679 | 12 | 41°1335569 | 12 | 41°1491472 | 12 | 41°1647386 | 12 
36°8 | 41°2583123 | 12 | 41°2739121 | 12 | 41°2895131 | 12 | 41°3051152 | 12 | 41°3207186 | 12 
36°9 | 41°4143640 | 12 | 41°4299758 | 12 | 41°4455887 | 12 | 41°4612029 | 12 | 41°4768182 | 12 
37°0 | 41°5705351 | 12 | 41°5861588 | 12 | 41°6017837 | 12 | 41°6174097 | 12 | 41°6330369 | 12 
37°I | 41°7268252 | 12 | 41°7424608 | 12 | 41°7580975 | 12 | 41°7737354 | 12 | 41°7893745 | 12 
37°2 | 41°8832340 | 12 | 41°8988813 | 12 | 41°9145299 | I2 | 41°9301797 | 12 | 41°9458306 | 12 
37°3 | 420397610 | 12 | 42°0554202 | 12 | 42:0710806 | 12 | 42°0867422 | 12 | 42°1024049 | 12 
37°4 | 42°196406I1 | I2 | 42°2120771 | 12 | 42°2277492 | 12 | 42°2434226 | 12 | 42°2590971 | 12 
37°5 | 42°3531688 | 12 | 42°3688516 | 12 | 42°3845355 | 12 | 424002206 | 12 | 42°4159068 | 12 
37°6 | 42°5100490 | 12 | 42°5257434 | 12 | 42°5414391 | 12 | 42°5571358 | 12 | 42°5728338 | 12 
37°7 | 42°6670462 | 12 | 42°6827523 | 12 | 42°6984596 | 12 | 42°71 41681 | 12 | 42°7298777 | 12 
37°8 | 42°8241601 | 12 | 42°8398779 | 12 | 42°8555968 | 12 | 42°8713170 | 12 | 42°8870383 | 12 
37°9 | 429813904 | I2 | 42°9971198 | 12 | 43°0128504 | 12 | 43°0285822 | 12 | 43°0443151 | 12 
38:0 | 43°1387369 | 12 | 43°1544779 | 12 | 43°1702201 | 12 | 43°1859634 | 12 | 432017079 | 12 
38-1 | 43°29619Q1 | 12 | 43°3119517 | 12 | 43°3277055 | 12 | 43°3434604 | 12 | 43°3592164 | 12 
38-2 | 43°4537769 | 12 | 434695410 | 12 | 43-4853063 | 12 | 43°5010727 | 12 | 43°5168403 | 12 
38°3 | 43°6114699 | II | 43°6272455 | II | 43°6430222 | 11 | 43°6588002 | 11 | 43°6745792 | II 
38-4 | 43°7692777 | II | 43°7850648 | 11 | 43°8008530 | 11 | 43°8166424 | 11 | 43°8324329 | II 
38-5 | 43°9272001 | II | 439429986 | II | 43°9587983 | II | 43°9745991 | II | 43-Q9040II | II 
38°6 | 44°0852368 | II | 44°1010468 | II | 44°1168578 | I1 | 44°1326701 | 11 | 44°1484834 | II 
38°7 | 44°2433875 | II | 44°2592088 | II | 44°2750313 | II | 44°2908549 | II | 44°3066796 | 11 
38°8 | 44°4016519 | II | 4474174845 | II | 44°4333184 | II | 44°4491533 | II | 4474649894 | 11 
38°9 | 44°5600296 | II | 44°5758736 | II | 4475917188 | II | 44°6075650 | 11 | 44°6234124 | II 
39°0 | 44°7185205 | IT | 44°7343758 | II | 44°7502322 | II | 44°7660897 | 11 | 44°7819484 | II 
39°L | 44°8771241 | II | 44°8929907 | II | 44°9088584 | II | 44°9247272 | II | 44°9405971 | II 
39°2 | 45°0358403 | II | 45°0517181 | II | 45°0675970 | II | 45°0834770 | II | 45:0993582 | II 
39°3 | 45°1946686 | IT | 45°2105576 | II | 45°2264477 | II | 45°2423390 | II | 452582313 | 11 
39°4 | 45°3536089 | IT | 45°3695091 | IT | 453854104 | II | 45°4013128 | 11 | 45°41 72163 | 11 
39°5 | 45°5126608 | IT | 45°5285722 | IT | 4575444846 | 11 | 45°5603981 | II | 45°5763128 | IT 
39°6 | 45°6718241 | IT | 45°6877466 | IT | 45°7036701 | II | 45°7195948 | II | 45°7355205 | IL 
39°7 | 45°8310985 | 11 | 45°8470320 | II | 45°8629666 | 11 | 45°8789024 | II | 45°8948392 | II 
39°8 | 45°9904836 | II | 46:0064282 | II | 46:0223739 | II | 46:0383207 | II | 46°0542686 | 11 
39°9 | 46°1499792 | II | 46°1659349 | II | 46°1818916 | II | 46°1978494 | II | 46°:2138084 | IT 
40°0 | 46°3095851 | II | 46°3255517 | IT | 46°3415194 | II | 46°3574883 | 11 | 46°3734582 | 11 
40°L | 46°4693009 | II | 46°4852785 | II | 46°5012572 | 11 | 46°5172370 | II | 465332179 | II 
40°2 | 46°6291263 | II | 46°6451149 | II | 46°6611046 | II | 46°6770953 | II | 46°6930872 | II 
40°3 | 46°7890612 | II | 46°8050607 | II | 46°8210612 | 11 | 46°8370629 | 11 | 46°8530657 | Ir |, 
40°4 | 46°949I105I | II | 46°9651155 | II | 46°9811270 | II | 46-9971396 | II | 47°0131532 | II 
40°53 | 47°1992579 | IT | 47°1252792 | IT | 47°1413015 | II | 47°1573250 | IL | 47°1733495 | 11 
40°60 | 47°2695193 | II | 47°2855514 | IL | 47°3015846 | IL | 47°31 76188 | 11 | 47°3336542 | 11 
40°7 | 47°4298890 | IT | 47°4459319 | II | 474619759 | II | 47°4780210 | II | 47°4940671 | II 
40°8 | 47°5903667 | II | 47°6064204 | II | 47°6224751 | II | 47°6385310 | II | 47°6545879 | 11 
40°9 | 47°7509521 | II | 47°7670166 | II | 47°7830821 | 11 | 47°7991487 | II | 47°8152164 | II 
410 | 47°9116451 | II | 479277203 | IL | 47°9437905 | 11 | 47°9598739 | 11 | 47°9759523 | 11 


x=36-0 to41-0 Log I(x) FRoM «=1-0 To #= 50:9 BY -01 19 
5 6 7 8 9 
40°091 7601 | 12 | 40°1072692 | 12 | 40°1227796 | 12 | 40°1382912 | 12 | 40°1538040 | 12 | 36-0 
40°2469065 | 12 | 40°2624278 | 12 | 40°2779504 | 12 | 40°2934742 | 12 | 40°3089992 | 12 | 36°1 
40°4021747 | 12 | 40°41 77082 | 12 | 40°4332429 | 12 | 40-4487789 | 12 | 40°4643160 | 12 | 36-2 
40°5575644 | 12 | 40°5731100 | I2 | 40°5886569 | 12 | 40:6042050 | 12 | 40°6197542 | 12 | 3673 
40°7130752 | 12 | 40°7286330 | I2 | 40°744191Q | 12 | 40°7597521 | 12 | 40°7753134 | 12 | 36°4 
40°8687069 | 12 | 40°8842767 | 12 | 40°8998477 | 12 | 40°9154199 | 12 | 40°9309933 | 12 | 36°5 
41°0244590 | I2 | 41°0400408 | 12 | 41:0556238 | 12 | 41:0712080 | 12 | 41:0867935 | 12 | 36°6 
41°1803312 | 12 | 41°1959250 | 12 | 41°2115200,| 12 | 41-2271162 | 12 | 41°2427136 | 12 | 36°7 
41°3363232 | 12 | 41°3519290 | 12 | 41°3675360 | 12 | 41°3831441 | 12 | 41°3987535 | 12 | 36°38 
41°4924347 | 12 | 41°5080524 | 12 | 41°5236713 | 12 | 41°5392914 | 12 | 41°5549127 | 12 | 36-9 
41°6486653 | 12 | 41°6642949 | 12 | 41°6799257 | 12 | 41°6955577 | 12 | 41°7II1g90g | I2 | 37°0 
41°8050148 | 12 | 41°8206563 | 12 | 41°8362989 | 12 | 41°8519427 | 12 | 41°8675878 | 12 | 37°1 
41°9614827 | 12 | 41°9771360 | I2 | 41°:9927905 | I2 | 420084462 | 12 | 42:0241030 | I2 | 37-2 
42°1180688 | 12 | 42°1337339 | 12 | 42°1494002 | 12 | 42°1650677 | 12 | 421807363 | 12 | 37:3 
42°2747728 | 12 | 42°2904496 | 12 | 423061277 | 12 | 42°3218069 | 12 | 42°3374873 | 12 | 37°4 
42°4315943 | 12 | 42-4472829 | 12 | 42-4629726 | 12 | 42-4786636 | 12 | 42:4943557 | 12 | 37°5 
42°5885329 | 12 | 42°6042333 | 12 | 42°6199347 | 12 | 42°6356374 | 12 | 42°651341T2 | I2 | 37°6 
42°7455885 | 12 | 42°7613005 | 12 | 42°7770137 | I2 | 42°7927280 | 12 | 428084434 | 12 | 37°7 
42°9027607 | 12 | 42°9184843 | 12 | 429342091 | 12 | 42°9499350 | I2 | 42:965662I | 12 | 37°8 
43°0600491 | 12 | 43°0757844 | 12 | 43°0915208 | 12 | 43:1072583 | 12 | 43°1229970 | 12 | 37°9 
43°2174535 | 12 | 43°2332004 | 12 | 43°2489483 | 12 | 43°2646974 | 12 | 43°2804477 | 12 | 38-0 
43°3749736 | 12 | 43°3907320 | 12 | 434064915 | 12 | 43°4222521 | 12 | 43°4380139 | 12 | 38-1 
43°5326090 | 12 | 43°5483789 | 12 | 435641499 | 12 | 43°5799221 | II | 43°5950954 | II | 38:2 
43°6903594 | IT | 43°7061408 | II | 437219233 | II | 43°7377069 | II | 43°7534917 | II | 38:3 
43°8482246 | II | 43°8640174 | II | 43°8798114 | II | 43°8956065 | II | 43-9114027 | I1 | 38-4 
44°0062042 | II | 44°0220084 | II | 44°:0378138 | II | 44°0536203 | II | 44:0694280 | II | 38°5 
44°1642979 | II | 44°1801136 | II | 44°1959303 | II | 44°2117483 | II | 44:2275673 | 11 | 38-6 
44°3225055 | II | 44°3383325 | 11 | 44°3541606 | II | 44:3699899 | II | 44°3858203 | II | 38-7 
44°4808266 | II | 44°4966649 | II | 44°5125044 | II | 4475283450 | II | 44°5441868 | 11 | 38-8 
44°6392609 | II | 44°6551106 | II | 44°6709614 | II | 44:6868133 | II | 44°7026663 | II | 38-9 
44°7978082 | II | 44°8136601 | II | 44°8295312 | II | 44°8453944 | II | 44°8612587 | II | 39°0 
44°9504681 | II | 44:9723403 | II | 44:9882136 | II | 45°0040880 | II | 45°0199636 | Ik | 39°1 
45°1152404 | IT | 45°1311238 | II | 45°1470084 | II | 45°1628940 | II | 45°1787808 | II | 39:2 
45°2741248 | II | 45°2900194 | II | 45°3059151 | IT | 45°3218119 | IT | 45°3377099 | II | 39°3 
45°4331209 | II | 45°4490267 | II | 45°4649336 | II | 45°4808415 | II | 45°4967506 | II | 39°4 
45°5922286 | II | 45°6081455 | II | 45°6240635 | LI | 45°6399826 | II | 45°6559028 | II | 39°5 
45°7514474 | II | 45°7673754 | II | 45°7833045 | 11 | 45°7992347 | 11 | 45°8151660 | Ir | 39-6 
45°9107772 | II | 459267163 | IT | 45°9426564 | IT | 45°9585977 | II | 45°9745401 | II | 39°7 
46°0702176 | II | 46:0861677 | II | 46-1021190 | II | 46°1180713 | II | 46°1340247 | II | 39°8 
46°2297684 | II | 46°2457295 | II | 46°2616918 | II | 46°2776551 | II | 46°2936195 | II | 39°9 
46°3894292 | II | 464054014 | II | 464213746 | II | 464373489 | II | 464533244 | II | 40-0 
46°5491999 | II | 46°5651830 | II | 46°5811672 | II | 46°5971525 | II | 46°6131389 | II | 40°! 
46-7090801 | II | 46°7250741 | II | 46°7410693 | II | 46°7570655 | 11 | 46°7730628 | II | 40°2 
46°8690695 | II | 46°8850745 | II | 46°9010805 | II | 46:9170876 | II | 46°9330958 | II | 40°3 
47°0291679 | 11 | 47°0451838 | II | 47°0612007 | II | 47°0772187 | II | 47°0932378 | II | 40°4 
47°1893751 | II | 47°2054017 | II | 47°2214295 | II | 47°2374584 | II | 47°2534883 | II | 40°5 
47°3490906 | 11 | 47°3657281 | II | 47°3817667 | II | 47°3978064 | II | 47°4138471 | II | 40°6 
47°5101143 | 11 | 47°5261626 | II | 47°5422120 | II | 47°5582625 | Il | 47°5743140| II | 40°7 
47°6706459 | II | 47°6867050 | II | 47°7027652 | II | 47°7188264 | II | 47°7348887 | II | 40°8 
47°8312852 | II | 47°8473550 | II | 47°8634259 | II | 47°8794979 | IT | 47°8955709 | II | 40°9 
47°9920318 | 11 | 48-0081123 | II | 48-0241939 | 11 | 48:0402766 | II | 48-0563604 | II | 41-0 


20 Loc T' (a) From x=1-0 To x= 50-9 BY -01 %=41-0 to 46-0 
0 1 2 3 4 
41-0 | 47°Q116451 | II | 47°9277203 | II | 47°9437965 | 11 | 47°9598739 | II | 47°9759523 | II 
4I°I | 48:0724452 | 11 | 48-0885311 | 11 | 48-1046181 | 11 | 48°1207062 | II | 48°1367953 | II 
41°2 | 48°2333524 | II | 48°2494490 | II | 48°2655466 | 11 | 48-2816453 | II | 48°2977451 | IT 
41°3 | 483943662 | II | 48-4104735 | II | 48-4265818 | 11 | 48-4426911 | II | 48-4588016 | 11 
41°4 | 48°5554865 | 11 | 48-5716044 | II | 48-5877233 | 11 | 48-6038433 | I1 | 48-6199644 | II 
41°5 | 48:7167130 | 11 | 48-7328414 | II | 487489710 | 11 | 48-7651016 | II | 48°7812332 | 11 
41°6 | 48-8780453 | 11 | 48°8941844 | I1 | 48°9103245 | II | 48:9264657 | II | 48°9426079 | II 
41°7 | 49°0394834 | II | 49°0556330 | II | 49°0717836 | 11 | 49°0879354 | II | 49°1040881 | 11 
41°8 | 49°2010268 | II | 49°2171870 | II | 49°2333481 | II | 49°2495104 | II | 49°2656737 | II 
41°9 | 49°3626754 | 10 | 49°3788461 | 10 | 49°3950177 | 10 | 49°4111905 | 10 | 49°4273643 | 10 
42°0 | 49°5244289 | 10 | 49°5406100 | 10 § 49°5567922 | 10 | 49°5729754 | 10 | 49°5891596 | Io 
42°1 | 49°6862871 | 10 | 49°7024786 | Io | 49°7186712 | 10 | 49°7348649 | 10 | 49°7510596 | 10 
42°2 | 49°8482496 | 10 | 49°8644516 | 10 | 49°8806546 | 10 | 49°8968587 | Io | 49°9130638 | IO 
42°3 | 50°0103163 | 10 | 50°0265287 | 10 | 50°0427421 | 10 | 50°0589565 | 10 | 50°0751720 | I0 
42°4 | 50°1724868 | 10 | 50°1887096 | 10 | 50°2049334 | 10 | 50°2211582 | 10 | 50°2373841 | 10 
42°5 | 50°334761I | 10 | 50°3509942 | 10 | 50°3672283 | 10 | 50°3834635 | 10 | 50°3996997 | 10 
42°6 | 50°4971387 | 10 | 50°5133821 | 10 | 50°5296266 | 10 | 50°5458721 | 10 | 50°5621186 | Io 
42°7 | 50°6596194 | 10 | 50°6758732 | 10 | 50°6921279 | 10 | 50°7083837 | I0 | 50°7246406 | IO 
42°8 | 50°8222031 | 10 | 50°8384671 | 10 | 50°8547322 | 10 | 50°8709982 | 10 | 50°8872653 | 10 
42°9 | 50°9848895 | 10 | 51:0011637 | 10 | 51°0174390 | 10 | 51°0337153 | 10 | 51°0499927 | IO 
43°0 | 51°1476782 | Io | 51°1639627 | IO | 51°1802482 | 10 | 51°1965348 | 10 | 51°2128223 | IO 
43°I | 51°3105092 | 10 | 51°3268639 | 10 | 51°3431596 | 10 | 51°3594563 | 10 | 51°3757541 | 10 
43°2 | 51°4735620 | 10 | 51°4898669 | 10 | 51-5061728 | 10 | 51°5224798 | 10 | 51°5387877 |. Io 
43°3 | 51°6366566 | Io | 51°6529717 | 10 | 51°6692877 | 10 | 51°6856048 | Io | 51:7019229 | IO 
43°4 | 51°7998527 | 10 | 51°8161779 | IO | 5178325041 | 10 | 51°8488313 | 10 | 51°8651595 | 10 
43°5 | 51°9631500 | 10 | 51°9794853 | 10 | 51°9958216 | 10 | 52:0121589 | 10 | 52:0284972 | IO 
43°6 | 52°1265483 | 10 | 52°1428936 | 10} 52°1592400 | 10 | 52°1755874 | 10 | 52°1919358 | IO 
43°7 | 52°2900473 | 10 | 52°3064027 | 10 | 52°3227592 | 10 | 52°3391166 | IO | 52°3554751 | 10 
43°8 | 52°4536469 | 10 | 52-4700124 | 10 | 52°4863788 | 10 | 52°5027463 | 10 | 52°5191148 | IO 
43°9 | 52°6173467 | 10 | 52°6337222 | 10 | 52-6500987 | 10 | 52:6664762 | 10 | 52°6828547 | 10 
44°0 | 52°7811467 | 10 | 52°7975322 | 10 | 52°8139186 | Io | 52°8303061 | 10 | 52°8466946 | Io 
44°I | 52°9450464 | 10 | 529614419 | 10 | 52°9778383 | 10 | 52°9942358 | IO | 53°0106342 | Io 
44°2 | 53°1090458 | 10 | 53°1254512 | 10 | 53°1418576 | 10 | 53°1582650 | 10 | 53°1746734 | IO 
44°3 | 53°2731445 | 10 | 53°2895599 | 10 | 53°3059762 | 10 | 53°3223935 | 10 | 53°3388118 | ro 
44°4 | 53°4373424 | 10 | 53°4537677 | 10 | 53°4701939 | 10 | 53°48662T1T | TO | 53°5030493 | 10 
44°5 | 53°6016392 | 10 | 53°6180744 | 10 | 53°6345105 | 10 | 53°6509475 | 10 | 536673856 | Io 
44°6 | 53°7660348 | 10 | 53°7824797 | 10 | 53°7989257 | 10 | 53°8153726 | 10 | 538318206 | Io 
44°7 | 539305287 | 10 | 53°9469836 | 10 | 53°9634393 | 10 | 53°9798961 | 10 | 539963539 | 10 
44°8 | 54°0951210 | 10 | 54°1115856 | 10 | 54°1280512 | 10 | 54°1445178 | 10 | 54°1609853 | 10 
44°9 | 54°2598113 | 10 | 54°2762857 | 10 | 54:2927611 | 10 | 54°3092374 | 10 | 54°3257148 | Io 
45°O | 54°4245993 | 10 | 54:4410835 | 10 | 544575687 | 10 | 54°4740548 | 10 | 54°4905419 | Io 
45°I | 54°5894850 | 10 | 54°6059789 | 10 | 54°0224738 | 10 | 54°6389697 | 10 | 54°6554666 | Io 
45°2 | 54°7544681 | 10 | 54°7709717 | 10 | 54°7874763 | 10 | 54°8039814 | 10 | 54°8204885 | Io 
45°3 | 54°9195483 | 10 | 54°9360616 | 10 | 54°9525759 | 10 | 54-9690912 | 10 | 54°9856075 | Io 
45°4 | 550847254 | 10 | 551012484 | 10 | 55°1177724 | 10 | 55°1342974 | 10 | 55°1508233 | 10 
45°5 | 55°2499993 | 10 | 55°2665320 | 10 | 55:2830656 | 10 | 552996002 | 10 | 55°3161358 | IO 
45°© | 55°4153696 | 10 | 55°4319120 | 10 | 554484553 | 10 | 55°4649995 | 10 | 55°4815447 | 10 
45°7 | 55°5808363 | 10 | 55°5973882 | 10 | 55°6139411 | 10 | 55°6304950 | 10 | 55°6470498 | 10 
45°8 | 55°7463990 | 10 | 55-7629606 | 10 | 55°7795231 | 10 | 55°7960865 | 10 | 558126510 | Io 
45°9 | 55°9120576 | 10 | 55°9286287 | 10 | 55°9452008 | 10 | 55°9617738 | 10 | 55°9783478 | 10 
46:0 | 56°077811g | 10 | 56:0943925 | 10 | 56°1109742 | 10 | 56°1275568 | 10 | 56:1441403 | 10 


47°9920318 
48°1528855 
48°3138460 
48°4749131 
48-6360865 
48°7973659 
48°9587512 
49°1202419 
49°2818380 
49°4435391 


49°0053449 
49°7972553 
49°9292699 
50°091 3886 
50°2530110 
50°4159370 
50°5783662 
50°7408984 
59°9935335 
51°0662710 


51°2291109 
51°3920529 
51°5550906 
51°7182420 
51°8814887 
52°0448305 
52°2082852 
52°3718345 
52°5354843 
52°6992342 


52°8630841 
53°9279337 
53°1910828 
53°3552311 
53°5194785 
53°6838247 
53°8482695 
540128126 
54°1774539 
54°3421931 


54°5070300 
54°6719644 
54°8369960 
55°0021247 
55°1673503 
55°3320724 
55°4980909 
55°6636056 
55°8292163 
55°9949228 


56-1607248 


48-0081123 
48-1689767 
48-3299479 
48-4910256 
48-6522097 
48°8134997 
48-9748955 
491363968 
49°2980034 
49°4597150 


49°0215313 
49°7834521 
49°9454771 
50°1076062 
50°2698390 
50°4321752 
5075946148 
59°7571573 
50°9198026 
51°0825504 


51°2454005 
51°4083527 
51°5714066 
51°7345021 
51°8978189 
52:0611769 
52°2246350 
52°3881950 
52°5518548 
52°7150147 


52°8794746 
53°0434341 
53°2074931 
53°3710514 
53°5359087 
53°7002047 
53°8647194 
54°0292723 
54°1939234 
54°3586724 


54°5235191 
54°6884632 
54°8535045 
55°0186429 
55°1838781 
55°3492099 
55°5146381 
556801624 
55°8457827 
56-0114987 


56°1773102 


48-0241939 
48-1850690 
48-3460509 
485071393 
48-6683339 
488296345 
48-9910409 
49°1525527 
49°3141698 
49°4758919 


49°6377187 
49°7996499 
49°9616854 
50°1238248 
50°2860679 
50°4484145 
50°6108644 
59°7734172 
50°9360728 
51:0988308 


51-2616912 
51°4240535 
51°5877176, 
51°7508832 
51°Q141502 
520775182 
52°2409870 
52°4045505 
52°5082263 
52°7319962 


52°8958660 
53°0598355 
53°2239045 
53°3880727 
53°5523398 
53°7167058 
53°8811702 
54°0457330 
54°2103939 
54°3751527 


54°5400091 
54°7049629 
54°8700140 
55°0351621 
55°2004070 
55°3057484 
55°5311862 
55°6967201 
55°8623500 
56:0280756 


56-1938966 


48°0402766 
48°2011624 
483621549 
48°5232539 
486844592 
48°8457704 
49°0071873 
49°1687097 
49°3303373 
49°4920698 


49°0539071 
49°8158488 
49°9778946 
59°1400444 
50°3022979 
50°4646549 
50°6271150 
50°7896782 
50°9523440 
511151123 


51°2779828 
51°4409553 
51°6040296 
517672054 
51°9304824 
52°0938605 
52°2573395 
52°4209189 
52°5845988 
52°7483787 


52°9122585 
53°0762380 
53°2403169 
53°4944949 
53°5087720 


53°7331478 | 


53°8976221 
54°'0621947 
54°2268654 


54°3916339 


54°5565001 
54°7214637 
54°8865245 
55°0510822 
55°2169368 
55°3822878 
55°5477352 
55°7132788 
55°87891 82 
56:0446534 


50:2104840 


48°0563604 
48°2172569 
48°3782600 
485393697 
48-7005855 
48°8619073 
49°0233348 
49°1848677 
49°3465058 
49°5082489 


49°6700965 
49°8320487 
49°9941049 
50°1562651 
50°3185290 
50°4808963 
50°6433667 
50°8059401 
50°9686162 
51°1313947 


51°2942755 
51°4572582 
51°6203426 
51°7835285 
51°9468157 
52°1102039 
52°2736929 
52°4372824 
52°6009723 
52°7647622 


52°9286520 
53°0920414 
53°2507302 
53°4209182 
53°5852051 
53°7495908 
53°9140749 
54°0786574 
54°2433378 
54°4081 161 


54°5729921 
54°7379954 
54°9930359 
55°'0082033 
55°2334675 
55°3988282 
55°5642853 
55°7298384 
55°8954874 
56-0612321 


56°2270723 


41‘0 
All 


45°9 
46°0 


0 1 2 3 
46°0 | 56:0778119 | 10 | 56°0943925 | IO | 56:1109742 | IO | 56°1275568 | 10 | 56°1441403 | Io 
46°I | 56°2436616 | 10 | 56:2602518 | 10 | 56:2768429 | 10 | 56:2934351 | 10 | 56°3100281 | Fo 
46:2 | 56:4096065 | IO | 56°4262062 | 9 | 56°4428069}| 9 | 56°4594085| 9 | 56°4760I111 
46°3 | 56°5750465 | 9 | 56°5922557| 9 | 56°6088658 | 9 | 56°6254770| 9 | 566420890 
46°4 | 56°7417813 | 9 | 56°7583999| 9 | 56°7750196| 9 | 56°7916401 | 9 | 56°8082617 
46°5 | 56:9080107 | 9 | 56°9246388| 9 | 56°9412679| 9 | 56°9578979| 9 | 56°9745289 
46°6 | 57°0743345 | 9 | 57°0909720| 9 | 571076105 | 9 | 5771242500} 9 | 57°1408904 
46°7 | 57°2407525 | 9 | 57°2573994| 9 | 57°2740474| 9 | 57:2906962 | 9 | 57°3073460 
46°8 | 57°4072645 | 9 | 57°4239208 | 9 | 57°4405781 | 9 | 57°4572364| 9 | 57°4738956 
46°9 | 57°5738703 | 9 | 57°5905360| 9 | 57°6072027| 9 | 57°6238703 | 9 | 57°6405388 
47°O | 57°7405097 | 9| 57°7572448| 9 | 57°7739208| 9 | 57°7905977| 9 | 57°8072756 
47° | 57°9073025 | 9 | 57°9240469 | 9 | 57°9407322| 9 | 57°9574185 | 9 | 57°9741057 
47°2 | 58:0742485 | 9 | 58:0909422 | 9 | 58:1076368 | 9 | 58°1243324| 9 | 58-1410289 
47°3 | 58°2412275 | 9 | 582579305 | 9 | 582746344 | 9 | 582913393 | 9 | 583080450 
47°4 | 58-4082992 | 9 | 584250115 | 9 | 584417247 | 9 | 584584388 | 9 | 584751539 
47°5 | 58°5754636 | 9 | 58°5921851 | 9 | 58°6089076 | 9 | 58°6256309 | 9 | 586423552 
47°© | 58°7427204 | 9 | 58°7594511 | 9 | 58°7761828| 9 | 58-7929154| 9 | 58-8096489 
47°7 | 58:9100694 | 9 | 589268093 | 9 | 58°9435502| 9 | 58:9602920| 9 | 58°9770347 
47°8 | 59°0775103 | 9 | 59°0942595| 9 | 59°I110096| 9 | 59°1277605| 9 | 59°1445124 
47°9 | 59°2450431 | 9 | 59°2618015| 9 | 59°2785607| 9 | 59°2953208 | 9 | 59°3120819 
48-0 | 59°4126676 | 9 | 59°4294350| 9 | 59°4462034| 9 | 59°4629727| 9 | 59°4797429 
48-1 | 59°5803834 | 9 | 59°5971600 | 9 | 59°6139375| 9 | 59°6307159| 9 | 59°6474953 
48-2 | 59°7481905 | 9 | 59°7649762 | 9 | 59°7817628| 9 | 59°7985504 | 9 | 59°8153388 
48-3 | 59°9160886 | 9 | 59°9328834 | 9 | 59°9496791 | 9 | 59°9664758| 9 | 59°9832733 
48-4 | 60:0840776 | 9 | 60-1008815 | 9 | 60-1176863 | 9 | 60°1344920| 9 | 60°1512986 
48°5 | 60°2521572 | 9 | 60:2689702 | 9 | 60:2857840| 9 | 60°3025988 | 9] 60°3194144 
48-6 | 60°4203273 | 9 | 60°4371493 | 9 | 60°4539722| 9 | 60°4707960 | 9 | 60-4876207 
48-7 | 60°5885877 | 9 | 60°6054187| 9 | 60°6222506| 9 | 60:6390834 | 9 | 60°6559171 
48°8 | 60°7569382 | 9 | 60:7737782 | 9 | 60:79g06191 | 9 | 60°8074609 | 9 | 60°8243036 
48-9 | 60:9253786 | 9 | 60:°9422276 | 9 | 60°9590775 | 9 | 60:9759283 | 9 | 609927799 
49°0 | 61:0939088 | 9 | 61-1107667| 9 | 61-1276256| 9 | 61°1444853 | 9 | 61-1613459 
49°I | 61°2625285 | 9] 61:2793954 | 9 | 61:2962631/ 9 | 61°3131318| 9 | 61-3300014 
49°2 | 61°4312375 | 9 | 61-4481133 | 9 | 61-4649900| 9 | 61-4818676| 9 | 61°-4987461 
49°3 | 61°6000357 | 9 | 61:6169204 | 9 | 61:6338061 | 9 | 61°6506926| 9 | 61°6675799 
49°4 | 61°7689229 | 9 | 61-7858165 | 9/ 61°8027110| 9 | 61°8196064 | 9 | 61-8365027 
49°5 | 61°9378990 | 9 | 61:9548014 | 9 | 61°9717048| 9 | 61-9886090| 9 | 62:0055142 
49°6 | 62°1069636 | 9 | 62:1238749| 9 | 62:1407871 | 9 | 62°1577002| 9 | 62°1746142 
49°7 | 62:2761167 | 9 | 62:2930369 | 9 | 62°3099579| 9 | 62°3268798 | 9 | 62°3438027 
49°8 | 62°4453581 | 9 | 62:4622870| 9 | 62:4792169| 9 | 62°4961476| 9 | 62°5130793 
49°9 | 62°6146875 | 9 | 62:6316253| 9 | 62°6485640| 9 | 62°6655035| 9 | 62°6824439 
50°0 | 62°7841049 | 9 | 62-8010514} 9 | 62°8179989 | 9 | 62°8349472 | 9 | 62°8518964 
50°I | 62°9536100 | 9 | 62:9705653 | 9 | 62:9875215| 9 | 63:0044786] 9 | 63°0214365 
50°2 | 63°1232026 | 9 | 62:1401667! 9 | 63°1571316| 9 | 63°1740975 | 9 | 63°1910642 
50°3 | 3°2928826 | 9 | 633098555 | 9 | 633208291 | 9 | 63°3438037 | 9 | 63°3607791 
50°4 | 63°4626499 | 9 | 63-4796314 | 9 | 63-4966138 | 9 | 63°5135970| 9 | 63°5305812 
50°5 | ©3°0325042 | 9 | 63-6494944 | 9 | 63-6664854 | 9 | 636834774 | 9 | 63°7004702 
50° | 63°8024453 | 9 | 63°8194442 | 9 | 63°8364439| 9 | 63°8534445| 9 | ©3°8704460 
59°7 | ©3°9724731 | 9 | 63-9894806 | 9 | 64:0064890 | 9 | 64:0234983 | 9 | 64:0405084 
50°8 | 64°1425874 | 9 | 64:1596036| 9 | 64°1766206] g | 64-1930385| 9 | 64°2106573 
50°9 | 64°3127881 | 9 | 64*3298129 | 9 | 64°3468385 | 9 | 64-3638051 | 9 | 64°3808925 


OODOODOODOHOGO OCOODOOOOOODO OOWODNOOOOOO OOOO UUUNWUNUH WONWONWUNUNUNUUNO 


“rs 


2=46-0 to 50:9 Logi (x) FRoM x= 1-0 To x= 50-9 By -01 23 
5 6 7 8 9 
56°1607248 | 10 | 56°1773102 | 10 | 56°1938966 | 10 | 56-2104840 | 10 | 56:2270723 | 10 | 46-0 
56°3266221 | 10 | 56°3432171 | 10 | 56°3598130 | 10 | 56°3764099 | I0 | 56°3930077 | 10 | 46-1 
56:4926146| 9 | 565092191 | 9 | 56°5258245| 9 | 56°5424309| 9 | 56°5590382| 9 | 46:2 
566587020 | 9 | 56°6753160| 9 | 56°6919309| 9 | 56°7085467| 9 | 56°7251635| 9 | 4603 
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INTRODUCTION 


The subject of cubature does not seem, hitherto, to have attracted much 
attention in spite of the many works that have been written on quadrature; 
but it may well be of considerable importance, especially in numerical work, 
owing to the frequent occurrence in analysis of double integrals that do not 
admit of exact integration. 

The principal object of this papér is to deduce cubature formulae from 
bivariate central difference interpolation formulae; for since these always 
base the value of a function on its values at the ‘nearest’ points at which 
it is known, it was thought that they might give rise to very satisfactory 
cubature formulae. But, in order that the reader might have readily at his 
disposal those univariate quadrature formulae which he is most likely to 
need, and to provide him with central difference quadrature formulae for one 
variate before proceeding to the discussion of the bivariate case, it has been 
thought desirable to insert a chapter on quadrature. 

While an attempt has been made to give a brief résumé of current quad- 
rature formulae no proofs are provided, except where central difference 
quadrature formulae—believed to be novel—are concerned. Reference to 
the sources are provided in a bibliographical appendix. Mr J. O. Irwin 
recently had to determine the approximate values of a number of double 
integrals and the work led him to a series of central difference cubature 
formulae, which appear likely to be of service to computers in general. The 
cubature portion of this tract as well as the central difference quadrature 
formulae of the first part, are—as far as he is aware—now published for the 
first time. . 
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ON QUADRATURE AND CUBATURE 
OR 


| ON METHODS OF DETERMINING APPROXIMATELY 
SINGLE AND DOUBLE INTEGRALS 


By J. O. Irwin, B.A. Cantab. 


PART I. QUADRATURE 


A. QUADRATURE BY EQUI-DISTANT ORDINATES 


| Before we proceed to the discussion of any new formulae, it may be well to 
igive some account of the usual methods of quadrature*. ? 

' Consider the area of any curve bounded by the ordinates at the points 
1%, Zp, the curve itself and the axis of 2, and let us suppose the base divided 
linto p equal portions of length h, by the ordinates 2, 2,, 2....2). Then for ob- 


: P Bay h 

‘taining approximations to the area | zdx (= zda, if our origin is taken at ny) 
| 39 | 0 
twe may use either the extreme ordinates 2, 2, 22.-.%p, OF the mid-ordinates 


Z1, 23, Z5...2, 1 of the constituent trapezettes. 
ma 686°C Pp-z 


ae 
i ‘ 
' 1 
1 ' 
1 ‘ 


Lp > 


Fig. 1 


The fundamental formulae are the Euler-McLaurin formulae 


vp 1 ..d2 Ae as he dz p 
["sde= Ao—| is se a5 gat 50m de. “tee ht) 


Xp t de ar me. Sih vz “p 
[ ‘2de= Art loa! dex 5760 dat 967680 da® | — (8), 


v9 


* This collection of well-known formulae is taken from Biometrika, Vol. 1, pp. 273—278. I am 


indebted to Professor Pearson for permission to use it, 
| : 1—2 
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where ne ee . + 25-1 + $2p), 
Ap=h(ti+2g+ 2+ -+ 2p ~3 + 2p_ a) 
and the values of the expressions in square bree ee to be calculated at 
the points 2, 2, and the former subtracted from the latter. | 
For purposes of practical work the differential coefficients in these formulae ; 
can be replaced by differences, when we reach 


x. 
[ de = At hy, A yeh? + yA? — vy AS.) (2, = 2), 


. vo 
Lp 
i 2da = Ap—h (yy A—yy A?+ ys A®—y/ A+...) (21+ 2p — 4). 
a9 ; : | 
In these formulae A operating on z, and z,_1 must be taken backwards, 
1.€. Azy=Zp)_-1— 2p and A2y 4 = 2p 8 — Zp -3 aay Az = 2 — 2, Azr= 2g — 24. 4 


The values of the coefficients y are: 


1 ='083,3333 yy’ =°041,6667 
yo = 041,667 ye’ = 041,667 
¥; = '026,3889 W = 038,7153 
ys ='018,7500 yi =°035,7639 
ys ='014,2692 ys =-033,1918 
ye =011,3674 yc = 030,9989 
y; ='009,3565 yr = -029,1253 
ye = 007,8925 ys = 027,5110 
¥) = 006,7858 yo = -026,1066 
yo = 005,924 yw! = 024,8732 
Yu = 005,2367 yu’ = 023,7807 
vy = 004,6775 yw! = 022,8052 


Mis = '004,2150 

14 = '003,8269 

Professor Pearson has pointed out that these Euler-McLaurin formulae (the! } 
correction terms being, as they usually are, small) give equal weight to all 
the ordinates except the first and last, in the principal portions Ag and A> of { 
the formulae; a circumstance which is of great importance when the ordinates i 
are observations which are liable to error. : 
Although they will give the best possible results if we go to the complete — 
system of differences for the ordinates, to do so involves very great labour, and — 
if only three or four y’s are used, they are not the best coefficients by which to — 
multiply the successive differences. j 
For these reasons the following formulae, in which the number of ordinates — 
used is a multiple of 2, 3, 4, 6 ... etc., are preferable, 
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| Simpson’s Rule (2p elements). 
[ “sae = th la) +2 (Zot 2, + 00. + Zaps) + Sop + 4 (Sy + Sg+-.- + Zop_r)}...(). 
0 
| Newton's Rule (3p elements). 


eps 
i 2d =$hla+3 (4, + 2.4 2+ 25 +2, + 25+...) + Zap 
he HD (25 at et ay he oe ae nee (6). 
Boole’s Rule (4p elements). 


4p 
| 2de= Ph {Tz +14 (2, + 23+... + Zap—4) + 72 sp 
+32 (2, + 25 + 25+... + Spa) 


TOs i eg hee Ze) (e). 
Weddle’s Rule (6p elements). 


“6p 3h 
sda = 75 {2 + 2a-+ 24+ 2g + 219 +... + Zgp—2 + Zep 
ae +2 (24 Zig t+... + Zop—s) 
+o (2 +25 + 2, + 2+... + Zep) 
+6 (23+ 2p + 25+... Teepe) i ee (f). 


| These formulae, whose exactness 1s in the order in which they are written down, 
| also have their disadvantages. It is not always possible to select beforehand 
| the number of elements to be used, and this number may not fit in with any 
| of the above formulae; secondly, all the ordinates are not equally weighted 
| which is a disadvantage if they are observational quantities subject to errors. 
| Formulae (e) and (£), particularly (£), have been found to give very good 
| results for continuous mathematical functions, but they are not so good for 
| observational data. 

| For this purpose the following formulae of Dr Sheppard’s are better. The 
! corrective terms are so chosen, as to make the first term, in the Euler- 
) McLaurin formulae, which they neglect, as small as possible*. 


Case (i). Bounding ordinates or chordal area known. 


(a) One Difference: 


1 
Area = Ag+ 12 aot 1(41 — 20) — (Sp — Sp—r)} eo... e cence ee (7). 
(b) Two Differences: 
Area = Ag+ i Pep {(21 — 20) — (Zp — Zp—1)} A 


120 (p —1)(p—2) 
1 Pipe 
ig Dao ee 


* See Proceedings of the London Mathematical Society, Vol. xxxu1, p. 270. 
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(c) Three Differences : 
1 p (7163p? — 3444p + 3636) 
5040 (p—1)(p—2)(p—8) 
1 p(119p? — 504p + 432) 
~ 1260 (p — 2) (p— 3) (p—4) 
1 p(118p? — 462p + 360) 
5040 (p — 3) (p— 4) (p—5) 


Zp-1)} h 


(4 — 


Area = Ay + 2) — (2p — 


{(22 — 4%) — (Zp — Zp-2)} h 


{(2s — 22) — (Zp—2 — Zp—s)} A 


re a (v). 
Case (11). Mid-ordinates or tangential area known. 
(a) One Difference : 
ae 
Area = Bite 24, (p — 2) 2a = 24) = (2, Bs Seager )} | gees Re (x) 
(b) Two Die cree 
ea = A, 1 PSOp = 177) - 
Area = Ay — 960 (p— 2) (p— 3) ((23 rare Shee Ce Zp —3)} b 
1 40p — 57 


960 (p — 3) (p —4) 


This formula, Professor Pearson has pointed out, has many advantages. It is 
more exact than («) and sufficiently so for practical purposes, though not quite — 
as exact as (w). Further, all the ordinates that occur in the expression 4 7 are 
equally weighted, which is not the case with A,, where the end ordinates only — 
have half-weight. It may be written 


Area = Ap — P {(2g — 21) — (Zp_4— 2-3 gph + Q {(2s — 23) — (Z4p- 3 —2p_g)} h, 
where the following are the values of P oa Q: | 
p p Q | Ce eee ale ae 
OR eae a ee | ee A 
8 | 128.6111 109,5833 «15 *102,4639 | -064,2756 
9 | -121,2054 | -094,6875 || 16 | -101,0073 | -062,2863 
10 | -115,8854 | -085,0694 || 17 | -099,7569 | -060,6170 
11 | -111,8779 | -078,3668 | 18  -098,6719 | -059,1964 
12 108,7500 | -073,4375 || 19 | -097,7214 | -057,9731 
13° -106,2405 | -069,6644 20. — -096,8818 | -056,9087 
14 -104,1825 | -066,6856 | 


This formula gives results which are, as a rule, better than Simpson’s, and only j 
those ordinates are weighted which occur in the corrective terms. 


* The coefficients in this formula have been tabulated, for values of p from 6 to 100, by : 
P. F. Everitt. See Biometrika, Vol. x11, p. 283. 
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(c) Three Differences : 
1 p(9842p? — 53970p + 70407) 
80640  (p — 2) (p — 3) (p — 4) 
1 p(4802p? — 23016p + 22905) 
40320 (p—3)(p—4)(p—5) | 
1 3122p? — 12222 + 10935 
. we (p “D Ce 5p =e (ep 21) — Ga —DIh 


Area = Ay - (45 = 24) —(25- a fo 2p — 3)} h 


(23 — 23) — (Zp_3— 2py_s)hh 


_ This is rather complicated to use in practice, though with the aid of a calcu- 
lating machine, the coefficients might easily be tabulated. 
Case (iii). Mid-ordinates and two extreme ordinates known. 
(a) One Difference: 
Pep 
Area = Ap — 12 Sasa (21, 25) = (2p ep pe oe (v). 
(b) Two Differences : 


1 2p (40p — 57) 
180 (2p — 1) (2p — 3) 


1 2p (5p — 6) ; 
180 (@p — 2) @p—3) {(23 — 24) — (Zp 4 — 2p 3)| #---(€). 
Case (iv). Bounding ordinates, with the two mid-ordinates only, of the 
terminal elements. 


(a) One Difference : 
Area = Ag +5 5——y [(44 — %) — (Zp — Sp_a)} h vveseeeeeee (0). 


Area= Ar— Cae hae er sD 


(b) Two Differences : 

1 2p (3830p — 29) 
120 (2p —1) (p—1) 
a 2p (10p ae 9) : ie aba es ) 
~ 120 (2p — 3) (p—1) (41 21) (Zp —4 Zp —1)} h ...(7). 
It has been pointed out that, for fairly large values of p this is not very diver- 
gent from 

Area= Ac + } (21 — %) — Zp — p-aph—- a (41 — 23) — (Zp -4—Zp—a)} A 
ery pres (p), 


which may be obtained directly by a double application of Simpson's formula, 
and is somewhat more accurate than the latter. 


(24 ae Zo) sia (2p — 2p _ 1)} h 


Area = Ap += 
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The following table shows the results given by the above formulae, when 


da 


1 
used to calculate | 
0 1 + 2x 


one on which to test an individual formula, but it may perhaps serve to com-— 
pare the accuracy obtained by different formulae. Either 12 or 13 ordinates _ 


have been used in every case. 


Divergence Divergence 
(a) with four differences + °000,000,25 eeia cee oc bam a ees scent, — ‘000,014,93 
(Bae 2 — :000,000,59 OU eee anes — :000,001,26 
Ce age casper + 000,001,48 CD sira han eee Re — ‘000,000, 12 
CGO Sno Ee aero ee + :000,003,28 oR reee en tine Re cr — -000,003,91 
eRe en eae aie + ‘000,000,07 (Ee ee, Se a — -000,000,14 
CO ee eet + 000,000,04 OS Hela acre ciee eataree + :000,008,12 
Cn ie er rere + :000,014,59 ore Ne tae ee eed + -000,000,22 
PON ee ocalne + -000,000,93 OO ees os ea + 000,001,27 
(Fate ih ven Mane oper ne + -000,000,07 | 

Also Ag =°693,580,83. A= :000,433,65. 
A p= "692,930,49. A= — :000,216,69*. 
B. THE GAUSSIAN METHOD OF QUADRATURE “ 


No discussion of quadrature would be complete without some reference to — 


Gauss’ method, in which the ordinates are no longer taken at equal intervals, 
but at such intervals as make the approximation obtained as close as possible. 


1 
Suppose it be required to approximate to i f (x) da. Let P, (@) be 
af 
Legendre’s polynomial of the nth order. Then 


Dee isa te i 
pO orig dg! 
1 
and [ 2 P, @) de =0, for r=0,1,2...n—I1f. 


Now suppose / (x) to be a polynomial of degree not greater than 2n — 1. 
Then by division we have f(#) =P, (#) Q(x) + R (a), where Q (a), R(x) are 
of degree not greater than n— 1. 


2 i : VG@\da= i ce (yO Gas + | “RW Le 
ba | o2 Gots 0 
Ase [ #@ da: lee (x) da. 


* See Pearson, ‘On the systematic fitting of curves to observations and measurements,’ 


Biometrika, Vol. 1, p. 265. 
+ See Whittaker and Watson’s Modern Analysis, pp. 296—300. 


= '693,147,18. This integral is rather a favourable’ 


eee a ee ee eo ee 
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Now / («)=R(«#) for the values # =a, d_...@, which are the roots of 


7. (xc) = 0. 


But by Lagrange’s interpolation formula* 
R@=s 4RG 
r=1 
pees once) 
OP Goo). 


whence we deduce the quadrature formula 


[° f@) de = "SB, Flam), 


Lake ee OE 

; ~1P'n (dr) (@ = Gr)’ 

or we have a quadrature formula involving n ordinates only, which is exact for 
a function of degree not greater than 2n — 1, whereas, if we had taken the 


ordinates at equal intervals we should have required 2n to obtain the integral 
exactly. 


where As 


where B= [ 


3 1 
Gauss actually considered the integral [ J (a) dx, which only requires a 
J 0 
slight modification of the above argument, and his result for the case of 
rola r=7 
seven ordinates is as follows: | f(x) dx = &% R,f(a,), where we have the 
0 1 


following values for the #’s and a’st. : 


‘AOD OF P & DOH 


Ge, 


02544 6043829 
°12923 4407200 
29707 7424311 
“3) 

"70292 2575689 
°87076 5592800 
97455 3956171 


R, 


06474 2483084 
"13985 2695745 
"19091 50252538 
20897 9519837 
"19091 5025253 
"13985 2695745 
"06474 2483084 


* See Tracts for Computers, 1, p. 17. 
+ Gauss, Werke, u1, p. 195, Géttingen, 1866. Gauss gives these values to 15 decimals, and we 
have here given them to 12. Naturally it will not usually be necessary to use all 12. 


b 
_ For the integral | Ff («) dx the formula becomes 


[ f@ de="Sb-a flat 6-0) aR, 


a, and A, having the above values. 
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We have tried this formula on several mathematical functions. 


1 
(i) i . da = '693,147,18 (correct to 8 figures). 
0 1 +2 
3 
(11) [ oe e~ 2 dx =-498,650,1 (correct to 7 figures). 
Lo VQ 


1 


(1) jaa (1—2)* da ='056,508,10 (correct to 8 figures). 
0 


6 
i ge @ ee ns? dx 
(iv) I, (16'1, 5:2) ="—______—_ 
| gol (1 na le dx 

4 

This is the ratio of the incomplete Beta-function B., (1671, 5°2) to the complete — 
Beta-function B (16:1, 5:2). ! 


2 ° 
The latter function = eae) 


P (161) P(52) = 5'0320065 (by use of the tables of 
the T-function); while the whole function J/., (161, 5°2) has been calculated — 
to twelve figures, by Mr H. E. Soper*, by integration by parts and its value — 
correct to seven figures = ‘0567099. 


180° 
(v) i (1 + cos w) dx = 1:2283697 (correct to seven decimals). : 
60° : 


Using the Gauss method with seven ordinates we find: 
1 da 


This is only in error by 1 in the eighth place, a better result than is given by | 
any of the formulae in Section A, with 12 or 18 ordinates. 


(11) i ae e~ ?* da = 4986498 (divergence + 0000003). 
oN Qa 
With the same number of ordinates : 
Simpson’s formula gives: ‘4986237 (divergence — 0000264) 
and Weddle’s * , : 4986614 (divergence + :0000113), 


so that Gauss’ formula gives a markedly better resultt. 


Ga) | * 9 (1 — 2) de = 05650984 (divergence + 00000174). 
0 
Weddle’s gives (05652562 (divergence + 00001752). 


* Tracts for Computers, vu, p. 17. 

+ For comparative purposes we are only using the same number of ordinates for Weddle as for 
Gauss, but in evaluating such integrals we should in practice use far more frequent ordinates, 
and get a result better than the Gaussian, where at present we can only use seven ordinates. 
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(iv) I, (16:1, 5°2)* = 0567206 (divergence + :0000107). 
Weddle’s gives (0561927 (divergence — 0005172). 


180° 

(v) i (1 + cos #) dx = 1:2283696 (divergence — ‘0000001). 

Weddle’s gives 1:2283717 (divergence + 0000020). 
_ The results of (iv) and perhaps (ili) may be considered somewhat disappointing; 
but, unless we take a very large number of ordinates, no quadrature formulae 
will give very accurate results for functions with such rapidly changing differ- 
ences, and this difficulty will generally be encountered when the function is 
_ incapable of expansion in ascending integral powers of x. The reader need only 
2 1(] — x)? 
B(16'1, 5:2) 
in the very rapid changes the function undergoes as «# varies. 

We are, however, of opinion that Gauss’ method, if used with 12 or 13 
ordinates, would give very satisfactory results, even for integrals of this type. 
Its use however would involve a knowledge of the roots of P,, (w) or P,;(z) to 
10 or 12 decimal places, and we are not aware that these are available f. 

We may conclude that Gauss’ method is, on the whole, very satisfactory for 
mathematical functions that are continuous and differentiable. The drawback 
of the method is that its application requires more labour than equi-ordinate 
methods, and cannot be applied at all to observational data, since the obser- 
vations would almost certainly be unobtainable at the intervals required by 
the theory. Further, in using a formula like Weddle’s we should naturally use 


13, 25 or more ordinates, but at present this is impossible by the Gaussian 
method. 


attempt to draw the curve y = 


to find the explanation of this fact 


C. QUADRATURE FORMULAE DERIVED FROM CENTRAL DIFFERENCE 
INTERPOLATION FORMULAE 


We will now investigate what quadrature formulae will arise from the 
integration of central difference interpolation formulae. We shall have two 
main types of formulae : 

(1) Those which depend on extreme ordinates. 
(2) Those which depend on mid-ordinates. 

These really correspond to the mid-panel and mid-point central difference 

interpolation formulae?. 


* Gauss’ method was here used for the numerator only, the denominator was obtained from 
tables of the I'-function. 

+ I propose at a later date to undertake this investigation which naturally involves very 
considerable labour. t+ Tracts for Computers, 11, pp. 11—22. 
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(1) Extreme Ordinate Central Difference Quadrature Formulae. 
We start from Everett’s well-known Central Difference Formula: 
2g = (1 — 0) 2, + 0255, -40(1—8) {[(2 — 8) & 2, 4+ (1 + 8) & 2543} 
+ 7459 (1 — 8) (1 + 0) (2 — 8) {(38 — 8) &4z, + (2 + 8) S254} 
— sary 9 (1 — 8) (1 +8) (2— 0) (2 + 8) (B— 8) (4 — 9) 82, + (B+) Ze 43} 
ee er Cr Ree oe ee RO ee ree amet a a (i). @ 
Here 072, = 243 — 2Z_ + 25-1, 
Beg eID Sey AHO eee: 
or if Z is the ordinary finite difference operator such that HU,= Uz,,, we ; 
may write symbolically = VH—-1/VE. . 
Assuming h to be the distance between the ordinates, we have 
(st+Ih 1 
zda=h | Z,d0 
| sh 0 
=h[4 (s+ Ze41) — alg (8°25 + OZe41) + rh by (842s + 82541) — rally (6825 + 8825 41)] | 


Eye (11), 


where we neglect eighth and higher order differences. 
mh 


If, now, we wish to approximate to i zdx, given the m+1 ordinates © 
0 


Zy, % +». 2m, We need only combine formulae such as (ii) for all the m 
elements of area. This would, however, be open to the objection that we — 
should introduce, at the ends, ordinates outside the range of integration, which — 
is undesirable as, in some cases, they might not be known or obtainable. 

To get over this difficulty we have only to integrate the special first, second 
and third panel forms of Everett’s formula*. We do so in order. 


First Panel Central Difference Formula : 
This is 
2g = (1 — 0) 2, + Az, — 40 (1 — 8) [(5 — 0) & z, — (2 — 8) &z,} 
— 7459 (1 - 8) (2 — 8) (8 — A) {[(9 — 8) Sz, — (4 — 8) 84z;} 
— satzo 9 (1 — 8) (2 — 0) (3 — 8) (4— 8) (5 — 8) {(13 — 6) B°z, — (6 — 6) B%e,} 


We obtain 


a 


h 
| 2ax = h [4 (2, +. 2;) eraE! alg {362z, barra 72; ved +H40 {65642. cage 27642} 
0 
ran 70500 {31016°z, ae 13758°z,}]. . (iv). 


* These are provided in Tracts for Computers, u, pp. 13, 14. 
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Second Panel Central Difference Formula : 
= This is 
| 2 =(1— 0) 2, + 02,—40 (1 — 8) {(2 — 0) &z, + (1+ 8) &z,} 
+ 7450 (1— 6) (1+ @) (2 — 8) {(8 — 0) &z, — (8 — A) 8z;} 
+ xqz5 9 (1 — 8) (1 + 8) (2 — 8) (3 — 8) (4 — A) {(12 — 8) 8°2, — (5 — @) 82,5 


whence 


ie zda =h[4 (2, + 2) — oy (Om + & 2) + Hy (8042. — 642} 
+ raqlsay {8988%2; — 3516%z,}]...(vi). 
Third Panel Central Difference Formula: 
This is 
Zo = (1 — 0) 2 + 02, — 40 (1 — 8) {((2 — 8) &z, + (1+ 8) &z;} 
+ =4,0 (1 — 6) (1 + 6) (2 — @) {(3 — 0) 542, + (2 + A) 8425} 
— zgy 9 (1 — 0) (1 + 8) (2 — 8) (2 + 8) (3 — A) {(11 — 8) 8°z, — (4 — A) &z,} 


whence 
Bh 
i gda = Rika +a) dO) Fe Oo, 
2h 
191 


— sothy {36%2s — 6°z,}]...(vili). 


We are now in a position, by combining appropriately (11), (iv), (vi) and 
rmh 
(viii), to obtain a formula for zda. 


. 0 
We have 


j, tiem Alin tates - + omar ttem — 
; — hy (AS? 2, + 88 Zo + 28°22, + 202, +... + 282 Zm—3 + O°Zm—2 + 40°-Sm—1 
+ spas (— 21842, + 38642, + 2052, + 228625 + 
+ 29842, 4 + 380'Zm_— — 2164Zm_s 
— sap !sa0 (297980, — 8338%z, + 3828%z, + 382552, + 
+ 38289 2,5 — 8336°2m_, + 29725 2,_5) | 
=h[hat+ 2+ 2+... + Sma + $2m 
— gy {20% 2, — 82, + 2 (% — 4 — Sma + 2m) — 8 Sm—_ + 28°2m—} 
+ sry [— 48842. + 16842, + 22 (822, — 02, — 82 2m—2t O°Zm—1) 
+ 16842m_—3 — 4364 Zm—o} 
— gy (25908%2, — 12158%2, + 382 (842, — 842; — 8*Zm—s + 842m_2) 
— 121588 Zn 4 + 25908 Zm_—s} ]...(1X), 


which is correct up to and including seventh order differences. 
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This may also be put in the form 
h [42+ 2 + 2g t+... + 2m + $2 
— gz {4 (20+ 2m) — 7 (21 + 2m—1) + 4 (Zo + 2m—2) — (23 + Zm—s)} 
+ zpay [— 21 (822, + 82 n_1) + 80 (82 + 822) — 75 (822, + 82Zn_s) 


+16 (022, + 8 2m_,)} | 
saa {2972 (8422 + 842m») — 6777 (842, + 842m_—3) + 5020 (842, + 842m a) 


— 1215 (642, + 542,,_;)}]...(ix) bis, 


which although it contains no higher differences than the 4th is correct up — 


to and including 7th order differences. 

By expressing these results in terms of the ordinates, stopping at the Ist, 
2nd, 3rd, 4th lines of expression (ix), we may obtain quadrature formulae, 
containing ordinates only, respectively correct up to and including Ist, 3rd, 
5th and 7th order differences. 

These are: 


(a) h ($2, a7 2 i 2» ee ehthenojode cm Zm-1 + 42m); 


| 


(B) eS era + 31z, + 202, + 252, + 24 (2, Fah ae Cane) + 252m—s 
— ZUG. =f 5 aA et 82m, 
, (1) 7p [45920 + 1982e, + 9442, + 17462, + 13382, 


+ 14562, + 1440 (25 + ... + Zm—s) + 14562n_; 
+ 13332n—s + 17462m_3 + 9442m—2 + 19822m_, + 4592Zn), 


[35584 (2) + 2m) + 185153 (21 + 2m—1) + 29336 (2+ Zm—2) 


+ 220509 (23 + Zm—s) + 46912 (2, + 2m_—4) + 156451 (2; + Zm_s) 
+ 111080 (26+ 2m—s) + 122175 (2) + 2m) + 120960 (z.+ ... + 2m—s)] 


h 
©) 130960 


These formulae are perhaps more convenient than the difference formulae 
when a calculating machine is available, though it must be remembered that 
it is always necessary to examine tbe differences, to know to what order of 
differences it 1s necessary to proceed in the approximation. To apply formulae 
(8), (y), (6) we require at least 8, 12 and 16 ordinates respectively. 
1 a . . 
We have applied these formulae to ae to compare their accuracy with 
a | 

the formulae previously given. 13 ordinates were used, except in the case 
of (x) 6 (which is equivalent to (ix) retaining all the differences) when we 
used 17. 
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The results are: 

(x) (a) or the chordal area = °693,580,83 (divergence + 00043365), 

(x) (8) or (ix) up to terms of & = °693,145,94 (divergence ~ 00000124), 

(x) (y) or (ix) up to terms in 6! = *693,147,30 (divergence + ‘00000012), 

(x) (6) or (ix) up to terms in 6° = ‘693,147,18(1) (divergence 0 to 9 figures). 
The correct value = log,2 = 693,147,180,6 to ten figures. (x) (8) is the most 
accurate result obtained by any quadrature formula here given; as an example 
we show the working in full. 


x z=1/l+ez &2 | ot 66 

0 1-0 | 
0625 94117647 00653595 
*1250 "88888889 *00550395 ‘00020642 
1875 84210526 "00467837 00015723 °00001350 
"2500 “80000000 "00401002 "00012154 “O0000922 
3125 *76190476 00346321 *00009507 °00000673 
°3750 212i 2te 00301147 °00007533 “00000459 
"4375 69565217 "00263506 ‘00006018 “00000366 
“5000 66666667 . 00231883 ‘00004869 *00000240 
5625 “64000000 700205129 *00003960 ‘00000209 
6250 61538462 700182335 "00003260 "00000132 
‘6875 59259259 ‘00162801 °00002692 ‘00000121 
*7500 57142857 *00145959 "00002245 “00000088 
8125 55172414 ‘00131362 ‘00001886 ‘OOO000060 
8750 53333333 00118651 | 00001587 
9375 51612903 00107527 =| | 

1:0000 “50000000 | 


Not all the differences are required in the calculation, but an examination of 
all the 6th differences is, to some extent, a check on the work. 
We have 


R2yt2, tot... +ZmattZn =11°09425923 
2 (072,402 1)= 01522244 
— (822,+6°2m_2) = —'00669046 ?:09392098 (+ — 24) = — ‘00391337 
2(2—-21—-ZmatZm)= ‘08538900 
—43 (642,+ 642, 2) = — "00955847 } 
16 (8423+ 642m_—s) = astra 1440) = ‘00000939 


22 (822, —822.—O°2mm_2t+ O2%ma)= 02025672 
2590 (8824+ 8%2n_s)= 03651900 
1215 (8%, + 8% n_,)=— 01227150 $04189590 (+ —120960)= —-00000035 


B82 (842, — 842, — 84Zn_s+O'm—»)= ‘01764840 11:09035490 
h= 0625 
a 
a | de _ 693147181 
0 1 +2 
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If the computer has a calculating machine at his disposal, he can use (x) (8). 
and multiply the ordinates by their appropriate coefficients in one continuous’ 
operation on the machine. The actual process is probably slightly quicker’ 


than the above. 

As a more stringent test we may consider the integral 
15-1 (1 coe ax)? da 
BUG 52) 


Using 9-figure logarithms we obtain the following ordinates: 


6 
1, (161, 52)=| sd 
0 


oe oo a ayes B61 52) z ges — a) 84) B (161, 52) 
0) | 0) 3375 0014385 

‘0375 0 3750 0055281 

0750 O 4125 0179780 

1125 O "4500 0507036 

1500 O 4875 1262227 

giicyi Mee ‘0000005 5250 2808828 

"2250 ‘0000061 0625 5635916 

2625 0000508 “6000 1:0250437 

3000 | 0003062 


Whence using formula (x) (8) we find 


1, (16-1, 5:2) = -0567101. 
The correct answer = ‘0567099, 


or our divergence is ‘0000002, a good result considering the nature of the 
function. A formula which gives a satisfactory result for such an integral 


will almost certainly be adequate for most ordinary cases that are likely to 
arise. 


(2) Mid-ordinate Central Difference Quadrature Formulae. 


The simplest method of procedure, in order to obtain these formulae, is to 
integrate the interpolation formulae (i), (iii), (v) and (vil) between —4} and 3 


for @, then to change the origin to the point (— 4h, 0) and finally to combine 
mh 


the results to obtain zda in terms of mid-ordinates. 
Att} 


Formula (i). 
29 = (1 —@) 2, + 0254, —20(1 — 8) {(2 — 6) &z,+(14 6) 072544} 
+ 7459 (1 — 8) (1 + 8) (2 — 8) {(3 — 0) 84z, + (2 + 8) 842544} 


— 0709 (1 — A) (1 + 8) (2 — 8) (2 +6) (3 — 8) {(4 — 0) 88z, + (3 + 8) 852543} 
= merce ee : 


* eee bab beticanb hens Gi T A ibaa iat AiR Ub atl ha 
es Se ae eS ee ee ree ae IE Meee ey eee ee er tte 
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(s+3)h 
We have i 2da = ule A ate 


(s-—a)h 


.. Remembering i 4 "1 d@ = 0 for all integral values ofr, 


(s+3)h 
i 2dx = h[2,+ op 8225 — shh Os + aehhey 892s]. eee ee (x1) 
| (s—a)h 

(neglecting eighth and higher order differences). 

: Formula (iii). 

Zo =(1— 0) 2+ 02,—10(1— 9) {[(5 — 0) &z, —(2 — A) &z,; 

7. ee a (2 — 8) (3 — 8) {(9 — 8) dtz_ — (4 — 8) dt2;} 

Ls 9 (1 — @) (2 — 0) (3 — 0) (4 —6) (5 — 8) {(18 — ) 5° z, — (6 — A) 8%2,} 


We obtain 
th 


|  gde = h [ay + gy (282% — 8°20) + gpg (42982 — 206842,) 
oS + gotasy (621168%2, — 299975*z,)]...(xii) 


(neglecting eighth and higher order differences). 


Formula (v). 
Zo =(1— 0) 2, + 02,— 406 (1-0) {((2 — 8) &z, + (14+ 8) &2,} 
+ phy 9 (1 — 8) (1 + 8) (2-8) [(8 — 8) 342, (8 — 0) ,} 
sain 9 (1 — 0) (1 + 8) (2— 8) (3 — 8) (4 — 8) {(12 — A) 82, — (5 — A) 882,} 


fe 
aS escvs 
Whence 
sh 
| zda =h[z, + 382, — ghia (2642. — 6425) 
a — gettpuy (46118%2, — 21228°2,}]...(xiii) 


(neglecting eighth and higher order differences). 
Formula (vii). 
=(1— 0) 2+ 02z,—40(1— 98) {(2— 0) &z, + (1 + 4) & 25} 
+ 7456 (1 — 0) (1+ 0) (2— @) {(3 — 8) Sz, + (2 + A) 25} 
ada 9 (1 — 8) (1 + 8) (2 — 8) (2 + 8) (8 — 8) {(11 — 4) 82, — (4 — 8) 8%2,} 


Whence 


5h 


ip zda = h[Zo+ pq 8 Zo — gb O20 + gotten (28°2s — 8%2,}] ...(xiv). 
eh 
2 

2 
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If we now change the origin to the point — $/, 0 and appropriately combine | 
(xi), (x11), (xi) and (xiv) (with the changed origin) for each of the m elements 
of area we have: 


[ede =h[2i+2gt+Zgt+...+2m_1 
. + dy (B8%2g + 8825 + Oey +... + Bq 4 + BZ ng) 
+ sdgy {3785's — 20682, — 17 (S!zy, +... + 42m _9) 
| = 206842_ 5 + 878542 _5} 
+ gateay {58606 (8°27 + 8°2m__;) — 27875 (8829 + Pen a | 
+ 367 (S21. + S8zip +... + 88Zm_ag)}] | 


ba ts yee ty 
He 2Oz + Bey, 3)— - (S225 + 82 2m_3) + (24 — 23 — 2m_s + 2m— yh 

+ srry (895 (8425 + 8'Zm_5) — 189 (842, + 8*Zq_z) 7 

—17 (6723 — zg — O2m_3 + 82Zm_3)} |G 

+ gottsaa {58239 (8827 + 8°21) — 28242 (8829 + 8%Zpy_ 9) 

+ 367 (6425 — 6¢2z; — 52, 1 + 542m_s)}] ' 


which is correct up to and including 7th order differences. ; 

By expressing this result in terms of ordinates only we may obtain four — 
formulae according as we stop after including Ist, 8rd, 5th and 7th order ~ 
differences : ’ 


((a) h(zyt+23+2g+...+2m_1) the tangential area, 
h 
(8) 94 [27 (21 + 2m—1) +18 (22 + Zm—z) + 28 (25 + 2y_5) 
+ 23 (27 + 2m- zg) + 24 (29 + Zan +.. ot Zu 9)], 


(y) ee 5p [6858 (24 + 2m—y) + 2602 (25 + 22) + 9795 (25 + 2m—g) | 
+ 2823 (22 2 2m—z) + 6911 (2g a Zm—3) + 5571 (213 - 2m—13) 
4 + 5760 (21 of Z15 +..w t+ Zm—1g) |, 
h 


(5) 967680 [1210750 (23 + 2m_3) + 57625 (23 + Zm_s) 
+ 2692267 (25 + Zm4) — 1117816 (2; + om_1) 
+ 2601308 (29 + Zm_9) + 162497 (212 + 2m_13) 
+ 1195371 (213 + 2m-13) + 939438 (215 + 2m—1f) 
' + 967680 (217 + Z1p +... + Zm— Ap) |oveeseeeeeeneeveenes: (xvi). 


ee Se ee ees ae —: 


Fe ee PR oe kee ee ee Ce Ne, mT tee Pe 
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It is worth noting that the 4th coefficient from either end in (8) has a 
jnegative sign. 

1 dz ; 
Applied to ih Tee these formulae give the following results : 


(xvi) (a) or the tangential area ‘692,930,50 (divergence — ‘00021668), 
(xvi) (8) or (xv) up to 38rd differences 693,145,51 (divergence — 00000167), 
(xvi) (y) or (xv) up to 5th differences ‘693,147,00 (divergence — -00000018), 
(xvi) (6) or (xv) up to 7th differences 693,147,17 (divergence —-00000001). 


112 ordinates were used for (a), (8), (vy) and 16 for (6). 


We note — (xvi) (a) is rather better than se) ys 
(xvi) (8) is not quite so good as... ... (x) (8), 
(xvi) (y) gives almost the same result as (x) (y), 
(xvi) (6) is not quite so good as ... ... (x) (6). 


So with the exception of (a) the extreme ordinate formulae are slightly 
setter than the mid-ordinate formulae with the same number of elements of 
a This may be due-to the fact that in the former case we are using one 
rdinate more. 


| 3] ‘ : 
As another example we take | eg eo using 16 ordinates. We have 
0 


Qa 
xu Z 6? ot 66 

"09375 3971929 

"28125 3834718 — ‘0123157 

‘46875 °3574350 — ‘0097416 "0007494 

"65625 °3216566 —- ‘0064151 0002426 *0000193 

*84375 2794601 — ‘0028520 — 0002449 ‘0001092 
1°03125 2344116 ‘0004692 — ‘0006232 ‘0001616 
1°21875 °1898323 ‘0031672 — ‘0008399 ‘0001725 
1°40625 "1484202 ‘0050253 — 0008841 “0001415 
1°59375 °1120334 70059993 — ‘0007868 "0000932 
1°78125 ‘0816459 "0061865 — 0005963 ‘0000307 
1°96875 0574449 0057774 — ‘0003751 — ‘0000124 
2°15625 70390213 "0049932 — 0001663 — ‘0000455 
2°34375 *0255909 "0040427 — ‘0000030 — ‘0000557 
$°53125 "0162032 ‘0030892 + 0001046 
2°71875 0099047 "0022403 
2°90625 0058465 
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All the differences are given, though not required in the calculation, ¢ 
their examination affords a check on the work. We have 


m=16 | 
Zi+ 23+... + 2m_-3 = 2659571 
(882g + 8%2__3)=— 0201508 | 
— (525 + 82-3) = 0066524 
(ty—2—2m_4+%m-3)= 0096629 
— -0038355(+24) =- 
395 (8!25 + 82,5) = 3373300 
~ 189 (S827 + 82,7) =— “0452844 
—17 (822 — 825 — P2m_5 + &Zm—3)= "0581910 


3502366 (+ 5760) 

58239 (S821 + 8821) = — 271198996 

— 98242 (8°2» + 8°Z__9) = — 18187848 
367 (8'zq — 8'2; — S274 8'2m—3) = "2254848 | 
— 37131996 (+ 967680) =— -0000038 


26594685 


I 


Re 


— dix = 
ee 
This result is in excess by ‘0000002 of the true value. 


SUMMARY OF Part I 


The reader may perhaps be somewhat embarrassed by the number 
alternative formulae so far given, nor is it easy to give any general rules a 
to which to use. For our own part we favour the following three: 


(A) Weddle’s Formula ((¢) p. 5). 
(B) Gauss’ Formula (p. 8). 


(C) ACentral Difference Formula ((xv) or (ix) or their alternative ordina 
forms (xvi) (6) and (x) (6)). 
A large experience has shown that Weddle’s formula gives excellent result 
for continuous mathematical functions. Gauss’ method gives remarkab 
accuracy for the number of ordinates employed, though their calculation a 
unequal intervals may be troublesome, while the central difference formula 
have the very great advantage that we may work with differences and ca 
see, almost at a glance, what terms may and what may not be neglectet 
(although if we have no doubts on that point and have a calculating machin 
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t our disposal, it is probably rather quicker to use their ordinate forms). It 
js probable that formulae (e), (), (u), (€) and (a) give results not inferior to 
hese three formulae, but of the former we have not so much experience. 
|) In making these remarks we have had mathematical functions principally 
n mind. When dealing with rough data, it must be remembered that the 
errors will make the higher differences erratic and it will consequently be 
setter to use a formula such as Parmentier’s which does not involve the 
nigher differences. But considerations of this nature would seem more properly 
o belong to the subject of smoothing. 


PART II. CUBATURE 
A. INTRODUCTORY 


We now proceed to the consideration of cubature formulae or the evaluation 


of double integrals. 
4) The most general form of double integral may be written 


c=b ry=$2(2) 
= i f («, y) dady, 
r=a/ y= (2) 


Vand in order to calculate this by quadratures the most obvious method of 
procedure seems to be to take a convenient series of equidistant values of a: 
@ =, Ay, Ay... dn=b, and by a single quadrature to calculate each of the 


y = $2(4,) 
Wintegrals z,= | f (a, y) dy for all the n values of r, and finally, by 


Y=1 (a,) 


b 
another univariate quadrature to calculate | z,dx. This process needs the 
: a 


performance of n +1 quadratures, the actual univariate quadrature formula 
lito be employed and the number of ordinates to be taken varying with the 
particular circumstances of the case and the accuracy required. We shall 
Wgive an example of this process later ; in many cases it may be the only 
possible one, but the main object of this paper is to discuss a more general 
treatment, applicable in all cases where the function has continuous curvature 
and the limits of integration are constants and in a number of other cases 
besides. 

We shall deduce, from bivariate central difference interpolation formulae, 
Voubature formulae by which the approximate volume is directly expressible 
Hin terms of certain equidistant ordinates. It is obvious that we have a certain 
freedom in the choice of ordinates on which to base the cubature. 
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mh rnk 
If we are calculating i | zdxdy we may suppose the volume to k 
0 Jo 


divided into mn portions or prisms by m vertical planes at intervals / in on 
direction, and n at intervals & in the other. 
Then, as Dr Sheppard has pointed out*, we might use as systems_ 
ordinates: | 
(i) The corner ordinates of the constituent prisms. 
(ii) The middle ordinates of the faces of the prisms in one direction. 
(111) The central ordinates of the prisms. | 
We shall consider both (i) and (i11) but not (ii) as it is inconvenient to hav 
the ordinates differently placed in one direction from the other. | 
We now turn to the establishment of the formulae. 


B. EXTREME ORDINATE AND MID-ORDINATE CUBATURE FORMULAE 
a 
| zdady 
— 0a 


We start from Pearson’s mid-panel bivariate central difference interpolatio 
formulat. Writing 6=1—06, p=1—y, we have: | 
4,,=(1- 0) (1 as x) Z +(1 - 0) X20 + 6 (_l— x) 24) + Oy 21 4 

=e (l= 0) ae) Kl x) 029 + O72] SO oh) Aa x) 0°21) + KO? 211 
—$xX (1 — x) ((2 — x) [1 — 8) 8220) + 082210] +1 +x) [(1 — 0) 822) + 082244 
+ 7359 (1 — 8) (1 + A) (2 — 8) (38 — 8) [(1 — x) 842m + x S420] | 
ee Ch KX) 421 + xXO*211 J} 
+ 3g 9 (1 — 8) x (1 — x) {(2 — 8) (2 — x) 898224) + (2 — 0) (1+ x) F572, al 
+(1 +0) (2—y) 8822) + (146) (1+ y) 8822} 
+ yh0x CL — x) 1 + x) (2 — x) {3 — x) [A — 8) 84255 + 08’ 240] | 
a2 der x) ke a 0) 642, + 05'4z,, ]} ! 
— 7359 1— @)yx(1— x) (1+ 6)(2—6) (3-6) [(2 — x) 84822) +(1 + y) 848224 
— (2 + Q) [(2 Ee x) 645 2215 +(1+4+ x) 646 72,,]} j 
— rip (1-0) XL — x) (1+x)(2— x) (B= x) [(2— 4) 8842+ (1 +0) 8544, 
+ (2 +x) [(2 — 8) 8842, + (1 + 8) 82842 ]} | 
— soa09 (1 — 8) (2 — 8) (3 — 8) (1+ 8) (2 + 8) {(4 — 8) [(1 — x) 882 + 9% 
+(3 +4) [C1 — x) 20 + x8 en]} } 
~ woo (1— x) x (2— x) (Bx) (1+ x) (2 + x) {(4— x) (1-0) 825) + 08% 
+ (3+ x) (C1 — 0) 8%2q, + 08%2,,]} . 
=f VOIR Oh CIRM ORART eka a (1).4 


[e.a) 


FOR 
/0 


* Proceedings of the London Mathematical Society, Vol. xxx11, 1900, ‘Some Quadrature Formula é 
+ Tracts for Computers, Ill, p. 8. 
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2-3 2-34 


DING RUMOMEE VARIN eesti Sha. “ataicle amp Aco saas cSt Reale plaattaaainetoebanivoncteihinesinninianstianptiaataaatviath. «ied i 


l/l 
We now evaluate i | Zo, ,d0 dy. 
0 J0 
Let Z, denote the terms with differences of apparent order 7 in z,. Then 
t ryt 1 
1 [| 4aedy =|. d| (x- 4x!) (1 — 8) 2 + bx? (1 — 8) 20 a 
J0/0 . + 0(x— 4x2) 20+ OF x°2s | 
x=0 


1 

= | d0[4 1-0) anh (1-8) 2+ $02 + 40%] 
0 

=D (Sey + Sort Zp F.2iy)- sos secseccccccteccceatercecscccesvenscesposs (11). 


| Ll 1 

bff Azadody = [a9 | — 46.0 - 6) 2 - 0) (y— 4x9 B04 Hen] 
V 0/70 J eu 16 al me 6°) (x ee +’) 82210 4. 47°F 211] 
EO xt St — 9) 3°29 + 067210] 


1 


me * ee. oa "2 2 — 
4 (% — ©) [1 0) 8am + 08 eal | 


iE 

= | dO [— +8 (1—0)(2—0) [822504 8°2n] — ty 9 (1 — O°) [8820 + 82241] 
—+ {(1 — 8) (672 + 8721) + 0 (67249 + 8?2)}] 

=—75 82S 9 + 8°21 +82 219+ Or 2+ 8229+ 872 + 0722+ 62). : .(ii1). 
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1 
in Z,d0dx ae [ae Ew (1 2-0) ((3 =O) EG ee +X’) 84 Zo + 2x42] 


+(2+ 9) L(x — $x?) 64219 + aX” 6*Z11]} 
+ sf (1 — 8) (2— 8) (y2— x8 + Fy!) 8°82 


46 (1— 6) (2 —8) (5 = x.) 828'22,, 
OOo ay rae 8 a 
+ o (1-6)(4—%) Bare, 


5 3 
+ 735 (3x’ — -% 2 i) ee a [(1 —8) 6% 2m + 88%2,0] 


ed: 
By! 
+ hy (2x2 — "+ ©) [C1 — 8) 2, + ae) | 


=| dé [s4 450 G vp) Cis 0) (3 — @) [342 aL Orin 
+ yhyO.(1 — &) (4 — 6) [82,9 + Stay] 
+16 (2 — 30 + 6) 83%) + 10 230+ 6) 592 
+ 73g9 (1 — @) 08? 21 + 74g 8 (1 — @) O82 2y 
+ tt10 [1 io 0) 0429 + 05/4249 + (1 = 0) 642, + 05’ ‘Zu ]] 
= 3880 ee + 042 + O42) + 5! 2 + 8429 + 842, + 8’ Zy+ 6 *Z) 
te (07622 9 + 52822, + 6782219 + 8282211). ...0005. (iv). 


i. ip Z,d0dy = Ih sols (1 — 6") (2 — 8) (3 — 8) (x2 — 49 + 44) 8'8'Z,, 
Be eeao 6) (3 6) (x - x) 84522, 

7909 (1 — &) (4 — &) (x? — y° + Fy) 848224 

— hp (1 — 8) (4-8) (XL —¥) 5520, 


x=0 


— rhv9 (1 — 8) (2 ~ 0) (392° — OK 9X) eB H0, 


3 4. 
3 
Pony (t= @°) (By : 2 = Om 4 XC) 8542 
ood 6 0) (242 - o +X) 88'2q 
—74y9 (1 — 6") (2x oe — x) 6°64z,, 


— sy'zg 9 (1 — 8°) (4 — &) (3 — 8) 
x [(4 — 6) (x 0 3X") 6° Zq + 3x7 5% Zu} 
+(3+ 60) (x — 4?) S24) + $y76° 211} ] 
bana 5040 [1 pores 0) d *Zu + 00 Zag] 
: 28y? 
x ( 24x! eS a Sa te ay x') 
— soz Ke ear 0) 0 2a + 06’ 82] 
x=1 
x. (1847 — 424 + Fo5 — ax) | 


x=0 


pidbisme sith ob hlae hideni> baled pL TAR eA al bed et bbe aka alka git a al Oe 8 » 


ee eS ee ee. Lae a OS ee ee ee ee ee eT ee ee ee 
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(1 — &) (2 — 8) (B — 8) (8482 2y) + 848201) 


se ; dO {— g35y9 

— yelp 9 (1 — 0) (4 — ) (8187 249 + 5407211) 

— gts? (i - 0) (2— 6) (6542; + 676 642) 

— ghhy 9 (1 — A) (884249 + 85 421) 

— zohan 9 (1 — 6°) (4 — &) (3 — 8) (4 — 8) (882 + 8°20) 

~ robs 0 (1 — &) (4 — 8) (9 — 67) (8% Zo + 6°21) 

— qa0980 [1 me 0) (8525 + 82) +0 (85219 + 8% 2x |} 
=— g77930 {v7 (645? + 825) (Zp + Zn + 210 + 211) 


+191 (8 + 8%) (Zu + 201 + 219 + 2n)} ---(¥). 
Combining (ii), (iii), (iv), (v) we reach 


1 
[fe 2@,x dédy = (Zo + Zn + 210 + Zn) — gg (8? + 8?) (Zo + 201 + 210 + 21) 
+ sayy {11 (84+ 64) + 5898} (Zon + Zar + 210 + 211) 
— srasay {77 (848? + 676") (Zo + 2a + 210 + Zn) + 191 (8% + 8) (2 + Zn + 210 + 21)} 
+ terms of eighth order; 
and if the ordinates of the surface form a rectangular network of meshes h by 
k, the volume over the rectangle (00, 01, 10, 11) 
=hk [4 (Zoo + 2 + 219 + Zn) — qs (3? os o2) (Zoo + 2 + 210 + 2) 
+ aglgg {11 (8 + 84) + 58°87} (200 + Zor + 210 + Zu) 
area YIT9I0 {07 (6 53 + 6° 5’) (Zoo + Zu + 210 + 2) 
+191 (85 + 8’) (2 + 201 + 210 + 211)}] ---(v1). 
We will now express (vi) in terms of z’s only, including 


(a) no terms with higher order differences than first, 


(8) ” ” ” » ” third, 
(y) : F : fifth, 
(6) ” ” ” ” 93 seventh. 


This can be done by means of the relations Hei the operators, 


=(vE-—) = aj ee pel 


VE E’ 

eer i et, 1 

p= (VE"- 2.) = B'-2 atte 

VE TE 
B wh jn FAR 4 6-24 
* whence - a a al EE’ 
7 ae J ! 4. ae 

64= ES -4E +6 — Fa + Fm: 

oa (Rear: Fa en eee 
§5°= (LE + qr)-2 (E+ Bt FB +p) tpt + 4 
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Sf =F? 687 15 — es ees 
= Bt 6E"4 158-2045) — pat qa 
5*= (EE + + pur) - 4(EE'+ ug) + 8(E'+ w)-*(et , 
+t pe 2 (Bt -4E + 6 3 zn) 
eee [B+ pep) *(2E'+ ply) +6 (2 +z) 1(a+ Py) | 
+ pat gy 72 (E-4B'4 6-54 gn). | 


After some reductions the following expressions are obtained for the volume | 
of the element founded by the ordinates 2,9, 21, 210, 2n- 


( hk 
(a) ve (Zo + 2q + 21) + 21), 


hk 
(8) 48 [14 (Zoo + Zor + 210 + 211) — (220 + Za + Zoe + Z12 + Ze + Zep + 21-1 + Zo), 
hk : 
(y) 9880) [889 (2+ 2 i Zy+2,)- 98 (2_19 + Za + ont Ze+ 2a + 29 + Aa + 2-1) | 
+9 (Z-1 + 239 + 209 + 22-1) 
hh a (Z_2 + Zo + 23 + 213 + 231 + 239 + 21-2 + Zeal 


(6) 24,1920 [76894 (Zo + 2 + 219 + 241) 
— 10336 (2-15 + 2-1 + 21-1 + 209 + 2a + 212 + Zoe + Zn) 
+ 882 (24-1 + 242 + Zoe + 2-1) 
+1956 (24) + 221 + 203 + 213 + 251 + 239 + 21-2 + 2-2) 
—T7 (Zo + 213 + 23 + S39 + 23-1 + Za-9 + Z1-2 + 2-9-1) 
— 191 (299 + 2-3 + 23 + Zag + Ze, + Zig + 2g + S51) J... (vil). 


(vil) a, 8, y, 6 are respectively correct, up to and including Ist, 3rd, 5th and 
7th order differences. It will be seen that the feet of those ordinates which 
have the same coefficient are in every case equidistant from the centre of the 
square (00, 01, 10, 11). 


It is clear that any double integral of the type p ie zdady could be 
rk 


approximately evaluated by summing formulae of the type (vii) for each panel 
within the area over which the function is to be integrated; but this would 
be open to the objection that the resulting cubature formulae would contain 
ordinates outside the area, which would be inconvenient for practical purposes. 
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This difficulty will be avoided later by establishing special formulae for the 
panels on the boundary of the rectangular area; but there is one case which 
may profitably be deduced from the formulae (vii), which we now proceed to 
consider. 


Suppose | zdxdy to exist, then approximations to its value may be 
0 J -—a@ 


obtained by summing the formulae (vil) for every panel in the half-plane 
under consideration. 


Let 
Up = 060+ 2p, 5 + Zp, gpa tee F Sp H Sr,9 + Spa Hone + Spi gr FZ ppt... 
or we define u, to be the sum of the ordinates along the line a=rh. Then 
summing over the half-plane we have 
> (Zo + Zor + 219 + 211) = 2Uy + 4 (ty + Ue + Uy +..-), 
> (Z_19 + 2a + 2 p92 + 219 + 201 + 2x9 + 21-1 + 2-1) 
= 2u_, + 4u, + Gu, + 8 (Uy + Us + Uy + ...), 
D (Sayer + Zag + Za H Zeg) = 2U_y + Quy + 2, + 4 (Uy + Us + «..), 
> (B29 + 2-21 + 203 + 213 + 251 + 239 + 21-2 + 2-2) 
= Qu_o + 2u_y + 4m + Gu, + Gu, t+ 8 (Us + Us 4+ ...); 
> (2-29 + S13 + Zag + S39 + 234 + Zo-2 + S12 + 29-1) 
= Qu_. + 4u_y + 4uy + 4, + Gulg + 8 (Ug + Uy + «..), 
D2 (239 + 231 + Zo4 + 214 + Sai + 249 + 21-3 + Zo -s) 
= Qu_, + 2u_. + 2w_y + 4ty + Gu, + Guy + Gus + 8 (uy + ...). 
Substituting these results in (vii) we obtain the following approximations * 


ef. zdady: 


Lae [a + 2 (uy + Uy + Us + Uy t...)], 
(B) a dp Uy + 12) + 25u, + 24 (Ue + Us + Uy t ...)], 


(Y) 4 oe [L1u_y — 82u_, + 720u + 1522u, + 1429u, + 1440 (us + ws + ...)) 


(8) ee [— 19lu_, + 1688u_, — 7843u_, + 60480u, + 128803, 


\ + 119272u. + 121151u; + 120960 (a, + ws + Ue +...)].--(viil). 


* These formulae, treated as univariate formulae for the w’s, are, to the order of differences to 
which they go, identical with formulae (x) of Part I and might have been derived directly from 
them, but we have preferred to obtain them from the bivariate interpolation formulae rather than 
to quote previous results. Formulae (x) of Part I must be used on the w’s if the ordinates on the 
negative side of the origin are unknown. 
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These formulae are respectively correct up to and including Ist, 8rd, 5th 
and 7th order differences. 

We must now note a rather remarkable fact. Suppose the surface under 
consideration to be symmetrical about the plane y=0. We have 

i Te pete 
and substituting these relations in (vill) (a), (8), (y), (6) each reduces to 
hale [$ttg + Uy + hy H tly + tg +... |... sce ens ccceccreves (ix). 

This at first sight seems surprising, as it suggests that for the case of a 
symmetrical surface and the particular double integral we are considering, 
we should always reach formula (ix), no matter to what order of differences 
we proceeded in our original formula; or in other words that all differences 


beyond the first vanish in the summation. It will now be proved that this is 
the case. 


Let C= (40, Y) ald @, =| I (a, y) dy, 
then | | zdady = | Uz, AX. 
0 — 0 
Using the Euler-McLaurin formula we have 
ap padyahGn ed. + +t) | cA are a 
62 —e da <0 da’ 0 : 


Vp =k(... + 2, —3 + Zp, spit --+ + 2p, + 2p, + 27,1 + +s $2, si t 2y,g 4+...) 
Rs me az 
- Ba dae — ijk es a eh 0.4: 


Now since v, 1s a continuous function and is symmetrical about the origin, 
all its odd differential coefficients vanish * there, and since it has high contact 
at infinity +t, all its differential coefficients will vanish at infinity. 

Again z,, must have high contact at —o and o +, and so its differential 
coefficients will vanish at both ends of its range. 


* In the neighbourhood of the origin v, can be expressed in the form 


mt / yy ve ee 
V_y=Vot Vp X+ Vo ee rT 
= 
1 it 7 7 , ’” a ur a 
and since it is symmetrical Vz, = Vy — Vy L+ Vy jp — % B FEN 
whence Hy = 0g (= ete; — 0: 


+ Both v, and z,., are zero for x, y infinite, otherwise the double integral would not exist; 
and if any continuous function vanish at infinity its differential coeflicients must also. For either 
(i) it is expressible for large values of the argument in the form 


Cah s eiterwe TF ese eT OUP tet ee a 


a RAL: 24 


l we Yea 


ea 


: Fi O ‘ ’ 
OUOLS | - Be b Ge 


ARGOQOOLE 


t 


ROE ODOUR) & 3 
| 90000S | | oes + | 
BOORERY . ee os aes + 
0000001 | 


; 


os 
ey 
+. 
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And so all the differential coefficients in formula (x) vanish and we reach 
| | zdaedy =hk[4ut uytmetust...] 
0 ee) j 


the vanishing of the differential coefficients in (x) being equivalent to the 
vanishing of the differences when formulae (vi) are summed for the half- 
plane. 

Accordingly, in the case of a symmetrical surface, (ix) is the only approxi- 
mation we may obtain for the double integral under consideration, for the 
given distance apart of the ordinates*, and it may perhaps be anticipated 
that for this particular case it will be a good approximation. 


1°. We now consider some examples: 
| | 1 o-3@?+9") dedy. 
0 —o 27 


The following table gives to nine decimal places the ordinates of the surface, 
calculated at unit intervals for # and y: 


TABLE I. Table of ~~} +9", 


1 


14,2 
pean) ge 6 


Jor 


1 
27 


Ca $ (a? T y”) 


398942280 
241970724 
053990966 
004431848 
000133830 
000001487 


"159154943 
096532353 
021539279 
001768052 
000053390 
000000593 


096532353 
‘058549831 
013064233 
001072377 
000032383 
000000360 


1 


Qe 


ee 


“ 


398942280 


241970724 


021539279 
7013064233 
002915024 
000239280 
°000007226 
"000000080 


001768052 
001072377 
000239280 
(000019641 
000000593 
“000000007 


053990966 


004431848 


000053390 
"000032383 
000007226 
"000000593 
°000000018 


‘000133830 


"000000593 
“000000360 
‘000000080 
‘000000007 


‘000001487 


1:0 


2°0 


3°0 


4°0 


or 


for all values of n; 


(ii) lim f(x) a"=0 


in the latter case, it is easily proved that 
lim f* (x) z*=0 
Lo 


for all values of n, so that f” (x) is certainly 0 for x infinite; in the former case 


f(a)= > (-1) 
p=1 


which is 0 forz=o. 
* (ix) is not exact, for the Euler-McLaurin formula is only asymptotic. It would only be exact 


if the ordinates were infinitely close. 


~P(p+1)...(p+r—-1) 


zetr 


b 


30 ON QUADRATURE AND CUBATURE OR 


We find: u,='398942277 Uy = ‘053990965 u, = 000133830 
u, = 241970721 Uz = 004431848 us = ‘000001487 


whence naing Gx) | | * 5 eb +¥") dandy = "499999990 
J0 — 0 


or we are in error by one in the eighth place. If we only take the ordinates 
to eight places we obtain *49999997 which is correct to seven figures, and if 
only to seven places the result is ‘4999998 which is correct to six figures. 
Clearly, we cannot expect our result to be accurate to more places than one 
less than the number of figures taken in the ordinates; we therefore conclude 
that the above distances apart of the ordinates are in this case adequate to 
give the result correct to seven figures. 

We also tried the effect of increasing the number of ordinates while only 
using seven figures. Taking ordinates at every half unit we found -4999998 
for the volume, and taking them at every quarter unit gives the same result. 
The following conclusions are quite general : 

(i) If we take the ordinates a given distance apart, no increase of the 
number of figures in each ordinate, beyond a certain maximum, will increase 


the accuracy of the result. 

(1) If we are working with a given number of figures in the ordinates, no 
increase of the number of ordinates, beyond a certain maximum, will increase 
the accuracy of the result. . 

In practice, the best method of procedure is to start with ordinates fairly 
wide apart, say at distances about equal to the standard deviation of the two 
variates under consideration and then to make a second computation taking 
the ordinates closer together. If the results of these two computations agree 
to r figures, the computer may feel confident that his result is correct to 
r —1 figures. Table II should convince the reader of the unnecessary labour 
that may result from taking the ordinates too close together. 


2°. We now consider the computation of a double integral which not only 
illustrates formulae (viii), but also shows how it is sometimes possible, by a 
simple mathematical artifice, to reduce the integral to a form which admits 


of their employment, namely : ( : i roa snes 
fo) 2 “a A 
| i (1— 8) RB’ dxdy* where - 2 V2ar 
mee) —-@ le=f’ 1 eWay 
2 | oe 
n al x ; 
: Ppp | E | 2 (1 — 8)? B’"-? dxdy is the second moment about the origin of the frequency 


distribution of differences between the pth and p+1th individuals in samples of n taken from a 
‘normal’ population of unit standard deviation. 
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By turning the axes through 45°, this integral may be expressed as 


eo fea) 
| | zdxdy; and therefore, if we are given the necessary numerical values 
0 —-2 


Cpa? 


of z, we may use formulae (vii). The process amounts to obtaining the ‘w’s, 


_ by summing the ordinates along diagonals, instead of those in vertical columns 
(see Table III). Taking the ordinates at intervals of a quarter of a unit*, 


we have: 

By .= ‘7381118 — u, = ‘0785199 u, = ‘0030897 Uy = ‘0000397 
U_, = 5066686 Uy = 0447205 Ug = ‘0014198 U3 = 0000144. 
u_, = °3360149 Us, = ‘0244448 u, = ‘0006230 U4 = '0000051 

Uy = '2149582 u; = 0128108 Uy) = 0002614 U5 = 0000016 
u, = 1326715 Us = (0064309 Uy, = 0001044 Ug = ‘0000005 


Whence we obtain the following results for the double integral : 

formula (viii) (8) 0252603, (vill) (vy) °0252705, = (viii) (6) °0252708. 
We conclude that to six figures the result is (025271. 

We now consider the cubature formulae which may be obtained from the 
Pearson two-dimensional mid-point interpolation formula; and shall show that 
these formulae are really identical with those that have already been obtained 
in (vill). 


2-30 


Fig. 3 


* Tt was not found that half-unit intervals gave sufficiently accurate results, 
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The Pearson double, mid-point, interpolation formula is* : 


Zo, x = 20tdX (21 — 20-1) +39 (210 — 210) + OY (2 — 41a — 21 + Z1-4)] 1st order | 


+ Ay (36) 8224+ $C 4x) Bu | cota 
a3 40x? (67219 cL 6”°2_1 2 Zn a O25) order ; 
+ AP y (682, — 8721) + F OY? (82249 — 82 2_49) 3rd i 
— 1,0 (1 — @) (62219 — 821) — dex (1 — x?) (822, — 872-1) order 
aa Ax (l= 6”) (6721, — 672,_,— 6?z_, + 6? 24-1) a Ath 
— ip Oy (1 — x?) (822, — 079 2,_, — 882_y + 8 22_,_4) ordeill 
— fF (1 — EB) 8429 — gx’ ->(1- x?) 842 ‘| ‘i 
— Ay Py (1 — 6) (642 — 842.1) — pg Oy? (1 — yx) (64249 — 84210) 
+54, 5 (1 — 6?) (4 — 6?) (6424) — 642_40) Pa : 
th | 


eae la XG XO an 0. 25) : 

— J 0x2 (1 — 62) (828/224) — 8282 2_40) order | 

— 3 Py (1 — x?) (6°67 2, — 0°67 2_,) é | 

+ rio € (1 — 6?) (4 — @) 82) + zag x? (1 — x7) (4 — x”) 8 209 5 
€y? (1 — 6) 5487 29 — Pg OP? (1 — x?) 884249 


a dy (1 — 6) (1 — yx?) (5 Ave 10 02), —- 002.44; 100 924g) 6th 
fe 780 by(1 ‘A, @°) Ce 6?) (OZ — 642,_, — 64z_1, + 64 21-1) order 7 
a2 ray 9 ye x) a x’) (0 42, — 0 42,_, — 842_, + 5 ae) 4 : 
+ TAT Lg Px (1 — 67) (4 — 8?) (6929, — 8525-1) 7 
+ des Ox (1 — 9°) (4 — 92) (8829 — 82) 
— zoba09 (1 — 6) (4 — &) (9 — &) (88249 — 8° 2_10) 
oso eX OS OKO eas 0 ea) 7th 
+ 383 ax (1 = @°) Cr x”) (648720, — 643” >Zo-1) order 


+ ahs Ox! (1 — 6) (1 — x?) (6784249 — 6°6%2_19) 
ie Oy? Cie?) (a 8) (0 6249 — 6467Z_19) 
rau Px (1 — x7) (4 — 77) (878420, — 6782-1) : 

+ a ONC ET HORNS coco occ iets le ee Ce eee sted enGn (Sai). 


The above expression must now, in the first place, be integrated between 
the limits — 4 and } for each of @ and y. It may be noticed, at the outset, 
that all the terms with odd order differences vanish on integration, since 
when integrated the results all contain even powers either of @ or y or both. 
Denoting, as before, the portion of the above expression containing rth order 
differences by Z,, we have 


| ‘ I Riedy (xii). 


* Tracts for Computers, 111, p. 29, 
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[_[ Zaaedy=[ a0] X46 8225 4 40" Ay) Oa 
-$/ -4} ek 


x 
a rae (8721 + 67 2_1) + 572, + 52.) | 


1 Sal ate 


-/ © dO [she (1 — $0) 8249 + 38028%2y 
+54 G2 eee + 67°29 + OZ, + 0° 2-1) ] 
= pity [46 (872) + 820) + 8729 + 87219 + Pu + Pea] 


I nie Z. sd0dy = ie dé -2 39 (1 =, @) x" 5 (On a eg Det es a a = Fe OZ) 


ee Of 2 oe, —072,_, — 072_,, + 8z_,_,) 


2 
aie & eae 
— 3,69 (1 — 6%) y842y9 — sty (% = x) Bn 
X= -4 
a Ik dO OU =P) en eG Oa 
= ghd g (6 200 tO S00 ee ne te Se eee ee (xiv). 


— p82 (1 — 6) © 88825, — he ete _x 
-ne0-oi§-4) 
x (69622, — 6°87 2,_, — 698 2_,, + 6°87 2_,_)) 
+ 7hp9(1- 8)(4—0)% (B82) 542, Ben +8211) 
+ ahy@ (2x¢- °° +X) 


x (842, — 642,_, — 642+ 6 ‘sas | 


I 
—, 


A 
- | rin (1 — 6°) (4 — 82) 85259 + 7h5 (b— ty + atu) 820 
at OTT = &) 89s Ie 5 O88 | 


= gettyay [367 (8°20 + 8/20) — 119 (848'2259 + 8°8'2y)] «..(XV). 
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Combining (x11), (xii1), (xiv), (xv) we have 


a 20,xd dx = [200 + tity {46 (8? 299 + 82299) + 8224) + 8221) + 82, + Za} 


— ELD (04025 + O90 425)} | oss (xvi). 


We now use the relations (given on p. 25) between the operators 6 and # | 
to express this result in terms of the z’s, and reach the following expressions 


th gk 
for | | zdxdy: 
me ee 


((a) hk 2, 
hk 
(B) srg [484200 + 22 (2 + 20 + 21-1 + 200) + nt 2a +A + Zn), 
hk ’ 
(y) 5760 [46362,, + 288 (2a + 2) +41 + 21) + 10 (2 4 Za + Ana + 2—u) 
J a bf (29 + Za + 229 + Z~2)], 


(6) oe [76702425 + 52223 Zi, + 2 + 21) + Zo-1) | 
+ 2632 (2 + 21a + Aa + Z1)— 4820 (299 + 200+ 220 + 20-2) 

— 119 (2a + 212 + 2a + Sa + Za + Ze + Z1-2 + Zo) | 

‘ TOO EU 7s Gir Oy ares oe Fuel) | pone ne nee ee eee (xvii). @ 


These are correct, respectively, up to and including Ist, 3rd, 5th and 7th order | 
differences. : 
Now by summation over the appropriate panels, we may obtain formulae — 


for i ; | : zdxdy, and finally, by a change of origin to the point — $A, 0, for | 
-ihl -% 


ee zdady. 
0 — ae 


& 
u, being defined as before as = z,,, we have the relations: 


g=-0© 

pa EU $Uy +Ugt..., 

> (Zo + 210 + Zot 2) =H Uy + BU +4 (uy + Uy + Ug t...), 

Y (2 + Za + ya + Fy) = QU_y + Zep + 4 (Uy, + Us + Ug + «.-), 

> (Ze + Zoe + S29 + Zo-2) = Ug bt Uy + Buy + Bu, + 4 (ty + Us t...), 

& (20 + 219 + Ze + Sg + S—2- + Za t Aat+ 2-1) 

: = Qu_,+ 4u_, + 4u + 6u, + 8 (Uy, + Ust...), 

the summation being extended to all the panels between =— 3h and a, — 
y=-o@ ando., 
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Substituting these results in (xvii) and changing the origin, we obtain, after 
_ some reductions, the following expressions for | i zdady : 

: “0 — 0 

((a) hk [us +Ugtugt...], 


hk 
(B) 94 U4 + 23, + 24 (ug + ug + et), 
hk 
4 (y) si [-17u_s + 291u_1+ 546901 + 5777TUus + 5760 (us + Uz +... 4 F 


[B67u_ 5 —4691u_ 5 +52558u_, + 915122u, + 97237 1us 


+ 967318t5 + 967680 (tg + ug + ---)] ceceeceneecceseneeee: (xviii), 


_ the results being correct respectively up to and including Ist, 3rd, 5th and 7th 
_ order differences. 
It will be noticed immediately, that on putting 


®) ETOH 


ULE U1, U_g=U3, eee ee 


for the particular case of a symmetrical surface (xviii) (8), (v), (8) all reduce 
to (xviii) (a). The reason for this has already been explained (p. 28 e¢ seq.) ; 
in fact the formulae in (xviii) are respectively equivalent to the corresponding 
formulae in (vil), to the order of approximation to which they go. This may 
best be seen as follows : 

We know that the formulae in (vill) are respectively true up to Ist, 3rd, 
_ 5th and 7th order differences; we may therefore suppose 


(a) wu; to lie on the straight line between u, and um, 
(B) w_4, Uz and uz to lie on the 8rd order parabola through u_,, up, uy and u, 
(y) Wg, U_4, U1, Ug, Us to lie on the 5th order parabola through 
U_g, Uy, Up, Uy, Us, Us, 
(8) w_s, W_s, U4, Uy, Ug, Us, Uz to lie on the 7th order parabola through 
Bs Zz +) f 
U3, Wg, Uy, Uo, Uy, Ug, Us, Us; 


and similar results will be true for the higher w’s. 
The relations between the w’s are therefore given by the following Lagrange 


 formulae*: 


(a) Uy =F (Up + Uy) cerevvecesecscceeeeseesesseeees (xix). 
U_1t=qs {Baty + 15) — 5, + Us}, 
(8) Us = zs {[- U1 + IU + Iu, — Ue, 
Ug = Py [Ua — 5 + 15, + Bist as, cide shes (xix). 


* Tracts for Computers, 11, pp. 31, 44, 45, 46. 
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{63u_,+ 3815u_, — 210u, + 126u, — 45u, + Tus}, 


U_3s=% 
u ae Ag {— Tu_»+ 105u_, + 210u, — 70u, + 21u, — 3us}, 
(y) Ur = hy [Bu_o — 2u_, + 150u, + 150u, — 25%, + BUs}, 
Us = ghy (— Bu_» + 2lu_, — T0u) + 210m, + 105% — Tus}, ; 
Us = vba {Tu_» — 45u_, + 126u, — 210, + 815u, + GBI) on ie aie (xix) 
U_s = apg [429u_s + 80038u_2 — 3008u_4 + 3008u, — 2145u, + 1001lu, 
: — 273u, + 33u,}, 


U2 =adgg {— 88u_, + 698u_, + 2079u_, — 1155u, + 693u, — 297u, 
+ 77us — 9us}, 


U1 = gales [Quy — LOS u_y + 945 uy + 157 5a) — 525u1, + 189u.— 45u, + 5 uu}, 
| w= ae [— 5u_g+ 49u_— 245u_q + 1225u + 1225, — 245u, 
oF + 49u, — 5u,!, 


Us = agg {5u_, —45u_» + 189u_, —525u, + 1575u, + 945u,—105us+ Yu,t, 
sos {— 9U-3 + T7u_,— 297u_, + 693u, — 1155, + 2079. 
+ 69305 — 33u4}, 


Uz = gizg (B8u_, — 2738u_, + 1001u_, — 2145u, + 30038u, — 8003u, 
es SU a eran chica cha Cha Baeietisipnndo osinrniin evioia si (x1x), 
and similar results hold for the higher w’s. Whence we obtain : 


((a) uy = (t+), 
| (B) wort 22uy + Uz =—U_y + 18u) + 18, — ue, 
(ry) BY a 17u_ 2 + 808e 2 + 5178u4 + 308us — 17us) 

| SIZE (1lu_s — 93u_, + 802u, + 802u, — 93u,+11us), 
\ (8) ga7ee0 co _5— 5058u_ 3+ 57249u _1 1 + 86256401 + 57249us 
| 
| 
i 


: oe 5058us + 367uz) 
= zaaan (— 191lu_s + 1879u_, — 9531 u_, + 683231, + 68323u, 
— 9531u,+ 1879u, — 191u,)............ (xx); 


and similar results hold respectively for every set of 1, 3, 5, 7 consecutive w’s 
with fractional suffixes. tae summing for every such set we obtain: 


(a) he [uy + uy +ug+ = ja FB in iF 


(8) a [w Sa: + 23u1 + 24 (us a5 Ug Uz + d= a es ae Uy + 12u) + 25u, 


+ 24 (ug+ us; +...)], 
(y) sro lVTu_ e+ 291u_344+5469u, + 5777u3 + 5760 (us + uz +...)] 


-7440 [11u_, — 82u_, + 720% + 1522u, +1429u, +1440 (us + us +...)], 
(8) 5 eee ap [8675 — 46910 _ 5 + 52558u_y + 915122u, + 97237 1uy 
hh 4- 967313ug + 967680 (uz +us-+...)], 


= T909G9 1— 191s + 1688u_.— 7843u_, + 60480% + 128803%, 
+ 119272u, + 121151, + 120960 (uy + ty + .)] (Xi), 
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and the identity of formulae (xvii) with formulae (viii) to the given order of 
approximation is established. Formulae (xviil) may therefore be taken as 
alternative to formulae (vil) and used if they happen to be more convenient. 

It may further be remarked that formulae (xviii), treated as univariate 
formulae on the w’s, are, to the order of differences to which they go, identical 
with formulae (xvi) of Part I, which must be used instead of them when the 
ordinates on the negative side of the origin are unknown. 


C. EXTREME ORDINATE CUBATURE FORMULAE FoR [7 [7 zdady. 


We now turn to the more general problem of finding cubature formulae 
for the integral [%"” [%* zdady. These formulae, when established, will clearly 
be applicable to any double integral where the limits of integration are con- 
stants, provided the function z has continuous curvature. 

The difficulty, as we have already pointed out, lies in the exclusion of those 
ordinates which are outside the boundaries of the area over which the function is 
to be integrated. This difficulty can be met, however, if, in the integration over 
the panels which lie on the boundary of the rectangle « = 0 to mh, y = 0 to nk, we 
use bivariate central difference boundary formulae *. Weshow thescheme below: 

Boundary of Area 


Z00 210 2 230 240 


x“ 
A is First Panel-First Panel. 


A C D | E ' 
| BisSecond Panel-Second Panel. 


201 


Boundary of Area 


291 


__ (431 


Ce 


o 
of 


B 


299 


204 ee ten. 


As 


415 


R 


ic 


295 


{741 


243 


244 


245 


Cis First Panel-Second Panel. 
C’ is Second Panel-First Panel. 


D, E, etc. are First Panel- 
Ordinary. 


H, K, L, etc. are Ordinary- 
First Panel. 


F, G, ete. are Second Panel- 
Ordinary. 


Q, R, S,etc. are Ordinary-Second 
Panel. 


For the remaining meshes 
the ordinary mid-panel formula 
will be used. Similar formulae 
will be used at the other three 
corners. The modification this 
scheme undergoes, when sixth 
order differences are retained, 
is explained on p. 38. 


* These formulae are all given in Tracts for Computers, m1, p. 49. 
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We will now integrate, successively, the necessary boundary interpolation — 
formulae. These are given correct up to and including 6th order differences, — 
but when we come to combine the formulae for the separate panels to obtain — 


mh tnk 
general formulae for | i zdady, we shall not take into account 6th order | 
Gace 


terms, as the general 6th order formulae would involve too many ordinates to — 
be of practical use. 
In Table IV, however, we give 6th order formulae for the separate panels. — 
If these are used, the computer will require third panel formulae at the 
boundaries; for panel D a ‘First Panel-Third Panel’ formula, for #’ a ‘Second ~ 
Panel-Third Panel’ formula, for Y a ‘Third Panel-Third Panel’ and for H, Q ~ 
‘Third Panel-First Panel’ and ‘Third Panel-Second Panel’ formulae respec- — 
tively; while in the remaining panels of the third row and column he will — 
require respectively ‘Third Panel-Ordinary’ and ‘Ordinary-Third Panel’ — 
formulae. There will be a similar arrangement at each corner of the rectangle — 
of integration. The necessary formulae are given in Table IV. 
We now proceed to the integration. 


First Panel-First Panel. 
The formula is: 
Zoy = (1—8)(1 — x) 20 + 1 — x) O20 + 1 — 8) X20 + OA 
— $x (1— x) [5 — x) (1 — 8) 8720 + O87 21} — (2—x) {1 — 8) 8 20 + 08229} ] 
— $9 (1 — 8) [(5 — @) (1 — x) O20 + XO An} — (2 — A) {1 — x) 07200 + x5 201} ] 
— 74,0 (1 — @) (2 - 8) (8 — A) [(9 — A) {1 — x) 84 Za + 5420} 
| — (4-8) (1 — x) 82 + x8*2a1}] 
— 30x (1 — x) (2- x) (8 — x) (9 — x) (. — 9) 820 + 48210} 
—(4—y) {1 — 8) 84245 + 082,53} | 

+ fg (1— 8) x (1) [(5 — x) (5 — 8) 8°82 — (2 — 8) 8°82} 

—(2—) {[(5 — A) 8°87 2. — (2 — 0) 8872.5} | 
— 7399 (1 — 8) (2 — @) (8 — 8) (4 — A) (5 — A) [C1 — x) S850 + XO Zn] 
— rx0X (1 — x) (2-— x) (8 -— x) (4— x) (5 — x) [CL — &) 8% 25 + 48°25] 
+ #9 (1 — @) x (1 — x) [(2 — 8) (8 — @) 848% 2 + (2 — Xx) (3 — X) O84 20] 


pemunea Ges (xx). 
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3 
J 
h 
4 
q 
e 
o 
4 


Denoting, as usual, the terms in the above formula containing rth order 
differences by Z, we have: 


5 Ee ad 
| | Ddedy = vie, tes caer ee AES 
0/0 


i ‘Elba = | * dO [— 4 {(1 — 8) 8825, + O83} + ate {(1 — 0) 82209 + 08220} 
: —40(1—0) (5 — 8) 4 (82 + O21) 
+40 (1 — 6) (2-6) 4 (82m + 8%2x)] 
= — (822 + 822 + O29 + O21) + gy (82200 + 5212 + 8209 + 87201) 


i ij Z ie i dO [— ¢4q0 (1 — 8) (2— 8) (3 — 8) (9 — 8) & (84209 + 8Zn) 
+ 4,0 (1 — 0) (2 — 0) (3 — 8) (4 — 8) § (B42 + 84251) 
— $5. {(1 — 0) 84200 + 084219} + zh5 {(1 — A) 84205 + 08215} 
+ AO (1 — 0) (5 — 8) 8°82 24, — gg O (1— 8) (2 — 8) 30°67 2. 
— 30 (1— 0) (5 — 9) $88 245 + gg A (1— A) (2-8) £08200] 
= slay [— 65 (84209 O42.n + 842 9 + 84239) + 27 (O85 + O21 + 6423+ 64245) 
+ 45 828'22,, — 15 (82822, + 8782242) + 5876729] ...(XXV). 


| 0 Z,dody = [ dO [— r4q0 (1 — 6) (2 — 0) (3 — 6) (4— 8) (5 — 8) 4 (88250 + 8°25) 
— rhe - 82 4 (8205 + 0% 2:3) 
+ 4,0 (1— 8) (2—8) (3—0) $B482a, + yO (1-0) $8892] 
sadagy [— 868 (8% 250 + 8°21 + 88205 + 6% %3) 
+ 266 (8482, + 6°64242)]...(XXV1). 


Combining (xxiii), (xxiv), (xxv) and (xxvi) we reach 


[| ,dbdy =[4 = + Zap + Zo + 21) — eg (822. + O22 + O19 + 2) 
: + gps (822 + 8? 22 + 87 Ze) + 072m) 
+ ggg [— 65 (84209 + S421 + 842m + 84219) 
+27 (842s + 8425 + 84203 + 64215) 
+ 45 82822, — 15 (89822, + 887242) + 50787 Zag} 
+ zasa7 (— 868 (68220 + §°z5, + 88293 + 823) 
+ 266 (54822 + 5°5'420)}] oes eee eee (xxvii). 
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If we now express, as usual, the differences in terms of the z’s, we obtain — 
the following three expressions for [ zdaxdy, respectively correct up to and | 
J0. 0 


including Ist, 3rd and 5th order differences* : 


hk 
(a) 4 (Ze + 29 + 2 + Zn); 


62 + 162.) — 5209 + 201 
8 hk | + 162, + 262, — 52 + 251 | 
(Bec baa ear i | 
Et eqs ata J 
FBT 559+ 1077 24) — 723209 + 467 Zag — 1732p + 27 25 
+ 10772, + 23792, — 973% + 5172, — 17324 + 2725, 
| hk |— 72829— 9782.+12525— 252 
Y) 9880| 4 4672_+ B172— Qe + Berg 
| — 1732,— 1732, 
2 | Diz. J 


(XXvlll). 


First Panel-Second Panel. 


The formula is: 


Z,, =(1— 0) (1— yx) a + (1 — 9) x2 + (1 — X) Za + Oy 2x1 

~ by 1— x) [6 — x) (1-8) 8%, + 03%} — (2 —y) (1 0) 82+ 08"%20}] 
— $9 (1 — @)[(2 — 8) (1 — x) 8210 + xP Zn} + (1+ 8) ((1— x) 209 + x8*20} ] 
—rox xX) 2—x) S-XL —x) (d —0) 8%, + 08 *2,,} | 

— (4 =x) {(1~ 6) 8425, + 6820] 
+ ho 0 (1 — 8) (1 + 6) (2—8) [(8 —4) (1 — x) Bem + x8'en} 

— (3-8) (1 x) 82m + x8%ea] 
+ sh O(L~ 8) x(1 = x) [5 x) ((2— 4) 8°8%2,+ (1 4+ 8) 8" 

—(2— x) {(2— 8) 8872. + (1 + 0) 828 29} | 
~ shox A - x) @— x) B= x) (4—x) (=) [(1 — 8) 882i + 88°20] 
+ 7x98 (1 — 8) (1+ 6) (2 — 8) (3 — 8) (4 — 8) [1 — x) 8259 + x8%2u1] 
+ 1ha9 (1 — 8) x (1 — x) (2— x) (B= x) [(2 — 8) 8°8'ay0 + (1 + 8) 828"424] 
— P59 (1 — 8) yA — yx) 148). (2 — OV B48 Bay cece eeiceccece cones (XXX). 


* In this and the succeeding panel formulae, cubature formulae in terms of 2’s up to and 
including 6th order differences are not given in the text, but they will be found in Table IV. 
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With the usual notation, we have: 
ll 
| | Z, dO dy = 4 (2 + 219 + Zo + Ba) las ee ee (xxx), 
oJ0 


| | fudb dy =| dé [— 4 {(1 — 8) 821 + 08" 2a} + oly ((1 — 8) 8224p + O8Z9} 
—40(1— 6) (2-0) 4 (S25 + 82,) 
$0 (1— 6) (82 + 8°2q)] 
= — xy (672, + 872.) oe (67 Zio + 6729) 
= Ay (O85 + OZ Olay + O'2n) ee (=xx1); 
| Lbay= | a6 [— rhy 28 ((1 — 8) 84259 + 8" ze 
+ shy {C1 = 0) 84245 + 08/255} 
+ x45 (1 — 6) (2 — 8) (8 — 0) £ (S42) + 842) 
= =the (1 — 6°) (2 — 8) (3 — 8) £ (S255 + 842) 
ais9 (1 — 8) (2 — 8) (389822) + ag (1 — 6) ($8282 2) 
oe ie (1 — 8) (2 — 8) (48982242) — gO (1 — 6) (£828223)] 
= sdey [— 65 (8212 + 842m) + 27 (8/245 + 842) 
+ 33 (842m) + 642) — 11 (8425) + 84251) 
+ 15 (696724, + 8°52) — 5 (8°82 215 + 8°82 Zp) ]-..(Xxxii). 
| [, Zady = | dO [- yhy- ABP (— 8) 825 + OB %2q) 
zhy 9 (1 — 8) (2 — 8) (3 — 8) (4 — 8) [4.852 + 4.85251] 
j ce a4 (1 — 0) (2 — 8) (48828230) + 74,0 (1 — 6) 12.8°8'4z,, 
— gO (1 — 6) (2 — 8) $8487 24] 
= zap sa0 [— 868 (68213 + 82,5) + 271 (88259 + 8825) 
+ 133 (6°82, + 678429) — 1548482 Zu]... cee. (XXXII). 


Combining (xxx), (xxx1), (xxxil) and (xxx1il) we have 


['[ eaxdeay =[k (4 + 210 + 200 + 2n) + dy {8221 + 822m — 3 (82, + 8Zy)) 
— (82,9 + 82, + S82y + 82q)} 
+ ghey [— 65 (84215 + 8425) + 27 (84245 + 54295) 
+ 33 (84Zo + 842,) — 11 (6425) + 64251) 
+15 (8°87 2 + 0572) — 5 (8S 249 + 8522) 
+ raplsqa [— 868 (8% 245 + 825) + 271 (88259 + 5°Zy)) 
+ 133 (67621. + 6°62) — 154848%2,)1 ].. .(XXX1V). 
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Expressing the differences in terms of the z’s, we have the following expres- — 


Qh pk 
sions for | zdudy: 


h J0 


hk 
{(a) a. (211 + 219 + Zy + 2x); 


r= Zo + 1021) + 102 — 2:97 
hk | — 2, + 202, + 202 — 23; 
48 — b2yp— 529 
| Sey acy | 
Po 122) + B77 21) + T6220 — 243259 + 77 Zs — Ll 2597 
— 622, + 1879z,, + 17642, — 29325, + 772, — 1lz, 
hk |} +252,— 8282,.— 82325n+ 252. 
OY Oe80 5 Ae Ab oa 
| — 1732,-— 1732, 
es 22 PA ae = 


A RRXY): 


These are correct, respectively, up to and including Ist, 3rd and 5th order 
differences. 


Second Panel-Second Panel. 


The formula is: 


Z0,y =(1— 9) x42 + 1 — 8) (1— x) 2n + 8 (1 — x) Zar + OK 200 
—$x(1— x) [(2 — x) (1 — 8) 821 + 0872} + (1+ x) (1 — 8) 8 2212+ 8'220} ] 
— $8 (1 — 8) [(2— 8) (1 — x) Seu + y8%eu} + (1+ 8) ((1— x) 2 + X8%eu] 
+ rb0xX (1 — x) (1+ x) (2 = x) [(8 — x) (CL = 9) 84212 + 8% 200} 
— (3 — x) {1 — 8) 8425 + 082.5} | 
+ 7399 (1 — 8) (1 + 8) (2 — @)[(8 — 8) (1 — x) San + 54229} 
— (3 — 9) {1 — x) Stan + x8*220}] 
+ 30(1- 0) x (1 — yx) [(2 — x) {(2 — A) 88? 2, + (1 + 8) 88220} 
+ (1+ x) {(2 — 8) 8872. + (1 + 8) 8572, | 
+ ra0x (1 — x) (2— x) 1+ x) (8 — x) (4 — x) [A — 8) 8% 243 + 68% 205] 
+ +459 (1 — 6) (14 6) (2 — 8) (8 — 8) (4 — 9) [(1 — x) 8251 + 48% 252] 
— 7479 (1 — 8) x (1 x) (1 + x) (2 — x) [(2 — 8) 88249 + (1 + 8) 878% 205) 
7479 (1 — 8) (1 + 8) (2 — 8) (1 — x) [(2 — x) 84872 + (1 + x) 548% 2] 
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Ll 
We have i ip Z dO dy = } (Zio + 2 + Zar H Zag) vecececeeees (xXxXvll). 


ae 7,d0dy = j, at 


-£ (C1 — 8) 8? 2 + 08201} 
£ {1 — 8) 82,2 + 082229} 
O0(1 — 0) (2-0) $ (82, + & 22) 
6 (1 — @) 4 (82, + 82.9) ] 
— pg [08211 + OZ yy + O22) + O22q + OZ + OZ + 87 Zq, + 8 29 | 
en ae (Xxxvi1l). 
af, i Z,d6dy = i, dO [hey gh {(1 — 0) 8/4249-+ O8425g) <4, 44 ((1— 0) 8”4245 + 08!) 
+ 7459 (1 — 6) (2 — 0) (8 — ) § (642, + 8422) 
— 74,59 (1 — 6") (2 — 0) (8 — 8) § (6425, + 84252) 
+ 34 8 (1 — €) (2 — 8) 4.87872, + AO (1 — &) 4.87872, 
+ gO (1 — 8) (2 — 8) £82822 + gh O (1 — O°) 48°82) 
= [ght (6 4212 + 84200 + O42, + 54229) — ahh (08213 + 8420 + 5425) + 84250) 
t+ hy (098224, + 07622 + 75 249 + O75 Z.9)] ...(XXX1X). 
i | Eg dou = iF dO [phy 28d {(1 — 8) 8245 + 03 25 
at + 759 (1 — 6) (2 — 0) (38 — @) (4 — 8) § (8825) + 8°25) 
416 (1— 0) (2 — 8) 88424. — 4g. $4.0 (1 — 0) 882.5 
— 1,0 (1 — 6) (2 — 0) 1 (8487 z,, + 64572) | 
= [roids (8 otis + 8205 + 882m + 5°25) 


— q7s0 (0 84219 + 8°42 + 64622, + OF 52) | aPones (xl). 


Combining (xxxvii), (xxxvili), (xxxix) and (xl) we have 


a5 
Ge 
pec a 
6° 
‘eat 
6 
Pp 
6 


rl 
i‘ I, Zo,, dO dx _ [4 (212 + 2 + 2 + Se) 
— py (8824) + 8212 + 8? Zo) + 82S oq + 87221) + FZ 1p + 57S + 87202) 


84219 + 6429 1 84213 + 84293 
+ dey ( — 3830 4 4 
POO N\A O42 + S420) * + 84Z, + 642Zs9 


+ st (0°67 211 + 8782245 + 8°52, + 576 Z 0) 
+ zagsgy {271 (8821s + 8205 + 8°2q1 + O%2Zs0) 
~ 77 (8°8'4245 + 8°52 + 8482, + 888 2.)} (xi). 
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Expressing the differences in terms of the z’s, we have the following three 


Qh 2k 
ar for [ ip zdady: 


ie be ae + 2, + 2a, + 229), 


| Z1— = Zon 
aay £10 aa ast oo 142z,, aa: 213 


(8) 4; 8 Saee 209 + 14z., 4. 142.5 raha 203 : 
L Ti oan teks See 4 
Ve naarg S2ce a d22 0 + Dae zal 


— 322, + 5592, + 9442. — 263z2,,+ 772, — 11z,; 
hk | — 822 + 9442,, + 1829205 — 26325 + 7724 — 11225 


(y) T8803) 52, — 26325 = 268204: Gz, eet kiih): 
hie eo 
| : — Ilz,-— 112. | 


These are correct, respectively, up to and including Ist, 8rd and 5th order 
differences. 


First Panel-Ordinary. 
The formula is: 


2o,x=(1 — 6) (1 — x) 20+ — 9) XZ + O (1 — x) 210 + Ox Zn 
— $9 (1— 8) [(2 — 8) (1 x) & 2m + XO Zn} +(1 + 9) ((L— x) B20 + xO Zn}] 
—$x (1— x) (5 -x) (1 — 8) 8621+ 0572} —(2— x) {(1— 0) 822+ 08°20} ] 
+7379 -@) (14+ 0) (2 — @) [(3 - @) (ds x) O42 + x54 Zu} 
+ (24+ 6) {1 — x) 84219 + x842} ] 
+ rhox C. — x) (2— x) (8 — x) [44 — x) [CL — 8) 82,5 + 08% 213} 
—(9— xy) {(1 — 8) 842, + 084245} ] 
39 (1 — 8)x (1 — x) [(5 — x) {(2 — 4) 8872, + (1 + 8) 8822} 
—(2—x) {(2 — 8) 8967 204+ (1 + 0) 882 2,.}] 
— s0a09 (1 — 8) (1 + 8) (2 — 8) (2 + 8) (3 — A) [(4 —8) {(1 x) 8820 + ¥S°Zu1} 
+ (3+ 8) {1 — x) 829 + x82} ] 
— 78oX (L — x) (2 — x) (8 — x) (4 — x) (5 — x) [1 — 8) 8% 245 + 088245] 
— 3499 (1-0) yx (1 —x) (1 + 8) (2 — 0) [(8 — 8) 8822, + (2 + 0) 8482241] 
+7470 (1-8) x (1) (2— x) (8 = x) [(2— 8) 843829 + (1 + 0) 84882] 
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| With the usual notation: 
. ; 


1 i 
i | Z, dO dy =4 (2m + Su + 219 + Paes oe (xliv). 
0 Jo 


| i Labi | * dO [= (10) (2— 8)(8%2494+8%,) ty 8 (1.— 04) (B82, 4 S2,) 
a ANG — @) S24 ode a a aye 982215} ] 
=[- 7 eo + 82 + 29 + 822) — qs (672, + 62) 
Oo prt OF aa) ha ee ee (xlv). 
[ {i Z,d0dy = [ do | sk 8 (1 — 6°) (2 — 8) (3 — 8) (32 + 88%) 
za 9 (1 — @) (4 — &) (8424) + 842) 
(1 — 8) 8255 + 8’4245} — ges {(1— 0) 8422 + 084 2,0} ] 
= Letaa (64200 + 84201 + S424 + 8424) + 8-5 (8429 + 82,3) 
— Bis (0422 + 84212) 
+ aq {3 (8%, + 8°52.) — (89S 20+ 5°S'2240)}] «(xl vi). 


oso 9 (1 — &) (4 — A) (3 — 0) (4 — 8) (8829 + 59 Za) 
~ sab? (1 — &) (4 — @) (9 — &) (882) + 852,:) 
wats {(1 — 8) 8 245 + 08 z;3} 
Tg {8 (1 — 6) (2 — 8) (3 — 0) 882, + 0 (1 — 0?) 
x (4 — &) 8482.1} 
+ g$$y {9 (1 — 0) (2 — 0) 8482 + 0 (1 — &) 6467 2,0} | 

= — gqpozy L191 (6520 + 882, + 88249 + 6821) 

+1726 (8% 29 + 82,5) + 154 (84522, + 5482z,,) 

eo2b0 (0 50 oe OO call ee (xl vii). 


= 


Combining (xliv), (xlv), (xlvi) and (xlvii) we have 


a4 29,, db dy = [1 (200 + Za + Z10 + 2) — gy (82% + 822) + 8224) + &? i) 
fe — Pg (672 + 522) + py (52 Z_ + 82,9) 
+ hby (64200 + 842) + 54249 + S42) + shy (84203 + 84243) 

— AB. (64 29 + 84 Z;2) 

+ gig [8 (8°67 2) + 8°8%2,,) — (89522 + 8°82240)} 

— grtgay {191 (6% + 8820, + 88219 + 882.) +1726 (85255 +8'%z,5) 

+ 154 (64872) + 64872) — 266 (88229) + 8482 212)} ] 
ancien (xlviii). 
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Expressing the differences in terms of the z’s, we have the following ex- 


hk 
pressions for i [ zdady, correct, respectively, up to and including Ist, 3rd and 
0/0 


5th order differences: 


‘ (a) = (Zoo + 2 + 219 + Zn), 
Fm Zig + 1029 + 10219 — Zap 9 
(8) hk | — 24 + 202, + 202n — Zn | 
48 — Ban— 52a. | : 
E te cog te Sis E 
: ee We 872 5497 AD = TBs lie. 
+ 112_,, — 1282_,, + 15442, + 15442, — 1282, + 11lz, 
(y) hk + 2521s — 82382 .—-— 82382.+ 252 1 Ge) 
2880 — 5243+ 4872,+ 4872,3— 52s 
— 173z,-— 17382, 
\ : + 2iz.+ 21a. : 


Second Panel-Ordinary. 
The formula is: 


Zo,x=(1—yx)(1— A) 2n + — yx) Ozu + ¥ (1 — 9) 20+ x Oe12 
—¢x (l— x) [2 — x) {1 — 4) 822, + 66°2,}+ (1+ x) {- 9) 6° 29+ O52 ,0} ] 
— $4 (1 — 8) [(2 — 8) {1 — x) Ben + x8*% in} + (1+ 8) {(1- X) PZ + X82} ] 
+ 70x CL — x) (1 +x) (2 — x) (8 — x) {CL — 8) 8290 + 08/4240} 
— (3 — x) {A — 8) 825 + 05'42,5}] 
+7959 (1 — 8) (1+ 8) (2 — 6) [(3 — 6) {1 — x) 84a, + V5! Zoo} 
+ (2 + 8) {(1 — x) Stan + yS42,9}] 
+ gO (1 — 8) x (1 — x) [(2 — 8) ((2 — y) 8°82 + (1 + yx) 82825} 
+(1 + 8) {(2 — y) 8872, + (1 + x) 882,91] 
— goz09 (1— 8) (14 8) (2 — 8) (2+ 6) (8 — A) [(4— 8) {(1- NX) 0°21 +5° Zoo} 
+(3 + 0) {1 — x) San + yO%Z,0}] 
+ rx0x (1 — x) (1+ x) (2 — x) (8 — x) (4 = yx) [CL — 8) 8205 + 08’ 25] 
— 7479 (1 — 0) x (1 — x) (1 + x) (2 — x) [(2 — 9) 8984200 + (1 + 8) 854245] 
— 7$y9 (1-8) x(1—x)(1+0)(2—0)[(3—0) {(2— x) 848"%2y + (1 +x) 5482 
+ (2 + 8) (2 — x) 882, + (1 + y) 848224} ]...(1). 


ens eee eT oe, tri 
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Lil 
We have i i Dlbdveites at ee) ee (li). 
0/0 


1 fl 1 
‘j i Z,d0dx =| dé [— tg (1 — 8) 872 + 087211} — dr (1 — @) 82 Zo9 + O87 2,9} 
— 4,6 (1— 8) (2 — 0) (882, + 822) — 8 (1 — &) (82 + 2,2) | 
— By (82 2q, + 8224 + 8 Zo + 82212 + FF q) + OZ oq + OZ + O22) 


[[. Zad0dy=[ a0 (atts (1-8) 82m + 08*2) — rhs (1-8) 82+ 03*2) 
+ 0 (1— 6) (2-8) (3 — 8) $ (821 + 8'2) 
+ hy 0 (1— 6°) (4— 6) 4 (B42, + B42) 
+ hg (1— 6) (2 — 8) {8°82 + 8°32 
+ hgO (1 — 0) (888"2,, + 8°82} 
= [shhy {8 (0422+ 84212) — (8425 + 84245) + 8421 + O42 + O82 + 5425} 
Fhe (S882 + FBZ + OSG + PO] coeeeeceee (liii), 


of f Tgedy = Bo dO [— den 6 (1— 6) (4 — 6%) (3 — 0) (4 — 0) (821 + 8°) 
an9 (1— 62) (4 — 62) (9 — 0%) (8%zy, + 82,2) 
45 {(1— 8) 8203 + 08% 2:3} 
th {8 (1— 8) (2 — 8) 388!259 + 8 (1 — 62) 83/42} 
oy (0 (1— 62) (2 — 8) (3 — 8) (84822, + 8°20) 
+ 8 (1 — 6) (4 — 6) (88822 + 3482,2)}] 
= grpoay [— 191 (8820 + 88202 + 852 + O%%12) + 542 (5 SZ, + 5% 2,5) 
— 154 (8982p + 525240) 
1 (38 Zp, + 84/2299 + 8322 + 18" 2,2)] 


ae 


ee (liv). 
Combining (li), (lii), (1ii1) and (liv) we have 


i. [ 2 dO dy = [4 (Za + 202 + 2 + 212) 
— pg (82201 + 8? Zo + 8241 + S242 + 8 Zo) + 8729 + 87211 + O22) 
+ ahh {8 (88202 + 84212) — (8/200 + 54219) + 8421 + 820+ Hn + 54212} 
t ghey [8°82 2) + 898229 + 878722, + 8°57 2,0} 
4 saqlsay {— 191 (8820 + 88211 + 9°22 + 58212) + 542 (8% 205 + 82,3) 
— 154 (87842, + 6842.) 
— 77 (84822 + 8482 2¢9 + 84822, + 5487 2Z2)}] ...(Iv). 
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Expressing the differences in terms of the z’s, we have the following three 
h 2k 
expressions for | [ zdady, respectively, correct up to and including Ist, 3rd 
0 Jk 
and 5th order differences : 


( hk 
(a) ra (Za + 2 + 2. + 20a), 


& pees noes 7) 
Zoo Z10 


hk aes 2-11 a 142, + 142z,, are 291 
(8) 48 ’ 
rare 2-12 + 142 a a 142,, = £09 


L So Lu eis : 
52 19—- 322Z— 32%y+ 5Zq 

11z_4 —982 4 + 7242), + 7242, —982, +1125, 

hk | +1124 — 9824. +1109 25 + 11092,, — 9824 + 112.9 


eee lel) 
(9880 By) 2687 2607.2: Be. oy 
+ TTZ4+ Ter 
\ é — lla;-— 112, ; 


‘Ordinary First Panel,’ ‘Ordinary-Second Panel’ and ‘Second Panel-First 
Panel’ formulae can clearly be obtained by interchanges of suffixes in the 
formulae already established. 

We now give the additional boundary formulae that are required when it 
is desired to work to 6th differences. They were obtained by a direct extension 
of the univariate mid-panel formulae given in Part I. 


Third Panel-Ordinary. 
[ : | Seeds = hk [} (200 + 203 + Z12 + 213) — ay (8° Zc + 872 9 + 82212 + 87245) 
ee — pe (8220. + 8 2 3 + 8222 + 8245) 
t ahe (8°82 2 9 + 8°82 5 + 575224 + 8°52 245) 
+ ghdy (82 + S4Z9q + 8420 + S445 + 84200 + ON zgg + 882+ 8429) 
— say (8964 Zon + 876/42 3 + 028" 215 + 0754215 + 8487 240 | 
+ 0482 293 + 6462245 + 8482245) 
— gpg [2 (6% 205 + 82153) + OZ oq + O82 3 + 8829 + 0°25} | 


(correct up to and including 6th order differences). 
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Third Panel-Third Panel. 


| | | 4 | __edledy = hk [4 (20 + Zo + Zo + 233) — gg (8? Za + 820g + 87259 + 87259) 
— qh (67 209 + 8 S55 + 5? S59 + 87255) 
+ hg (096209 + 876? 205 + 6°82 259 + 6°52 255) 
t ghb ey [842g + 04205 + 84259 + 04255 + O4Zog + 84205 + 84250 + 84255} 
— gatshey [0°84 Zap + 8784 25 + 0754 259 + 8764255 + O48? Zon 
+ 848225, + 846% 259 + 6487255} 
— aa oelag {2 (88205 + 825g + S825 + 5% Zsg)}] oes cree eens (viii) 


| (correct up to and including 6th order differences). 


Third Panel-Second Panel. 

a [O [dea = hk [4 (e + 213 + 202 + 203) — gig (67219 + OP 245 + OZ + 6? 205) 

as aCe 221, + 02 Za + 67203) 

+ ghey (8952219 + 5°52 215 + 525 2259 + 5°52 Zc) 

teghhy [84210 + 88245 + 84259 + 84205 +3 (84229 + 84205) — O4Z3q— 8425} 
— aptly (8°O tin + 828 4245 + 875 Mag + O78 4209 + 2 (648'*Z99 + 6452255) } 

+ yrpbgzy [542 (85 2so + 8°23) — 382 (8245 + 8 205)t]  ... (11x) 


(correct up to and including 6th order differences). 


Third Panel-First Panel. 


[°[eaeay = hk [4 (200 + 203 + 212 + 213) 
. — gg (82S pq + 82S 5 + 82219 + 82213 + B(S%Z1p + 5°23) — O°20o— 5°20} 
4 sglsy {11 (84200 + 842 5 + 84242 + 84213) — 65 (84209 + 84205) 
+27 (84259 + 54 255)} 
tb phy {B (82822 + 882213) — 875 29 — 5°75 Zag} 
+ zzhgy {88 (845220 + 8482295) — 22 (8°64 249 + 854 245)} 
— szlszy {882 (8% 20 + 8243) + 1726 (8°25 + 5%255)}]  --.(Ix) 
(correct up to and including 6th order differences). 


These formulae are given in terms of ordinates only in Table IV. They are 
all we require, since the remainder can be obtained by interchanging suffixes 
in those already established. 


T.C. xX 4 
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We are now in a position to proceed to the final stage of the work and to 
mh pnk 
find approximations for | | zdxdy, depending only on ordinates within the 
0 0 


rectangle =0 to mh, y=0 to nk. We have only to associate with every 
panel its appropriate cubature formula already obtained and to sum the 
results. 

Furthermore the results obtained will, by a change of origin, be applicable 
to any double integral in which the limits are constants, or, in other words, 
whenever we are integrating over a rectangle. 

General formulae can only be obtained if the number of ordinates in each 
side of the rectangle exceeds 8 in the case of the third difference formula and 
12 in the case of the fifth difference formula; and these formulae are given in 
the appended Table V; when we have less than this number of ordinates, 
the formulae for each panel ‘ overlap’ differently in each case considered ; for 
example, in the case of 16 ordinates we have the following formula correct 
up to and including third order differences : 


Qt leo Tom + 2Ze 
Bh / 3k hk \+ 72 + 202, + 202. + 72. 
| zdady =—. 
0 Jo 16 | + Teo + 20219 + 20205 + 7299 
+ 226+ TZig+ 123+ 2Zee 
but if we take 25 ordinates we have, correct up to and including 8rd order 


differences, 
Zo + G2 + Wot GZqo+ Zr 


Fee hh + 62 + 202,, + 122, + 202; + 624; : 

| | zardy = 12 4A 22. +1221. + 4e—q +1225 +229) ...(1x11). 
eh + 623 + 20243 + 12205 + 2023 + 624 

+ Zt Geyt 2yt+ Gls + See 


The computer will easily be able to derive similar formulae for himself from 
the formulae we have given for the separate panels if he does not desire to 
use as many ordinates as the general formulae necessitate; though in some 
cases the accuracy, that his work demands, will compel him to do so. 

We will now consider a numerical example, namely 


fe pee 21-r 

on el \,¢ oe, 

which we will compute for h=1,k='8, r=‘2. We have chosen this integral 
because the result may be checked by a computation from its expansion in 
tetrachoric functions. 


4 
a 


se =e sg oa gti err 
Pe PI a ae OO a RN ey SB 


; oo hai 
: where T(x) = : ie ( 7 
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Formula B of Table V will be used. We give below a table of ordinates of 


ae 
Somer eS Beaker ae 


Qa 


for r =°2; each with its appropriate multiplier taken from the formula : 


ie 2 
acu = ale “4ary +y?). 


TABLE VI. Table of = 


27 


aos 


‘28585 | 28915 | -28945 | -28675 | 28113 | 27276 | 26191 | 24887 | 23404 | -21781 | -20060 
4 23 12 17 16 16 16 17 12 23 4 


‘7 | 30908 | -31199 | 31167 | 30812 | :30145 | -29187 | -27967 | :26520 | 24887 | -23113 | 21243 
23 76 54 64 62 62 62 64 54 76 23 


6 | 33073 | 33315 | 33211 | 32765 | 31989 | 30908 | °29554 | -27967 | 26191 | 24273 | 22262 
12 54 32 42 40 40 40 42 32 54 12 


5 | 35024 | 35207 | 35024 | 34481 | 33594 | 32391 | 30908 | 29187 | 27276 | 25297 | 23089 
17 64 42 52 50 50 50 52 42 | 64 17 


‘4 | -36704 | :36819 | °36552 | -35910 | 34914 | 33594 | -31989 | 30145 | 28113 | -25946 | 23698 
16 62 40 50 48 48 48 50 40 62 16 


‘3 | 38067 | 38107 | -37751 | 37011 | 35910 | 34481 | -32765 | 30812 | 28675 | -26410 | :24071 
17 64 42 52 50 50 50 52 42 64 ¥ | 


*2 | 39071 | 39031 | °38586 | °37751 | 36552 | 35024 | 33211 | °31167 | 28945 | -26603 | 24197 
12 54 32 42 40 40 40 42 32 54 12 


‘1 | °39687 | 39563 | 39031 | -38107 | 36819 | °35207 | °33315 | 31199 28915-26520 24071 
23 76 54 64 62 62 62 64 54 | 76 23 


0 | 39894 | :39687 | -39071 | °38067 | *36704 | 35024 | *33073 | 30908 28585-26163 23698 


4 23 12 17 16 16 16 17 12 | 23 | 4 
i an is (a? — -4ay + y?) 
We find | | e 1:92 e dady = *25318(29), 
NV Qer! 0 
ee 3 We ie i e193 "4+ dy = 10809 _...(Ixiii) 
Qa V-96 


The expansion of W in tetrachoric functions 1s 
= {4 —7,(A)} {4 -— To (B)} + [1 (0) — 71 (2)} [1 OO) -— (A) r+... 
+ {tn (0) — tn (h)} {tn (0) — Tr (K)} 7” + 
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We have the following set of numerical values* : 


nN Tn (0) ™ (1) Tn (8) T™ (0) ae (8) T™ (0) —Tn (1) 
0) 5 *15867 21186 ‘28814 34133 
1 39894 24198 28970 "10924 "15696 
2 O ‘17110 "16388 — '16388 —°17110 
3 — ‘16287 O — 04258 — °12029 — ‘16287 
4 O — ‘09878 —*11165 — °11165 ‘09878 
5 "10925 — 04418 — ‘01138 "12063 "15343 
6 O 05411 | 07782 — ‘07782 — ‘05411 
nv {tn (0) — tm (1)} tn (0) — Tn (°8)} as {tn (0) ~ tn(1)} {rn (0) — Tn (8) 7" 
0 09835 1 "09835 
1 701715 ee 700343 
2 *02804 04 00112 
3 °01959 “008 ‘00016 
4 °01103 ‘0016 “00002 
5 ‘01851 °00032 ‘00001 
6 00421 “000064 O 
W=-10309 


We see that the results of the two methods are in agreement to five figures. 
We have only worked to five figures because tables of the tetrachoric functions 
were only available to this degree of accuracy. | 

We will now proceed to an example which illustrates the possibility, where 
accuracy to a great many figures is not necessary, of obtaining quite good 
results from a simple formula involving comparatively few ordinates. 

In a recent papert Mr E. C. Rhodes fitted a skew-correlation surface to 
some barometric data for Laudale and Southampton. 

The form of his surface is 

z= Ze le tmy) (a —— ar € ae oh ; 
TS 1 a 6 

the numerical value of the constants for the barometric data being given in 
his paper. 

We have calculated the ordinates at the 16 points corresponding to baro- 
metric pressures of 29:95”, 30°05”, 30°15” and 30°25” at Laudale, and 30:05”, 
30°15”, 30°25” and 30:35” at Southampton. 


* Tables of the tetrachoric functions are given in Tables for Statisticians, Table XXIX. 
+ Biometrika, Vol. x1v, p. 375. 


PFO a ee Te ee eee ee) OE OT ee ra TTT ee TT peewee Oe EE 


ere Pee ee ee ee eee 


eee TO NON ee eee Eee Ty eae eed 
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We find: 


Southampton 
30°35” 30°25” 30°15” 30°05” 
© 30°25” 46:09 48°82 37°44 21°92 
— 30°15” A2Q°57 57°88 55°46 40°19 
3 30°05” 30°71 53°96 64°11 56°41 
— 29°95” 17°51 40°57 60°28 63°67 


We use the formula of (xi) to calculate the portion of the frequency within 
this rectangle and find for its value 464-1. 

Mr Rhodes has calculated the ordinates at the middle points of the cells 
bounded by the above ordinates, and from these, by an entirely different 
method, found for the frequency 462°8. This is quite good agreement con- 
sidering the nature of the approximations employed. 


mh nk 
D. M1Ip-ORDINATE CUBATURE FORMULAE FOR i | zdady. 
Org 20 , 


In this section we will give, briefly, the alternative formulae that are 
necessary, if it is desired to base the cubature on the centre ordinate of 
each panel instead of on the corner ordinates as we have done hitherto. The 
necessary formulae are easily derived from the mid-ordinate, univariate formulae 
of Part I and, if it is necessary to work to 6th differences and, at the same 
time, to avoid using ordinates outside the rectangle of integration we shall 
require as before 10 formulae. As the method of obtaining each one is the 
same, we will, for the sake of brevity, give the proof only for the first formula 
and state the remainder. 

The Ordinary Formula (not near a boundary). Let 21,4 be the centre 


ordinate of the panel bounded by 2, Zn, 210, 2u and let Z,= | "tp y dy. Then 
by formula (xi) of Part I we have , 
[- ip edady=h[Z, + py8*Z — aa + glee a «1; 
Z,=k[z, 4+ hp 8224, 4 — 3th 8424 at adresse %4,4+---]; 


O39 
whence, neglecting 7th* and higher vi ee 


hk 
| | zdady = hk | 21, atayz O21, ito? 21,1) — 57 7. (6! 21, 4+ 0" 24 tate 86721, 4 

0/0 
_ cahbay (6467 21,4 48s, 1) + yeifsien (621, gt O24 4]. 


O99 


* In this particular formula the 7th order differences vanish, but in the following formulae 
they do not, but are neglected. 
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Boundary Formulae. The formulae necessary are as follows 


First Panel-Ordinary. 

he eke 
| i zdxady = hk [24,4 + otf (8214 a 25221. t Maras 6721 s) 
0/0 Ni ji Jy 


+ srgy (4298'42, » — 206842, 7 —1784z, 4) 


+21, (20 6721, 3 3 — 0°0724 a5) rssgty (2236782, 5 1100 ey ¥)) 
+ poten (B21198"e,, » +3673, ,)) 


Second Panel-Ordinary. 

h 
i I zdxedy = hk [24, 3 Re L (O24, at 6721, 8 ee atea i20" 
0 Jk eis 


1 2 S/o as 17: 28/4 o 49/2 
+ 54506 41,3 rats (6 ) Z1,5+6 6 21 3) 


+ se7exo (8676°25, » — 24898%2,, +)]. 


2 


Ai 4 
21,5 6 24 the, s 


vy 


Third Panel-Ordinary. 


cio. 21 a ie =the O44 gt Oz, ,§) + 57g 08721 5 
B52, 5 + 646% 21 toe gy (O24, g +024 a) | 


ae 
a 
Se 
8 
Qu 
1 
4 
oo 
Feng al 
my 
e 
ei aS 


pees aie 
138240 


First Panel-First Panel. 


"*h ad 
[ edady = hk [2,1 + gg (282, — 87215 +26%22 1 — 825, 3) 
Lee 2 292 292 


5 {429 (6424. 5 + 0125, 1) — 206 (O42, 
40°57 25 : oa 2676725 5 a 20°825 
ng (S28'4z5, 5 + O8'22y 


gt O2y, y)} 
er 06725 5) 


cee a 
oy 
- a 
= ~ 2) 


pti rile. (8%, + +5 24 yh 


ee First Panel-Second Panel. 
i; ih zdiady = hk (zs, Via gy (28°25, 3 — 8225, 5+ O &3 sa) 


+ aTno (4298'425 bie 2066425, i 340425, i+ 17842, 1) 


+ she (2876’ "23, tees roe "23, 3) + Tasazy (223676425, ea 175*3z5. 3) 
+ OTaBO (321196825 * 248968 zy 1) | 


Fe) 


oe Second Panel-Second Panel. 
[ | zdady=hk a gt gy (0°23, 3 +822. 2) 


(2625, at 0425. z a 264 25,3 _ ee 3) + 5}5 0°67 25, 3 
7 (Od *Z3, Ms + 016725 EY ho oeeee by (0% 25 7 + 65 43 ial. 


a 


&5 
73 rer 
824 


& 


TET EM REET RA TESLA ENTS RD ern RRC HL eet 


ON METHODS OF DETERMINING SINGLE AND DOUBLE INTEGRALS Dd 


Third Panel-First Panel. 
[[- ededy = hk [24,5 +o (872, 5 + 20723 5 — Oz5 3) 
ce + griry (429825, » — 2068%2;, »-178%z, «) 
+ ghey (2678225, 5 — 875225 5) 
+ paszzo (2235! 0%25, » — 178842, 5) 
+ saresn (3676 %21 7+321 196% zz, 5). 
Third Panel-Second Panel. 
[o[, edndy = hk [23,3 + ag (2s, 5 + 82 5) — ahh (842, 5 g + 2042 
+ ste ioe 23,§— raphe (Oz, 4 + 85s, 9) 


+ so7eso (3670%2s, 7 — 24890%27, 5)]. 


. et) 


24,4 — O24, 4) 


Third Panel-Third Panel. 
i les zdady = hk [ 25, 5+ i (OP zg, g +6? Zs a oe Brey (8425, 5 + 0425 5) 
+ ata 6262 25 5 —isthz0 (07625 5 + 648725 5) 


O93 


ts mae of sey (8 825, z+ O82; 4]. 


The remaining boundary formulae can be obtained from these by appropriate 
interchanges of suffixes, and there will be a similar arrangement at each corner 
of the rectangle («= 0 to mh, y = 0 to nk) of integration. 

These formulae might also be expressed in terms of ordinates only, but they 
seem to be more suitable, than the corner ordinate formulae, for working with 
differences, since only one ordinate and its differences, instead of four ordinates 
and their differences, are in general associated with each panel. 

We will consider as an example the integral 


e 7 | _ | 8 4 Tgg Pty ty da dy. 
T° 0 0 


This is the volume of the portion of the normal frequency surface 


1 yr 4 (x? — 2r vy + y?) 
= — ———— 1-7? 
z SR rao am 2 (1-1?) 


(for which r the correlation = 2) contained between the planes w= 1:2, y = 1:2 
and the surface. We shall a iat 


ae 1-99 ~*4ey +9") ded 
ee ee - 


D6 


subsequently multiplying by ‘e 7 
T 


36 points given by «='1,°3,°5,°7, 9,11; y="1, ‘3, °5, °7, 9, 1:1, working with 
ordinates to 5 figures. The following is a table of the 36 ordinates and the 
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differences which are necessary : 


— 7?) 


, and shall use the ordinates at the © 


yess 2 “7 
TABLE VII. Table of = e 1-92 = (7*—"40y+¥) and Central Differences. 
2or 
| 
hag e="l L='3 L='5 “L="7 x="9 ¢=1°1 
Z 39563 38107 35207 31199 26520 21622 
6? — — 01444 — ‘01108 — ‘00671 — ‘00219 — 
| 8 = = a = a = 
Pte ue 00101 | -00015 2 ae 
54 = ae a os a fk 
82972 ne aah Mee ~ ca ee 
2 38107 ‘37011 34481 30812 26410 21713 
6? — —°01434 | —°01139 | —-°00733 — 00295 oe 
3 6? —'01444 | -—-01484 | — 01364 | —°01238 | —-01073 | —:°00890 
‘ ét — — ‘OO111 00032 — cs 
o- _— o a — = — 
625” — ‘00060 00056 00039 ‘00018 — 
Z 35207 34481 3239] 29187 25227 20914 
6? — — ‘01364 — 01114 | —°00756 — 00353 ese 
5 he — ‘01108 —'01139 | —-01114 | —°01042 — 00931 — ‘00793 
6} aa a 00108 00045 -- — 
o 00101 ‘OO111 00108 00106 00102 00089 
6262 -- 00056 00047 "00039 00027 — 
Z 31199 30812 29187 26520 23113 19322 
& — — 01238 — ‘01042 — 00740 — 00384 — 
7 6? — ‘00671 — ‘00733 | —:00756 | —°00740 | — ‘00687 — ‘00607 
6} —- -— ‘00106 00054 a — 
ot 00015 ‘(00032 "00045 "00054 °00055 "00052 
eigt | h -- °00039 00039 00037 00027 =a 
Z 26520 °26410 25227 23113 20312 17123 
o — — ‘01073 — ‘00931 | — ‘00687 — 00388 — 
‘9 6? — 00219 | —-00295 | —°00353 | —°00384 | —-00388 | — ‘00369 
64 — — 00102 00055 -- —- 
64 = oe — — ues “— 
676” — ‘(00018 ‘00027 00027 00023 — 
Zz 21622 ‘21713 20914 19322 17123 14555 
a — — ‘00890 | —:00793 | — ‘00607 — 00369 “se 
a m — = 00089 | 00052 — = 
yet = es a fe ie 


Where blanks are left, the corresponding differences are unknown. 


a ee ee eS ee ee ee 
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Using the appropriate mid-ordinate formula in the case of each panel, we 
have the following table of results: 


TABLE VIII. Table of Volumes over the Separate Panels. 


1 aefeee FC ee 2 
gm ¢@ Toa 7 te t9"). 
2a 
y x 

0 10 “2 "4 6 8 1:0 be 

°39563 *38107 35207 *31199 26520 *21622 

— ‘00148 — 00132 — ‘00113 — ‘00088 — ‘00060 — ‘00031 

700014 ‘00007 “00006 ‘00006 ‘O0006 ‘00002 

2 *39429 *37982 *35100 "SLL Ee 26466 21593 

38107 ‘37011 34481 30812 *26410 21713 

— ‘00132 — ‘00120 — ‘00104 — ‘00082 — ‘00057 — ‘00031 

‘00007 — ‘00001 — ‘00001 — ‘00001 “OO0000 — ‘00002 

7 37982 *36890 34376 30729 26353 ‘21680 

°35207 34481 | 32391 29187 yrds ye *20914 

— 00113 —°00104 | —:00093 — 00075 | — ‘00054 — ‘00031 

“00006 — ‘OO001 — 00001 “00000 “00000 — ‘00001 

6 *35100 °34376 32297 29112 2D17e "20882 

31199 °30812 29187 *26520 WoLle °19322 

— ‘00088 — ‘00082 — ‘00075 — ‘00062 — ‘00045 — ‘00026 

“00006 — ‘00001 ‘00000 “O0000 “00000 ‘00000 

8 31117 °30729 "29112 26458 23068 "19296 

26520 *26410 "25297 v5 3 SS 20312 “171s3 

— ‘00060 — ‘00057 — ‘00054 — ‘00045 — ‘00032 — ‘00019 

“00006 “OCO000 “00000 ‘00000 ‘00000 ‘00000 

10 | 26466 26353 OLS 23068 "20280 ‘17104 

21622 S173 20914 °19322 17123 *14555 

— ‘00031 — ‘00031 — 00031 — ‘00026 —°00019 — 00011 

‘00002 — ‘00002 — ‘00001 ‘00000 ‘OO0000 “O0001 

1:2 21593 21680 "20882 °19296 *17104 *14545 


In the first line of each rectangular subdivision is given the central 
ordinate of the panel; the second line contains the terms in & and 8? 
in the formula employed and the third line the terms in & and 84 The 
fourth line is the sum of the first three and consequently gives the 
volume over the panel divided by ‘04, the product of the respective 
distances between two consecutive ordinates in the # and y directions 
(the hk of our formulae). By summation of these results we can obtain the 
integral we require. 
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We find 
Sum of volumes over all the panels... = ‘387984, 
1 
tee = 3989423, 
VQ 
V-96 = ‘9797959, 


whence 


12 12 1 ; 
= = | | e Tag YY) dandy = "15798. 
: 0 0 


By excluding from the summation the last two rows and the last column of 
the table we find 


10 78 1 : 
= i e193" 494) Gedy = 258186, 
rJo Jo 
1078 1 : 
and = a i i Pe 1-99" - day + y?) dady = 10809, 
Oo 6 | 


which is in agreement with the value of the same integral found by a different 
method on p. 51. | 

We may check the former of these two results by the use of tetrachoric 
functions as follows: 

Let Q denote the value of the integral, then 


Q = {4 — 7, (1:2)}? + {7, (0) — 7, (1'2)}2 r+... + ft, (0) — Tn (12) 2 H+... 
where 7 is in this case *2, and 
nto (- 
nr J/|n 


We have the following numerical values *: 


d n-1,-3x 
arg 


in | Tn (0) Tm (1°2) | tn (0) — tn (1°2) {Tn (0) — Tp (1°2)}? Asi {tn (0) — tn (1°2)}27 
PAI al aeons ot ze ats ae 

01 5 11507 38493 14817 ‘14817 
1) -39894) +-19418 20476 ‘04193 2. ‘00839 
121 0 16477 —-16477 02715 ‘04 ‘00109 
| 3  —-16287| -03335/ —-19622 ‘03850 ‘008 00031 
ee ere) — ‘07420 07420 ‘00551 ‘0016 ‘00001 
5 10925 | - -06322 ‘17247 02975 ‘(00032 ‘00001 
| 6.6 02403!  —-02403 ‘00058 ‘000064 ‘00000 
| | Q="15798 
| | 


This is in agreement with the above result for Q. 


* From the tables of tetrachoric functions. Tables for Statisticians, Table XXIX. 
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The cubature method ae mid-ordinates seems well adapted for calcu- 


_ lating the theoretical frequency within each cell of a correlation table, when 


a frequency surface has been fitted to the bivariate distribution, in order to 
apply a ‘goodness-of-fit’ test. It will of course be necessary to calculate the 
ordinates of the theoretical surface at the central points of the cells; but 
with the exception of the rather unlikely case of the function being exactly 
integrable we are bound to resort to some method of cubature and on the 
whole it is more convenient to use one central ordinate and its differences 
rather than four corner ordinates and their differences. 


E. INTEGRATION OVER AN AREA WITH A CURVED BOUNDARY. 


We will conclude this paper by the consideration of a numerical example in 
which the preceding methods are not applicable, owing to one or both of the 
limits of integration for one variable being a function of the other variable, or 
to the integration being taken over an area with a curved boundary. In such 
a case we have to fall back upon the method indicated in the introduction 
and perform a series of quadratures, in each of which one variable is kept 
constant and, finally, to perform another quadrature on the results. 


eae see -() - 4 da dy. 


This is the volume of the portion of : parabolic cylinder z = 1 — (#5) ~ a 
contained by the planes z=0,7=6, y=0 and the surface and can be calculated 
by direct integration. 

We have purposely chosen a volume that admits of direct integration, in 
order to be able to check the accuracy of our result. 

Let w be given the values 
2,=60, =62, «=64 «=66, =68, w%=70, «2=72, 


and let ¥:, Yo, Ys --» Y7 be the corresponding values of 


3[1—(a/7°2)") A 5 Rs 
vr ~ 3 ae 


We propose first to calculate y,, yo, Ys --. Yr by Weddle’s fornia, using seven 


We shall consider 


equidistant ordinates for each, and then to calculate U= i< ydx by using 
6 
Weddle’s formula again on yj, 2, Ys «++ Y 
2 
This involves dividing each of the seven values of 3 E _ (=) | corresponding 


to «= 6°0, 62 ... 7-2 into six equal parts, and calculating the ordinates of the 
surface at the points of division. 
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P 
We first obtain the corresponding values of # and 3 [1 (= le viz, : 


x 3[1—(x/7°2)?] 2 3[1 —(x/7°2)"] 
6:0 ‘9166668 6°8 *3240741 
6°2 °7754631 7°0 *1643520 
6°4 *6296295 7:2 0) 
6°6 4791666 


Next we obtain the values of y, in the plane z=0, at which we must 
calculate the ordinates of the surface: 


72=6°0 Uipad oie 4 r=6°4 x=6°6 2=6'8 s-2 70 gel 2 
O O O O O O 0 
"1527778 "1292439 "1049383 ‘0798611 0540124 "0273920 0 
°3055556 2584877 *2098765 "159/222 °1080247 *0547840 O 
°4583334 °3877316 3148148 2395833 "1620371 *0821760 O 
‘GLILLI2 5169754 ‘4197530 3194444 2160494 ‘1095680 O 
‘7638890 6462193 "5246913 *3993055 ‘2700618 ‘1369600 0 
‘9166668 °7754631 6296295 ‘4791666 3240741 "1643520 0 

| 
: a 7] ; : 
Then from the relation z=1— BT847 3 we find the ordinates at these points: 

z=60 xr=6'2 x= 6°4 xrx=6°6 x2=6'8 G70 Gan7'2 
3055556 2584877 *2098765 "1597222 *1080247 "0547840 O 
2546297 2154064 ‘1748971 °1331017 °0900206 0456533 O 
2037037 "1723251 "1399177 ‘1064814 0720165 0365227 O 
‘l527778 °1292438 "1049382 ‘O798610 0540123 °0273920 O 
°1018519 0861626 ‘0699588 ‘0532406 ‘0360082 0182613 0 
"0509259 °0430813 "0349794 0266203 ‘0180041 "0091307 0 
O 0 O O O O 0) 


Weddle’s formula is 


0 
Applying it to each of the above sets of equidistant ordinates we have 


6h 


1 = 1400463, 
¥5 = (0175040, 
and applying Weddle’s formula again to the y’s we reach U = ‘0586111. 


Ye = | 002239, 
Ys = 0045019, 


Ys = 0660722, 


3h 
Unde = 10 {to + Sup, + Un + Guan + tay + 5%tsp + Usn}. 


-y, = 0382667, 
Y= 0, 


ui 
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Now it may be shown by direct integration that 


BE ai ee ele ee 
T= 3 {i5)- 943 aay 5cay 
3. re ee! 
=3(884-6+ 77 -S cal 

= ‘0586111, 


so that our quadrature is correct to seven figures. 

The computer, however, will be in error if he imagines that he will always 
obtain such an accurate result with the same ease; the differences of the 
ordinates are of course the criterion. In this case, in each of the first set of 
quadratures, the first differences are constant and, in the final quadrature, 
fourth differences are constant so that Weddle’s formula, which is correct up 
to and including fifth order differences, gives an accurate result. 

To emphasise the point let us now consider 


72 ¢8n/1—(a/T 2" x \3 y\? 
eae i (73) - (8) | deny 
a“ 


2 2 
which is the volume of the portion of the paraboloid z=1— Ga, — (3) 
between the planes z=0, «= 6, y=0 and the surface. Treating it in the 
same way as the previous integral, we first obtain the corresponding values of 


eae 
a and ee 


x 3V1—(2/72" v 3/1 — (2/727 
6-0 1°6583124 6°8 ‘9860132 
6-2 1°5252506 7-0 ‘7021795 
6-4 1°3743684 72 0 
| 6-6 1°1989578 
eee 


Next we obtain the values of y, in the plane z = 0, at which we must calcu- 
late the ordinates : 


«“=6'0 r=62 v=6'4 «r=6°6 x=6'8 xz=7°0 w=73 
0) 0) 0) 0) 0 0 8) 
‘2763854 2542084 2290614 "1998263 "1643356 1170299 0 
5527708 5084169 4581228 3996526 3286711 *2340598 0 
8291562 °7626253 6871842 5994789 “4930067 3510897 0 
1°1055416 10168337 9162456 7993052 6573422 4681196 0 
1°3819270 1°2710422 1°1453070 9991315 8216778 5851496 0 
1°6583124 1°5252506 13743684 11989528 9860133 °7021795 0 
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Y ue y : 
Then from the relation z=1 Fred oO we find the ordinates at these 
points : 
| 
xz=6°0 x =6'2 t=64 — w«£=66 r=6'8 r=7O xv=7-2 
°3055556 *2584877 "2098765 °1597222 *1080247 0547840 O 
‘2970679 2513075 *2040466 °1552855 °1050240 0532622 O 
-2716050 ‘2297668 *1865569 °1419753 ‘0960220 ‘0486969 O 
*2291667 °1938658 "1574074 °1197916 0810185 ‘0410880 O 
"1697531 °1436043 *1165981 ‘0887346 ‘0600137 *0304356 0 
70933642 0789823 ‘0641289 ‘0488040 °0330075 0167395 O 
O O O ) O O O 


Applying Weddle’s formula to each of the above sets of equidistant ordinates, 
we have 
y, = 3378044, Yo = 2628390, Ys = 1922984, 4 = 1276605, 
Ys = 0710092, Ye = 0256455, 7 = 0, 
and applying Weddle’s formula again to the y’s, we reach V = ‘1685699. 
Now it may be shown by direct integration that 
V =43(72) (3) 7 —18 (4 sin 40 + 2 sin 20 + 36), 


; 1 
where sin 6 = — 


75 = 88. 
“. 0= 56° 265614 and }sin 40 =— 1791387, 
2sin20= 1:8425693, 
30 = 29553323, 
1(7:2)(3)7= 8:4823002. 
. V = 84823002 — 1:8 (46187629) 


= ‘1685270. 

Thus our result by quadrature is in error by more than 4 in the fifth decimal 
‘place, although we took the ordinates to seven decimal places. This is due to 
the fact that y is now a function whose differential coefficients, except the 
first, become infinite at «= 7'2* and consequently its differences diverge there. 
This difficulty is generally met with at a point, after passing which the function 
becomes imaginary as is the case with y in this example for w >. 7-2. 

The difficulty may be, to some extent, surmounted by increasing the number 
of ordinates. We have calculated the values of y for the additional values 


2 3 
* It can be shown by integration that y=2 {1 - (35) ae . 
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: #2=6'1, 63, 65 ... 71 so that we can now use Weddle’s formula with 13 
ordinates, 
12h Qh 
| : Ug, de = 10 {Uo + Usp + Ugh + Ush + Uron + Uron + 2U6n 
+5 (up + Usp + Urn + Unn) +6 (Usp + Usn)}- 


Denoting our new set of y’s by m1, Y «-» Ys We have 


y1 = 3878044 ¥¢ = 1591331 Yio = 0466168 
Yo = 2998465 Y7 = "1276605 Yu = 0256455 
Ys = ‘2628390 ys = ‘0981770 Yi» = 0091630 
4 = ‘2269325 Yo = 0710092 Vs = 9 
Ys = 1922984 

and applying Weddle’s formula for 13 ordinates we have 

1 V = 1685343. 


The result is now correct to five places, which is an improvement, but to 
- get it correct to six places we should almost certainly require 25 y’s which 
would make the work very laborious. 
In fact, no general rule can be given for getting over a difficulty of this 
kind. Each case must be considered on its own merits, and sometimes a 
special artifice may be found. 
For instance, in the present case we might proceed as follows: 

: ; 7 be : : 
| The integral is | | E — (=) ~ (i) | dady over the portion of the ellipse 
4 : es 
4 (75) + (5) = 1 bounded by the lines « =6 and y=0 and the curve. 


3 
Put w=72X and y=3Y. Y 


q into a circle by an appropriate ‘stretch and 
_ squeeze.’ The integral becomes 

| 21°6 {fl -X?—-Y?]dXdY 

q over the portion of the circle X?+ Y?=1 
bounded by the lines 


6 
¥ =Q, A =79= 83. 
Now changing into polar coordinates, this 
_ becomes X 
| 21°6 {{1 — 7?) rdédr Fig. 4 


over the same area, which is shown shaded in the diagram, 
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This can be written 
1 a a ‘83 sec 0 
21°6 if i (1 - r?) rdodr — | i (1 —7?) rardo} : 
¥=049—0 -O=0) 70 
where a = cos ‘83 = 33°°55730954 


1 a ‘83 sec 0 

= 21'6a {| (r—71*) ar — 21°6 [ dé (r—1r*) dr 
r=0 + o=0 f=0 

Looe _[% ((838)sec?@ (83)! sect 

=2169-216/ | a 


where a is, of course, 1n circular measure, or 
a = °58568554*. 


We shall now calculate this integral by the use of Weddle’s formula with 
13 ordinates. Dividing the range between 0° and 33°55730954 into 12 equal 
intervals, we have the following table of angles and ordinates: 


| 6, 
) 


£83)2 .93)4 

6 in degrees sec 6 oe sec? 6 — = sect 6 
0) 1-000000000 226658950 
2°79644246 1°001192251 226911279 
559288492 1:00478325S °227665271 
8°38932739 1010816211 °228909438 
11°18576985 1°019364495 230623357 
13°9822123]1 1°030533911 232773449 
16°77865477 1:044465934 235307621 
19°57509723 1:061342223 238146786 
22°37153969 1:081390642 °241172204 
25°16798216 1°104893210 °244206517 
27°96442462 1°132196484 246985264 
30°76086708 1°163725167 *249113620 
33°55730954 1:200000000 | *250000000 


h, the interval between the ordinates, in circular measure, is given by 
h = ‘048807128, whence, using Weddle’s formula, 
| . { 83)’ sec? 6 = (°83)* sec! 8 
2 4 
and the value we are seeking 


= 3'1627019 — 2:9941747 
= 66Du/2. 


| do = 138619199, 


d=() 


* Here we have actually integrated for r. We eould, of course, have used a quadrature formula 
to calculate the integral with regard to r for chosen values of 9. Weddle’s formula would have 
given an exact result, since the function of r is only of the third degree. 
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This result differs from the true answer by 2 in the seventh place, and is 
correct to 6 places. 
After reading this paper, the computer may perhaps come to the conclusion 
_ that cubature is a laborious and somewhat tentative process. 
It is true that only experience, a study of the differences and consideration 
_ of the accuracy required in particular cases, can guide him in deciding what 
number of ordinates he should take. But at any rate when the limits of 
integration are constants his procedure is fairly well defined. If he wishes 
to work to a very great degree of accuracy, he will find one of the general 
- formulae of Table V to suit him, or he may, using differences, work with the 
- formulae of Section D. If considerations of time and labour make brevity of 
j importance, he can, by combining the results we have given for the different 
panels, find for himself an appropriate formula. But if his limits of integra- 
tion are not constants and cannot be made so by any simple transformation— 
and this may of course apply to cases where the mathematical form of the 
- function is unknown—a study of our last example may suggest to him some 
_ way of surmounting his difficulties. 
Tam indebted to Miss Ida M°Learn for the preparation of the diagrams. 


i | 
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APPENDIX: BIBLIOGRAPHY 


I. QUADRATURE 


(1) I. Newron: Methodus Differentialis, pp. 93—101 of the Analysis per Quanti- 
tatum, Series, Fluxiones ac Differentias....London, 1711. Gives, in addition to the 
interpolation formulae generally attributed to Stirling and Bessel, a method of finding 
high-order parabolae through any number of given points, shows how to use them 
for purposes of quadrature and suggests and starts the construction of tables of the 
necessary coefficients, which were actually completed by Cotes. 


(2) D. Corzs: Harmonia Mensurarum. Cambridge, 1722. At the end of this 
work there is a tract entitled De methodo differentialt Newtoniana in which Newton’s 
method is given for finding high-order parabolae through given points and applying 
them to find quadrature formulae depending on equidistant ordinates. A table of 
results is given for each case from three ordinates up to eleven ordinates, based 
respectively on parabolae of the 2nd, 3rd ... 10th orders. 


(3) L. Evter: Methodus generalis Summandi Progressiones, Commentarii Aca- 
demiae scientiarum imperialis Petropolitanae, 1739, read in the year 1732 but not 
published until 1739 as the Petersburg Academy was behind with its publications. 
Gives the well-known Euler-McLaurin formula. In view of the fundamental nature 
of this theorem in the theory of quadrature, particularly in determining the error 
of any given quadrature formula, we venture to give Euler’s and also McLaurin’s 
proofs of the formula. Euler’s is as follows: 

If s(n) be the sum of a series of m terms, then by Taylor’s theorem 
eee el Ore 
ene eae 


s(n)—s(n-1)= 


or if ¢ be the nth term, 


ois 
acne aa) 


or by inverting the series of differential operators, 


i 


on a la 1 @ 
Bil peipacager lah puacepaecl ae 
dn |2 n |3 dn® } 


t, 


or +o +p —_ + se _t—=",, 


2°12dn .720 dn? © 30240 dn? 


which does not make quite clear the question of the limits between which the 
differential coefficients have to be taken. Euler, however, applies the formula to 
some examples quite correctly. 


3 5 
= [edn +; 1 dt lL. ae | a 2 


= EA Oe a ee ee oe 
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(4) C. McLaurin: A Treatise on Fluaions. Edinburgh, 1742. Gives, Vol. 0, 
p. 672, the Euler-McLaurin formula both in its tangential and chordal forms, i.e. 
(with a change from McLaurin’s notation) 


ph 1 
i U,Ax = h (4, + Un + Uon +...+ a) — E h? 


and 


’ 


du hA d*u h® au ph 
da 720 da® * 30240 da® ] 


0 


ph 5 ThA Deu | 31h® du ph 
| tahoe Mary atta ttgyt +My _ 4 »*[ oa" da 5760 da® *967680dx* _ |, 
The latter form, as far as we know, was not given by Euler. McLaurin’s proof of 
the first form is in substance as follows: 


ath 
Let | Ff (2) dee, then 
Ay (@) +5 / (@) +73 F" Ges 
f (ath)—f (a)=hf" (a) +S" (a) +S" (a+ o 


Path) -f (@)=17" (a) S" (a) +75 F(a) 
etc. 2 etc. i 


Then he eliminates the coefficients on the right-hand side except the first, obtaining : 
A-SI f (a+b) —f(a)} + Tot (ath) =f" (a) — ont" (ah) —f" (@)} 
' soa (7° (a+ h) —F¥ (a)} — ete. = hy (a), 
or A =SUf (a+h)+f(a)}- Le ‘(at+h)—f’ (a)} + oo {f" (a+h)—f’”" (a)} — ete. 


This establishes the theorem for two ordinates, and by summation McLaurin extends 
it to any number. 

Neither in the Phil. Trans. between the years 1713 and 1743 nor elsewhere, 
have we found any reference to McLaurin’s having published this theorem before 
1742. It therefore seems that Euler must be awarded the priority, though from 
the fact that Euler obtained it from the point of view of the sum of a series, and 
McLaurin from the opposite point of view of finding an area, we can be almost 
certain that each, unaware of the other’s work, obtained the theorem independently. 


(5) T. Stimpson: Mathematical Dissertations, p. 109. London, 1743. Gives a 
geometrical proof of the formula usually known by his name, i.e. 


2nh 
: ‘ J (x) da = : [ uo + Uonp + 2 {Ubon + Ug, +... + Us (n—1) ny +4 fun, + Ugy + ove + Won—1) nt |, 
0 


in which it is necessary to have an odd number of ordinates. 
5—2 
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(6) C. F. Gauss: ‘“ Methodus nova integralium valores per approximationem 
inveniendi,” first published in 1816, Werke, 111, pp. 165—196. Gdottingen, 1866. 
Gauss first gives Cotes’ formulae of which he says, “‘ quas praeunte summo Newton 
evolutas dedit Cotes,” and discusses the error of the approximations. 

He then proves his celebrated theorem that ” properly chosen ordinates suffice 


b 
to give the integral | J (@) dx exactly, provided f(x) is a polynomial of degree not 
“a 


higher than the 2x-—1th. He finds how the ordinates have to be chosen and he 
gives tables of distances apart of ordinates and of coefficients for the use of the 
method. We have seen (Part I of this paper) that Gauss’ method generally gives, 
for mathematical functions, better results for the same number of ordinates than 
equal-interval formulae, and these results are particularly good when the function 
can be expanded in a convergent series of ascending powers of a, but in many 
practical cases the method will be valueless owing to the impossibility of obtaining 
the ordinates at the points required by the theory. 

The Gaussian method has given rise to a number of investigations, which are 
primarily of theoretical interest. 


(7) C. G. J. Sacosr: “Uber Gauss’ Neue Methode die Werthe der Integrale 
Naherungsweise zu finden,” Werke, v1, p. 8, 1891. Jacobi gives an investigation, 
first published in 1826, of the Gaussian method, and the error when f(x) is of 
degree higher than 27 —1, and shows that the polynomial ¢ (a), whose roots give 
the points at which the ordinates have to be taken, is given by 


qd” 
$ (2) = C5, (—a)" (w—); 


actually he uses the limits 0 and 1, but the argument is the same. ¢ (a) reduces 


for the limits —1 and 1 to a constant multiplied into one of Legendre’s poly- 
nomials, | 


(8) J. W. Lussock: “On the comparison of various tables of annuities,” Cam- 
bridge Phil. Trans. 11, p. 322, 1829. Gives, with applications to annuities, the 
formula usually known as Lubbock’s for the sum of a large number of terms of a 
series, Viz. 


Yo T Yet Yost «+6 + Ym—a} = 2 {Yo + Yy + -0 + Ym—1} 
ni— 4 Qi ves n?— > 
pai IT pia? Bees 
+ 9 Yn Yoh 12 {AY mn Aviat oF IAn- {02% m, — Ayo} OL 


where ni=1. This, of course, reduces to the difference form of the Euler-McLaurin 
theorem when 7 is indefinitely diminished. 


(9) T. Parmentier: “Comparaisons de quelques méthodes de quadrature et 
formule nouvelle,” MNowvelles annales de mathématiques, 1855. Discusses the 


a a ee ea 
ORTON 


ae ere ee ee Ee ee eee ee 
oS iD RSE RS Lace Or Wie Ses 


RP aR Re 


ea rc 


iat RN i i 


a ee ee 


- 
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ordinary tangential and chordal quadrature formulae, Simpson’s formula, and 
Poncelet’s formula, viz. 


nh 


yda=h [ya + Yg + A Ae +¥n-4]—3h Ya — Yot Yn~4 — Ynh- 


He points out that the uncorrected tangential formula is, in general, better than 
the chordal and Poncelet’s better than either. Then he gives the formula generally 
known under his own name, viz. 


nh 
i ydx=hlyy+yg+...t Yn ~4)— Teh {Yn —Yot Yn—4- Yur 


which he shows is, in general, better than Poncelet’s, and thinks is as accurate as 
Simpson’s. It is not however a very good formula, though it may sometimes be 
useful for rough data where the differences are irregular. 


(10) E. B. Curisrorret: “Uber die Gaussische Quadratur und eine Verallge- 
meinerung derselben,” Crelle’s Jowrnal, tv, p. 61 (1858), shows that it is possible 
by the use of m+n ordinates, of which m are given and the remainder properly 


‘1 
chosen, to find the integral | J (@) dw exactly, provided /(a) is a polynomial of 
ue 


degree not higher than 2m+mn-—1. He shows that ¢(a)=C ae [(a?-1)"V | where 
V is a polynomial determined by the n given abscissae. 


(11) E. Heine: Handbuch der Kugelfunctionen, Berlin, 1861, contains a good 
discussion of the Gaussian method of quadrature and the error involved. 


(12) E. Here: “Mittheilung tiber Kettenbriiche,” Credle’s Journal, Lxvil, p. 315, 
1867.. This work, taken in conjunction with the previous one, will show the reader 
the connection between the generalised Gaussian method for approximating to 


b 
i J (x) v (a) dx, y (w) being a known function, and the theory of expanding functions 
: W (x) ¢ da 


in continued fractions. In it Heine shows that if the integral fe @ @X- 


panded as a continued fraction, the denominator of the mth toaad dy (2) 
is a semi-orthogonal function, i.e. f pn (@). bm (a) (x) da=0, when m+n and 
[ dy, (x) w(x) x” dw =0 forh=0, 1... ~—1, and that these conditions determine ¢ 
uniquely provided w does not change its sign in the interval a to 6; and further 
that the numerator of the convergent is i lea a Ww (x) dx. 


b 
Now if we wish to approximate to I J (x) w (a) dw by means of substituting for 
J (x) the Lagrange formula 


Ss" f(a) $(@) 
FO) = 3 FG Say)’ 
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where ¢ (x) = (#— 4a) (#— a) ... (@—a,), what are the best values of the a’s to take? 
Suppose f(a) to be a polynomial of degree 2m — 1 and let 


J (a) = Q (x) o (a) + B (a). 
Then Q (x) is of degree n — 1 at most, also FR (x), and 


[Fe 4 (@) de= [Qe 4 (ey @ de [R(e) ¥(2) de 


b 
Accordingly if ¢(«) is chosen so that | a” b (x) W(x) de=0 for h=0,1...(n—1) 
we have b b 
[ £@)¥ @) de= | Re) He) ae, 
and of (ae), 1s) TORS — Gy, 1s -. y 
Therefore by choosing our ordinates in this way, we get as good an approximation 
with ordinates as we should otherwise with 2n. 

Further, if we write our approximate value as 3.4, /(a;), 


1 $(a)y (a) de 
ae -[ > 


(a) x — A; 


ML {h(a 8) ¥ (a) dey, 


= 7 = Qj). 
a p (a;) L- az ) 
Hence using Heine’s result, if ¢, (z) and Z, (z) are respectively the denominator and 


° (a2) bee a: ae 
numerator of the mth convergent of | aes expanded as a continued fraction, 
7 ae 


b 
the approximate value of the integral I J («) w (x) dx will be 
i= = Lie (a;) 
ama): 
Two examples of this may perhaps be given here. 
(a) If we take y (x~)=1, a=—1, b=1, we have 
dy (0) = CP, (2), 
reas Pe (ey ae 
O° | Pu (as) @= 4)’ 
which is Gauss’ original case. 


1 
(8B) If we take y («)=—_-—-— , a=-1, b= 1, we have 
J 1 - 2? 


$,, (2) = cos n (cos! a), 
or if we write x=cos 6, a; = cos A,, 
igeee ™ cos n6 — cos nd; 
renee oe 


sin A; 
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aa [ ™ COS nO — cos nd; _7sin nr; 
9 cos@—cosi,; sinA,; ” 
. Y pee 
ee ge 
wns [sont {r(om (on 8) ve ron gD 
ence | "/(cos 6) dd - Ji cos 5 +f cos 5 +... + f Cos oa ‘ 
1 f(x) dx ; 
om [OOS Ea) +S (e) + + F(a} 


where @,, a... @, are the roots of cos x (cos“'x)=0. This approximate formula is 
given by several writers (see below) and may occasionally be useful. 


(13) F. Menuer: “ Bemerkungen zur Theorie der mechanischen Quadraturen,” 
Crelle’s Journal, Lx1u1, p. 152, 1863, considers integrals of the form 


[ A -ar (+ oF) de 
and shows that the position of the ordinates should be given by 
(1—a)-*(1+ x) _ {(1 —a)"t4 (1 + x)rte} = 0 
in order to get the greatest possible accuracy. The case A=~=— 4 leads to the 


above formula for : J (cos 6) dé. As far as we know Mehler was the first to 
0 


obtain it. 


(14) W. 8S. B. WootnousE: On Interpolation, Summation and the Adjustment 
of Numerical Tables. London, 1865. See also The Assurance Magazine and Journal 
of the Institute of Actuaries, Vol. x1, pp. 61—88, 301—332; Vol. x11, pp. 136—176. 
London, 1864—66. This is largely occupied with the applications of an individual 
formula to quadrature. 


(15) G. Boote (Ed". Mouton): A Treatise on the Calculus of Finite Differences. 
London, 1872. Gives, in Chap. 111, a discussion of quadrature and references which 
are still valuable. - 


(16) C. Hermite: Cours d’Analyse de l Ecole Polytechnique, Premiére Partie 
(Paris, 1873), pp. 489—455, “ Evaluation approchée des intégrales.” Contains a 


discussion of the Gaussian method and gives the above formula for i J (cos @) dé, 
0 


with references to the papers of Mehler and Christoffel quoted above. Tchebycheff, 
in a paper on quadrature (1874, see below), refers to this formula as if Hermite 
had discovered it, although Mehler had given it ten years earlier and Hermite had 
seen his work. 
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(17) M. Cuivitiret: Comptes rendus des séances de Vacadémie des sciences, 
T. uxxvill, p. 1841. Paris (1874). “Sur le degré d’exactitude de la formule de 
Simpson, relative a l’évaluation des aires.” Gives the error in using Simpson’s 


formula as ai {f'" (X)—/” (ay)} + terms of higher order, where the ordinates 


are taken at intervals of 4 between the points «=a, and «=X, thus incidentally 
showing the formula to be exact for a cubic. 


(18) P. TouEeBycurrr: “Sur les quadratures,” Liouville’s Journal, 2nd Series, 
Vol. xix, p. 19, 1874. Finds the position of the ordinates in order that 


1 
[ £@) 4) de 
ot 
may be approximately represented by 
k [p (a) + (aa) + ... + b (2n)]- 
He finds that 4=— a F («) de and that Hy, Ly... L, are the roots of the equation 


Pad 


J (z)=0, where f (@) i is ship polynomial part of 


1 
z | F (x) log (z — x) dx 
ye 1 ; 


By taking /’ (x) =1/ /1—2? he gets Mehler’s formula for | 3 J (cos 6) dé. He gives 
0 

tables for the case /’(x)=1 when &=2/n. His method has the advantage over 

Gauss’ that all his coetticients are the same, but the error being of the order $"* (0), 

we require twice as many ordinates for the same accuracy as Gauss’. Tchebycheff 


points out that if the ordinates are themselves subject to errors, his method has 
the advantage that all the errors are equally Neches 


We have tried Tchebycheff’s method on ie. _—— Ph with seven ordinates. We 


find, working to six figures only (he only ae his abscissae to six figures), 
log, 2 = bell which is correct to the last figure ; but when we tried the method 


on f =; om e~ 2” dx we obtained -4986982. The correct answer is ‘4986501, 
av ‘ 


Simpson’s rule gives 4986237, Weddle’s -4986614 and Gauss’ :4986498, all with 
seven ordinates; so that Tchebycheff’s method is the worst. Thus we cannot 
recommend it for mathematical functions, and if we are dealing with observed 


quantities, it would be almost certainly impossible to obtain them at the intervals 
required by the formula. 


(19) E. Gourier: Comptes rendus des séances de Vacadémie des sciences, 'T. xcvil, 
p. 79. Paris, 1884. ‘‘Sur une méthode capable de fournir une valeur approchée de 


Vintégrale | F (x) dx.” Shows that to approximate most exactly to the integral 


| f@)e-* ae, 
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if n ordinates are used, their abscissae should be chosen to satisfy 


Pt - 5s) de 
oe an atte x/2) — 


(20) R. Rapau: Comptes rendus des séances de Vacadémie des sciences, T. xcvl, 
p. 157. Paris, 1884. “Remarque sur le calcul d’une intégrale définie.” Shows that 
for in J (x) e~* dx, the appropriate oa of the ordinates is given by 


é a (x Cx ) a 
(21) A. Marxorr: Mathematische Annalen, p. 428, 1884, “Sur la méthode de 
Gauss pour le calcul ab procne des intégrales.” Markoff arrives at the generalised 


Gaussian formula for ie J (x) v(x) dx, by using a polynomial F(x) of degree 2n-1 


which touches /(x) at n points (#=«,, a... a,). Whence he deduces the approxi- 
mate formula 


[7© Wy (x) du = 3A; f (a;) + 3B; /" (a), 


and gives the forms of A, B and /'(x). Then he chooses the a’s in such a manner 
that all the B’s vanish, He thus arrives at the generalised Gaussian formula given 
above, and shows that the error can be expressed in the form 


> [18 PY () ae 


where p (x) = (% — aj) (& — aq) ... (a — an) 


and a<&<b, provided w (x) does not change its sign between «=a and #=6. 

He deduces Mehler’s formula given above and uses it to calculate 

a vl log (11 + ae 
Ni-y¥ 
5s 
mee, —y log (11+y) 

and gets the former integral right to eight and the latter to six significant figures. 

(22) H. L. Rice: The Theory and Practice of Interpolation. Lynn, Mass. 1899. 


Gives a number of quadrature formulae based on Newton’s, Stirling’s and Bessel’s 
interpolation formulae; the notation, however, seems to us unnecessarily complicated. 


(23) W. F. SHepparp: “Some Quadrature Formulae,” Proceedings of the London 
Mathematical Society, Vol. xxx11, 1900. Gives a number of very useful quadrature 
formulae, together with a discussion of the error they involve. 

The quadrature formulae he gives are of two kinds; the first kind, of the same 
type as Weddle’s and Simpson’s, is obtained by considering such expressions as 


A,;=fh (42, + ae t Bap + von + emf + $%m) 
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(where / is a factor of m) for different values of f, and by summing such multiples 
of these expressions as make one or more of the differential coefficients in the Euler- 
McLaurin formula vanish, and so obtaining formulae of great accuracy. In the 
second type the corrective terms are so chosen that the first term in the Euler- 
McLaurin expansion which is neglected is as small as possible. See Part I of this 


paper, pp. 5—7. 


(24) Grorece Kine: TVext Book of the Institute of Actuaries, Part 11, Second 
Edition. London, 1902. Gives a number of quadrature formulae particularly useful 
to actuaries, with illustrations from actuarial data. 


(25) G. F. Becxsr: Phil. Mag. 1911, “Some New Mechanical Quadratures.” 
In this paper the writer, by summing appropriate multiples of 


T = 2h ty, + Ys + Ys t+ +--+ Yn-r} 


and C1, = mh 1% + Yin + Yom + v0 + zs 


for various values of m, eliminates one or more of the early differential coefficients 
in the Euler-McLaurin expansion, and so obtains quadrature formulae of great 
accuracy. But since 2C,—C,= 7’, these formulae are identical with those found by 
Sheppard in his 1900 paper, and all of them, with one exception, are, in fact, given 
in that paper. 


(26) Davip Gres: “A course in Interpolation and Numerical Integration,” 
Edinburgh Mathematical Tracts, No. 2. London, 1915. This book has a very good 
chapter on quadrature, putting in a form, easily comprehensible, most of the well- 
known quadrature formulae; including those of Woolhouse and Lubbock for 
expressing the sum of a large number of ordinates in terms of a few ordinates 
with a wider interval between them. 


II. CUBATURE 


There is not very much literature on cubature. We give, however, the following 
references : 


(1) F. Minpine: “Uber die Berechnung des Naherungswerthes doppelter Inte- 
grale,” Crelle’s Journal, v1. Berlin, 1829. Gives an extension to two dimensions of 
the Gaussian Quadrature method, of which the substance is as follows: 

Let z= ¢ (a, y) bea polynomial of the 2n—1th degree in x and the 2m—Ith in y; 
let P, (a), P»(y) be Legendre’s polynomials of the nth and mth orders respectively 
in and y; then dividing z by P, (x), Pm (y) we obtain 


z=2+XP, (@).+ uP (y) +0 Px (2) Pm (Y), 
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where 2’ is of the m—1th, m—1th degrees (at most) in # and y and X, v are of 
degree n—1 at most in a, » of degree m—1 at most in y. Therefore: 


1 1 1 1 1 1 
| | AP, (sx) dudy = 0, | | uP, (y) dedy =0, | i yP, (a) B, (y) dody=0. 
ig pe ar i pe oe a 3 


1 fl 1 /l 
<o | i zdady =| | z'dady. 
-1J-1 -1J-1 


Moreover if the roots of P, (a) are a,, a, ... a, and of P,,(y) are a,, a. 


ee Ons 
f 
z=2' for the mn values x = a,, dy ... ny Y=Oq, Oy ... On. 


oa nm m 1 ce) (ay, a.) 
Again 2 By (2) fm ie ha) 1a ne (a,) £ m (as) (x a Ay) (y fr ats) 


Hence we may find a quadrature formula giving 


1 / :fl fl 
| | 2'dedy and therefore | | zd dy 
BS TG ay —LJ=1 


correctly, and depending only on the above mn ordinates. 


(2) P. Appeti: “Sur une classe de polynémes a deux variables et le calcul 
approché des intégrales doubles.” Annales de la faculté des Sciences de Toulouse, 
T.1v, 1890. In this paper Appell discusses the approximate calculation of double in- 


tegrals of the form | | P (x, y)f (x, y) dua dy, k(x, y) being a known function. The method 


employed is an extension to two dimensions of the generalised Gaussian method; 
he assumes / (x, y) can be expanded in powers of # and y and that & is of the same 
sign throughout the region of integration. The discussion is entirely theoretical. 


He shows that | f J (x, y) dudy taken over the circle x?+y?=1 is approximately 


given by 3S (is Y;) +f (a5 Y2) +f (a3, Ys)}s where 2, Yi» Xo, Yo, Xz, Ys are three 
points on the circle 2+ y?=4 forming an equilateral triangle; the approximation 


being correct up to and including 2nd order terms in / (a, y). 


(3) J. CLerK Maxweti: “On Approximate Multiple Integration between limits 
by Summation.” Proceedings of the Cambridge Philosophical Society, Vol. 111, p. 40, 
1880. (Read March 12th, 1877.) The Gaussian method of quadrature is extended to 


x2 (Y2 i : 

double integrals of the type /= | i udady, where w is of the form /(a + ba + cy), 
JY 

which by the transformation 

L, + Ly) + kp (#2 — 2%), 


Yr. + Yo) + $Y (Y2—%) 


e=4 

Y¥=% 
ar | 

becomes 4 (aq — &}) (Y2- 41) | [neu 


If f is a polynomial of degree not greater than 2n — 1, Maxwell’s method gives the 


64S, EN? ante, 4 
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integral exactly by the use of only ~ values of u, ~ being odd. The method how- 
ever would be rather cumbersome to apply for more than three or five ordinates, 
Maxwell’s formula for three values of wu is as follows: 


a Z (a — 21) (Ya— Y1) {Rou + By (w, + %,')}, 
4 Bt+ 5B? y+ 4 ee, B4 + 2B? y? + y4 


oe Mo=3 3804 10fy?4 8y? 6 3Bh4 LOB 4 By” 
B=30(m—%), y=se(yo—); 
wo LHS | a+ 5 (ts a m)+5 (n+) | : 
m=l (M+), wm =f (1% - 4%); 
where pee ee By 


(5B + 5)! 

Maxwell then considers the case when the form of wu is unrestricted and finds 
the following formula for /, exact when w is any function of w and y of degree not 
greater than seven: 


L = § (@, — %) (Yo — 91) {PU + OS (Up,o) + RBvq,r}, 
where 3 (45:0) = Up,0 + Mo, p + U_p.o + Uo, p> | 
Ua) Wg oy ee Ug te 
ge Up Wy 5 te as 
Loca 1—(3%)*]) 
or p ="5855400, gq =°9294971, 7 =-5796854 


(these numerical values are given wrongly in the paper). 
We tried this method on the integral 


| ee sees ee ner 
W=5- | I egg I tY) dard 
27 Jo Jo n/-96 : 


(cf. p. 58), which becomes, by the transformation 
x= d(1l+p), y='4(1+q), 


es iI 2 : 
= it i Fanaa apt BP at iene + ata +88 ede, 
age -l/J-1NV 27 


whence the ordinates can be calculated by means of tables of the probability 
integral and Maxweil’s method applied. We find W =-:10309 which is in agreement 
to five places with the result on p. 58. Thus it appears that this method, which 
only requires the use of thirteen ordinates, may well be useful for mathematical 
functions. 


Maxwell concludes his paper with a quadrature formula for triple integrals on 
the same principle, where the region of integration is a parallelepiped. 
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The quadrature is based on the values of the function at 27 points in space, and 
is exact if the function is of degree not greater than seven. 

Two sets of abscissae and coefficients arise, but, in each set, some of the points 
are outside the region of integration, so that the method is only available for 
mathematical functions and not observational data. This is the only quadrature 
formula for triple integrals that: we have seen. 


(4) H. L. Rice: The Theory and Practice of Interpolation. Lynn, Mass. 1899. 
of Age 
Considers the particular case of i i F(T’) dT’, where the indefinite integral has 
it 
an assigned value at the lower limit of integration. 


(5) W. F. Suepparp: “Some Quadrature Formulae,” Proceedings of the London 
Mathematical Society, Vol. xxxu1, 1900. This paper also gives a short discussion 


h pnk 
of cubature formulae for the integral V = zdady, that is to say a volume on 


a rectangular base which is supposed to be Hears by m—1 planes at distance A in 
_ one direction and n~1 at distance & in the other. Dr Sheppard points out that 
the given ordinates may either be 

(i) The edges of the constituent prisms, 

(ii) The mid-ordinates of the faces in one direction, 

(iii) The central ordinates of the prisms. 
He regards the first as being the most convenient and discusses it in some detail. 
He uses the same method as in his first type of quadrature formulae. Let V,, denote 


+S% nt Ba-rt %.a-1+ --- + F2me4 

+40 +42%n +hten t+-:- t+hemn 
and V,,, denote the same expression when the ordinates are at intervals rh, sk 
instead of h, k; r, s being factors respectively of m and n. 

Then by summing appropriate multiples of such expressions as J, ,, Dr Sheppard 
shows it is possible to get rid of any number of the boundary differential coefficients 
in the two-dimensional form of the Euler-McLaurin formula, and so to obtain 
quadrature formulae just as in the univariate case. 

He gives two examples: , 

(1) V=2(16V,, —4V2, — 40,2 + Veo), 
which is the two-dimensional form of Simpson’s formula, and 
(2) V= qty {960V,, — 384V,, + 64V,; — 8300 Vy, + 12002, 
— 20 Vo5 + 15 Vg) — 6 Vig + Vis}. 
We tried the former of these on the integral W (cf. Example, p. 51) and again 
found W =:10309, 


NOTE. Correction of Certain Formulae in Tract III. 


The reader will find that formulae (a), (8) facing p. 49 in the above Tract 
require the following modifications, which he is requested to make in his copy 
of that Tract, should he possess one. The correct values are used on pp. 44, 46 
of Tract X. | 

Line 4, Ist curled bracket for (146) 8?8?z. read (146) 6?8’z,,. 
; 2nd curled bracket for —(1+6) 8?8%z,. read (146) 88219. 
Line 6, for +5 read — shy. 
Line 11, 1st term for -—zky read —71,. 
Last line, for ‘eighth’ read ‘seventh.’ 


Issued by the Cambridge University Press, 
Fetter Lanr, Lonpon, E.C. 4 


Tables for Statisticians and 


Biometricians 
Epirep By KARL PEARSON, F.R.S. 


GALTON PROFESSOR, UNIVERSITY OF LONDON 


Price 15s. net 


“To the workers in the difficult field of higher statistics such aids are invaluable. Their 
alculation and publication was therefore as inevitable as the steady progress of a method which 
rings within grip of mathematical analysis the highly variable data of biological observation. 
‘he immediate cause for congratulation is, therefore, not that the tables have been done but 
at they have been done so well....... The volume is indispensable to all who are engaged in 
srious statistical work.”—Sczence 


“The whole work is an eloquent testimony to the self-effacing labour of a body of men and 
“omen who desire to save their fellow scientists from a great deal of irksome arithmetic; and 
ne total time that will be saved in the future by the publication of this work is, of course, 
acalculable....... To the statistician these tables will be indispensable.”—Journal of Education 


_ The issue of these tables is a natural outcome of Professor Karl Pearson’s work, and apart 

rom their value for those for whose use they have been prepared, their assemblage in one 

‘olume marks an interesting stage in the progress of scientific method, as indicating the number 
d importance of the calculations which they are designed to facilitate.”— Post Magazine 


(Copies of the Corrigenda to these Tables can be obtained 
by former purchasers on sending a stamped and directed 


envelope to Mr C. F. Clay at the above address) 


CAMBRIDGE: PRINTED BY 
W. LEWIS 
AT THE UNIVERSITY PRESS 


PB eee Te) Cee oe WO ete lee 


eer eee er 


sepimsane mites a 


er 


acter eens 


‘LECTURE SERIES (continued). 


x. “The Hardicapping of the First-born, By | XII. 
Sony Pearson, F.R.S. Price 2s. 6d. net. 


National Life from the Standpoint of Science. 


sz (Third Issue.) By. Kani Parson, F LR S. Price 


ee ie Gd. nat 


The Function of Science in the Modern State. 
Ney Issue.) By Kart Pearson, F.R.S. Price 
Ss. net; 


XI. Side Lights on the Evolution of Man. By 


Kart Prarson, F.R.S. Price 3s. net. 


a Noteworthy Families. By Parnes Garon, F.R. Band Mbeas Boavete: (Reissue.) Price 93. net. 


a : Life ery: Album. By FRanors Gatton, F.R.S. Second Edition. (New issue.) Price 7s. 6d. net. 


~~ Bvolution, —XIII. 
gency and its Relation to Association and 
~ Normal Correlation. 


; 3 Correlation and Non-linear Regression. 
> Kanu Pzanson, F.R.S. Price 5s. net. 


. Mathematical Contributions to the Theory of 


& The following sorts prepared: in the Biometric Laboratory can be obtained as Government 


Publications from H.M. Stationery Office or through any Bookseller. 


~The ‘English Convict, A Statistical Study. - By Cuarues Gorina, M.D. Text. 
Tables of Measurements (printed by Convict- -Labour). 


_ The English Convict. An Abridgement. 


Price 9s. 
Price 5s, 


By Cuarntes Gorine, M.D. With a preface by 


Karu Pearson, F.R.S. Price 3s. 


ee es “Tables of the Incomplete I'-Function. Prepared by the Computing Staff, Biometric 


eres and edited with an Introduction by Kart Prarson, F.R.S. Price £2. 28. 


Biometric Laboratory Publications. 
z REPERS. COMPANY RESEARCH MEMOIRS. 


ee Biometric Series. 
. ‘Mathematical Contributions to the Theory of 


‘On the Theory of Contin- 


By Karu Pearson, F.R.S. 
Price 5s. net. 


+ “Mathematical Contributions to’ the Theory of 


Evolution.—XIV. On the Theory of Skew 
‘By 


Evolution.—XV. On the Mathematical Theory 


- of Random Migration. By Karu Pearson, F.R.S., 
_. with the assistance of JOHN Buaxkeman, M. Sc. 


~~ Price 5s, net 


’ 


“Measuring Correlation, 


have taken place in the last 50 years. 
~ Davip Heron, M.A., D.Sc. Price 8s. net. 


Mathematical Contributions to the Theory of 
Evolution.—XVI.- On Further Methods of 
_ By Karu a 
F. R.S. Price 5s. net. 

Mathematical Contributions to the Theory of 
Evolution. —XVII.. On Homotyposis in the 


= Animal ee: A Cooperative Study. 


{In preparation 


‘shite in Man. By Kart Prarson, EH. 


Nertiesuip, and C. H. Usner. Text, Part I, 
and cepa Part I. Price 35s. net. - 


VII, 


Mathematical Contributions to the Theory of 
Evolution.—X VIII, On a Novel Method of Re- 
garding the Association of two Variates classed 
solely. in Alternative Categories. By Karun 
Pearson, F.R.S. Price ds. net. 


VIII. Albinismin Man. By Karu Pearson, E. Net- 


Ix. 


- Brett, M:-A. Part [. 


XII. 


TLEsHIP, and C. H. Usuer. Text, Part Il, and 
Atlas, Part II. Price 30s. net. 


Albinism in Man. By Karu Pearson, E. Net- 
TLESHIP, and C. H. Usuer, Text, Part IV, and 
Atlas, Part IV. Price 21s. net. 


A Monograph on the Long Bones of the English 
Skeleton, By Kart, Pearson, F.R.S., and Jor 
Beuu, M.A. Part I. Section I The Femur. 
Text and Atlas of Plates. Price 30s. net. 


. A Monograph on the Long Bones of the English 


Skeleton. By Karu Pzarson, F.R.S., and Junta 
Section Il. The Femur 
of the Primates. Text and Atlas of Plates, 


Price 40s. net. 


On the Sesamoids of the Knee-Joint. By 
Karu Prarson, F.R.S., and ApgLaipEe G, Davin, 


B.Sc. (Reprinted from Biometrika.) Text and 


37 Plates. Price 30s. net. - 


Studies in N ie Deterioration. 


on the Relation of Fertility in Man to Social 


Status, and on the changes in this Relation that 


only with complete sets. 


I. <A First Study of the Statistics of Pulmonary 
a “Tuberculosis Senet, Sok 
. E.B.S. Price 8s. net. 


By Karu Pearson, 
So a only with commie 


~ Bets... 


A Second § Study of the Statistica of Pulmonary 


x " ‘Tuberctlosis. — ‘Marital Infection. By Ernest 
-- @. Porn, revised by Kanu Pzarson, F.R.S. With 
an Appendix « on Assortative Mating by i a M. 


Se ncwacodain Price as net, 


ae 


Iv. 


“BY = . 
Sold 


The Health of the School-Child in relation to 
its’ Mental Characters. By Karu Pxanson, 
FE.R.S... Price 10s. net, 


- Qn the Inheritance of the Diathesis of Phthisis 


“and Insanity. A Statistical Study based upon 


Caries Gosine, M.D., B.Se. 


the Family History of 1,500 Criminals. By 


Price 4s. net, 


: e Third study of the Statistics of Pulmonary 


Tuberculosis. . The Mortality of the Tuber- 
culous and Sanatorium Treatment, By W. P. 
Everton, F.1.A., and S. J, Perry, ALA. 


Price 4s. net. 


